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Some Theoretical Results of Learning Theory Based on Intuitionistic

Fuzzy Random Samples

Abstract: In this paper, we discuss the statistical learning theory based on intuitionistic fuzzy random samples.
Firstly, the definitions of intuitionistic fuzzy number and intuitionistic fuzzy random variable are introduced.
Secondly, the concepts and some properties of the mathematical expectation and distance of intuitionistic fuzzy
random variables are provided. Thirdly, the definitions of the intuitionistic fuzzy empirical risk functional, the
intuitionistic fuzzy expected risk functional, and intuitionistic fuzzy empirical risk minimization principle are
proposed. Finally, the key theorem of learning theory based on intuitionistic fuzzy random samples is proved, and
the bounds of the rate of convergence of learning process based on intuitionistic fuzzy random samples are
discussed.
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1. Introduction

Statistical Learning Theory (SLT, for short) proposed in 1960s and fully established in 1990s by Vapnik et al.
[46-48], has emerged as an interesting and sound theory that supports the development of laws of statistical
learning for small data samples. It has provided effective solutions obtained in presence of small samples where
such samples are inherently associated with crucial issues such as overfitting and underfitting,
high-dimensionality of classification problems, existence of multiplicity of local minima and other important
problems encountered in practice of machine learning methods and their architectures such as e.g., neural
networks. In the late 1990s SLT had become one of the fastest-growing disciplines in machine learning. Its
essence was to make the learning machines work effectively with the limited samples and then improve the
generalization abilities of the learning machines. By doing this, we establish a meaningful theoretical framework
for statistical learning for small data samples. Meanwhile, SLT gave rise to a new category of general learning
algorithms, namely Support Vector Machine (SVM, for short). Currently, the SLT and SVM constitute interesting
research avenues in machine learning [7,10,11,12,20,28,29,30,31,35,36,39,41,43,44,45,49,50,52,53,56].

The SLT embraces four main components [6], that is: (1) the necessary and sufficient conditions for the
consistency of learning processes that minimize the empirical risk — which are represented in the form of the key
theorem of the learning theory; (2) the bounds of generalization; (3) structural risk minimization principle based
on these bounds; (4) the practical algorithm-Support Vector Machine realizing new structural risk minimization
principle. The key theorem of learning theory and the bounds of the rate of convergence of learning process are
the most important STL foundations. These two elements form the basis for pursuing further research on the
pertinent topics such as e.g., structural risk minimization, support vector machines, and alike.

Though SLT has reached a substantial level of maturity, there are still a number of open issues such as e.g., the
development of the SLT and SVM realized on a basis of probability space and the real-valued random samples
(real-valued random variables). In real world, there are lots of non-probability spaces (such as Sugeno measure
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space [51], credibility measure space [38], etc.) and non real-valued random samples (such as fuzzy samples [55],
fuzzy random samples [32], fuzzy complex random samples [26], etc.). To alleviate these problems, it becomes
imperative to move forward with extensions and generalizations along the line of dealing with the statistical
learning theories established on non-probability space and based on non-real value random samples. Some
research has been already realized along this line, cf. [21-27,42]. For example, Ha, Li, Bai, et al. [21-23]
generalized the key theorem and the bounds on the rate of convergence of learning process of statistical learning
theory form probability space to Sugeno measure space, quasi-probability measure space and credibility space
which are three typical non-additive spaces; Ha, Tian, Pedrycz, et al. [24,26] constructed the theoretical
foundations of statistical learning theory based on fuzzy random samples and fuzzy complex random samples; Lin
and Wang [36] constructed support vector machine based on fuzzy random samples; Tomonori and Shigeo [43]
presented some comparative study presenting a comparison between error correcting output codes and fuzzy
support vector machines; Liu and Chen [39] discussed face recognition using total margin-based adaptive fuzzy
support vector machines.

Intuitionistic (IF, for short) set originated by Atanassov [1,5], is an important concept used to cope with
imperfect and/or imprecise information. It is an intuitively straightforward extension of Zadeh’s fuzzy sets [55]:
while a fuzzy set gives a degree to which an element belongs to a set, an intuitionistic fuzzy set gives both a
membership degree and a non-membership degree. The membership and non-membership values induce an
indeterminacy index, which models the hesitancy of deciding the degree to which an object satisfies a particular
property. As the basis for the study of IF set theory, many operations and relations over IF sets were introduced
[1-5]. Many concepts in fuzzy set theory were also extended to IF set theory, such as IF relations, intuitionistic
L-fuzzy sets, IF implication, IF logics, and the degree of similarity between IF sets, etc., [4,9,13,15,16,33,34,57].
For a further study for the structure of IF sets, construction theorems of IF sets, IF topology and the axiomatic
characterization of IF sets have been investigated [8,14,18,40]. Recently, IF set theory has been successfully
applied in decision analysis and pattern recognition (see, e.g., [19,37,54]).

However, the study for the combination of IF set theory and statistical learning theory is still blank. This paper
discusses the statistical learning theory based on intuitionistic fuzzy random samples by combining intuitionistic
fuzzy analysis and SLT, revisits the major parts of the SLT and establishes some ground material for further
development of classifiers such as support vector machines. This paper is organized as follows: Section 2
introduces some basic definitions, elaborates on a number of properties of intuitionistic fuzzy random variables. In
Section 3, we prove the key theorem of learning theory based on intuitionistic fuzzy random samples. In the
sequel, in Section 4, the bounds of the rate of uniform convergence of learning process based on intuitionistic
fuzzy random samples are discussed. The final section offers the conclusions and brings prospects of potential
future developments.

2. Preliminaries

Throughout this paper, we let (Q,.A,P) be a probability measure space and R be the real numbers field.
Definition 2.1 [32]. A fuzzy number is a fuzzy set X : R —[0,1] with the following properties:

(1) Xisnormal, i.e., there exists x € R such that X (x) =1;

(2) X is upper semi-continuous;

(3) suppX =cl{xeR: X (x)>0}is compact;
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(4) Xisaconvex fuzzy set, i.e., X (Ax+(1-2)y)2min(X (x),X(y)), for vx,yeR and 1e[0.1].

Let F (IR) be the family of all fuzzy numbers on R . For a fuzzy set X , if we define

{x:X(x)=r},0<r<1
X) = ,
" |supp X, r=0

then it follows that X is a fuzzy number if and only if (X) =@ and (X) isaclosed bounded interval for
each re[0,1]. Therefore, a fuzzy number X is completely determined by the intervals(X ) .

LetX,Y e F(R),¥re[01], (X), =|(X),,(x); [and(¥), =[(Y),,(Y); | Define

Xy = U A0 =000 () ]
Let us introduce a partially ordered relation on F(R)as follow: for any X,Y e F(R), we say X <Y,

+ +

iffvre[0,1], (X), <(Y), ie, (X) <(Y) and(X) <(Y), .
Definition 2.2 [32]. A fuzzy number valued function &:Q — F(R) is called fuzzy random variable if for every

closed subset B of R, the fuzzy set &£(B) is measurable when considered as a function from Q to [0,1],

where &7 (B) denotes the fuzzy subset of Q defined by &™(B)(w)=sup&(w)(x) forevery weQ.

xeB

Definition 2.3 [32]. A fuzzy random variable é‘(a))={[§[(a)),§r+(a))]0<rSl} is called integrable if for

eachre[0.1], & (@) and & (o) are integrable, or equivalently [[£[dP <o, where|£] = max{|& |.|& 1} . In this
case, the expected value of & is defined in the following manner

E¢ = [£dP = {Ug;dp,jggdp]m <r< 1} .
Definition 2.4 [1]. LetU be a nonempty set. An intuitionistic fuzzy set A in U is an object having the form

A= {(x,,uA(x),vA(x)>|x eU} ,

where x4, :U —»[0,1] and v,:U —[0,1] satisfy 0<p,+v,<1 for all xeU , and u,(x) and v(x) are,
respectively, called the degree of membership and the degree of non-membership of the element xeU to A.

The complement of an IF set A is denoted by A° = {(x,v(x), u, (X))[x €U} .
Obviously, every fuzzy set A={(x,A(x))[xeU}={(x,u,(x))[xeU} can be identified with the IF set of the

form {(x, 1, (x),1- 1, (x))|x €U} and is thus an IF set.
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We introduce some basic operations about IF sets as follows [1-5,17,33]:
Let A and B be two IF sets, then

AcB iff u, (X)< s (x) and v, (x)<vg(x) forall xeU,
AoB iffBcC A,

A=B iff AcB and BCA,ie., u,(X)=u(x) and v,(x)=v,(x) foranyxeU,
ANB = {(x, 11, () A g (%), (X)v v (X)) [x €U}

AUB = {(x, 11, () v g (X).v (x) Avg (X)) €U}

Va,fel0d],a+B<1, (af)A={(xanm(x).fvv,(x))|xeU}.

Definition 2.5. Let Abe an IF setand «, 3 <[0,1]witha+ <1, the (a,s)-level cut set of A, denoted by A’ , is

defined as follows:

Al ={xeU|u, (x) 2 a,v,(x)< B}
A, ={xeU|u,(x)2a}and A, ={xeU|u,(x) > a}are, respectively, called the « - level cut set and the strong

a - level cut set of membership generated by A. And A ={xeU|v,(x)< 8} and A" ={xeU|v,(x)<pB} are,

respectively, referred to as the g —level cut set and the strong S — level cut set of non-membership generated by
A.

Proposition 2.1. LetAe IF (U ),a, B €[0,1]and o+ S <1. Then

A=U(@B) A =U(@ A AL =U(@.B) A =U(a. B AL

Proof. We have only to prove that the equation A = U(a,ﬂ) A’ holds for any x eU . The other equations can be
proved in a similar way. On one hand, we have
M yap)at (X) =VH, pa (X) = v(a AN (X))

(v (BN o aan )

0<a<p(X)
= v a=u(x).

0<a<up(X)

On the other hand, we have
W ()= 5 (¥) = A(Bv(1-A (%)

(PO )04 00)
A B=v,(x).

va(x)<p<1

Thus A= J(a.B)A! .
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Definition 2.6. The IF set A= {(X,,uA (X),va (X))|x e R} is called an IF number if and only if 4, and v} are two

fuzzy numbers, wherev; =1-v,.

The family of all intuitionistic fuzzy numbers is denoted by IF (R).

Proposition 2.2. Let Ae IF (R) . Then the membership function ., (x)and non-membership functionv, (x) have

the following properties:

(1) w,:R—[01]is an upper semi-continuous function and ,:R—[0,1]is a lower semi-continuous

function;

(2) 1a(x)=0, Vxe(—o,c]U[d,+0), v,(x)=1, Vxe(—wo,e]U[f, +x);

(3) ua(x)=1Lv,(x)=0, Vvxe[ab];

(4) . (x)is strictly monotonously increasing on [c,a] and strictly monotonously decreasing on [b,d];

v, (x) is strictly monotonously decreasing on [e,a] and strictly monotonously increasing on [b, f].
Definition 2.7. Some Operations on IF (R) are defined as follows:

VA BeIF(R),

A+B= {<z sUp (n (X) A g (y)),xi+ny1:z(vA(x)va (y))>|x y eU} ;

X+y=2

o AN

If p=0, then

yOA(Z)z{Zl,Jp{ﬂA(XHXEU}' ZZ:(?, VOA(Z)z{I‘f{VA(XNXEU}’ ZZ:(;)

Proposition 2.3. Let A Be IF(R).And («,)-level cut set of A and B are denoted by
A :[y,k,yi,vk,vfj,(a,ﬂ)] ,B? :[y;,yg,vé,vg,(a,ﬂ)] . Then we have
A+B= {[,uk I TR S TN U S i VA +V§,(a,ﬂ)]|a,ﬁe [0,1],a+ﬂ£1} ,

A {[p,u';,py,f,pvk,pvi,(a,ﬂ)]a,ﬂe[O,l],a+ﬁS1}, if p>0
pA= :
{[p,uf:,pyk,pvi,pvk,(a,ﬁ)]a,,b’6[0,1],a+,8£1}, if p<0

Definition 2.8. Let A={(x,u,(x),v,(X))|xeU},B={(X 15 (x),v5 (x))[xeU} e IF(R) . Define A<B
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Uy <pgandvy <vg; A=B if A<B andB<A; A<B if A<BandA=B.
Obviously, (IF(R),<)is a partially ordered set.

Definition 2.9. LetS c IF(R)andM e IF (R). We say that M is the supremum of the set S if the following two

conditions are satisfied:
(1) forany AeS, A<M, i.e., M isthe upper bound of the setS ;
(2) for any the upper bound Nof S, M <N.
Similarly, we can define the infimum of the set S .

Let K(R) be a family of all the nonempty compact convex subsets of R . If A,B e £(R), then the Hausdorff

metric is defined by

d,(AB)= max{supinf d(x,y),supinf d(x, y)}

xeA YEB yeB XeA

where d (x, y) denotes the distance between two real numbers xandy .

Let us define a consistent Hausdorff metric in IF (R) to be in the following form

— B RS
d(A,B)—Z;sﬂ;E‘l]max{dH(Aa,Ba),dH<A B7)}

=max{d (s, 45 ),d (v, Vs )|
:max{d(ﬂA:ﬂB)’d(VZ’V;)}

where A ={(x, 1, (x),v, (x))|x €U}, B ={(X, &5 (X),vs (X))|x €U | € IF (R).
Proposition 2.4. If A B,C € IF(R), thend (A,B)+d(B,C)>d(AC).
Proposition 2.5. IfAB,C e IF(R)and A>B>C , thend (A,C)>d (A B)andd(AC)>d(B,C).
Definition 2.10. Let (<, A, P)be a probability measure space. An intuitionistic fuzzy number valued mapping
£:Q - IF(R),

o—¢(o)= {<Xw“:(w) (X) V(o) (X)>|X € R}
is called an intuitionistic fuzzy random variable if x.and v;are two fuzzy random variables defined on
(QA,P), where u.:0— u,,, v.io—>v,,and vi=1-v,.

4

Definition 2.11 Let &(w)={(X, ., (%), V.., (X))|xeR; be the intuitionistic fuzzy random variable defined
&(w) (@)

on(Q, A). We say that
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F(2)=P{&(@) <2} =P{ty) < 11,7, 2 V2|
is the distribution function of &, where Z ={(x, 4, (x),v, (x))[x e R} e IF(R).
Definition 2.12. An intuitionistic fuzzy random variable ¢&(w)= {<x,,u§(w) (x),vg_(m) (x)>|x € R} is called

integrable if z2.and v;are integrable. In this case, the mathematical expectation of & is defined in the following

manner

E (&)= [ &dP = {(x E (1) (x). E(v; )(x))|x e R} ={[ [ P, [ uldP, [vidP, [vEdP, (e, B) ||er. B e [0+ <1,

where E (v, ) =1-E(v¢).
Proposition 2.6. If &is an intuitionistic fuzzy random variable, then the following equalities

L{E()) =E(&!)=E(&,)NE(¢")for 0<r<1;

2.E(c&)=cE&, wheneverceR ;

3. E(§li§2): E& £ ES,
hold true.
Definition 2.13. Suppose that & ={<X,,u§n(X),V5"(X)>|XEU},n=l,2,"'iS a sequence of intuitionistic fuzzy
random variables.
(1) If the fuzzy random variables sequence u.,n=12,--- and v;,n=12,.-- are respectively mutually

independent, then we say that&,,n=1,2,---is a sequence of mutually independent intuitionistic fuzzy random
variables.

(2) Ifp, ,n=12,--is a sequence of identically distributed fuzzy random vectors andv; ,n=12,---is also a

sequence of identically distributed fuzzy random vectors, then we say that&,,n =1,2,--- is a sequence of identically

distributed intuitionistic fuzzy random variables.
Definition 2.14. Suppose that & ,n=12,---is a sequence of intuitionistic fuzzy random variables and &is an

intuitionistic fuzzy random variable (or an intuitionistic fuzzy number). If Ve >0,
limP {a)|d (§n (a)),gg(a))) > 5} =0,
then we say that &, converge in probability P to &, denoted by

& —E N>, orlimé =&
Theorem 2.1. Let&, = {<Xv/‘5n (x),v, (x)>|x eU } n=12,---be a sequence of intuitionistic fuzzy random variables
and §:{<x,y§(x),v§(x)>|XeU}be an intuitionistic fuzzy random variable. Then & —"—¢& if and only if

pe ——>p, andv, ——v,.
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Proof. By the definition of Hausdorff metric in IF (R), we have

d(my p)<d(£,8), d(v, v, )<d(£,€), d(&,8) <d (. )+d (v, v, ).
Hence,
P{d(ﬁn,§)>g}£P{d(yén,y5)+d(v§n,v5)>g}£P{d(,ugn,y§)>§}+P{d(v§n,v§)>§}.
The theorem is easily proven.

Theorem 2.2 (The strong law of large numbers of fuzzy random variables) [32]. Let{&, ,n=1,2,---} be a sequence
of independent and identically distributed fuzzy random variables with E||¢, | < . Then we have

1L o

=D —L5EE N>,

ns

Theorem 2.3 (The strong law of large numbers of intuitionistic fuzzy random variables). Let {£,,n=12,---}be a

sequence of independent and identically distributed intuitionistic = fuzzy random variables

with E||,u§1 || <wandE ||v§1 || <. Then

EZ; —P SE& N> .
n<=
Proof. It follows from Theorem 2.2 and Proposition 2.3.

3. The key theorem of learning theory based on intuitionistic fuzzy random

samples

The key theorem forms the important foundation of SLT. It relaxes the requirement of the strict consistency of
the empirical risk minimization method with the one of existence of uniform one-sided convergence of means to
their mathematical expectations or, in other words, with convergence of some empirical process. In this section,
we introduce and prove the key theory of the learning theory based on intuitionistic fuzzy random variables. First,
we introduce some basic concepts.

Lets;,j=12,---,1 be a sequence of independent and identically distributed intuitionistic fuzzy random samples
whose distribution is given as F (¢) .

Definition 3.1. We callR, («) = E[Q(g,a)}:jQ(f,a)dP ,aeA, where Ais an index set andQ(¢&,«) denotes

the loss functional, the expected risk functional based on intuitionistic fuzzy random samples. It could be referred
to as the intuitionistic fuzzy expected risk functional.
|
Definition 3.2. We call the expression Ry, () =%ZQ( j,a) , a € A the intuitionistic fuzzy empirical risk
j=1

functional.

Let the minimum of the risk functional be obtained atQ (¢, «, ) and the minimum of the empirical risk functional
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be obtained atQ (&, ¢, ).

Definition 3.3. We minimize R

ifemp

(a) instead of minimizing R, («) and consider the function Q(¢,¢;) as

an approximation to the function Q(&,a,). This principle is called the intuitionistic fuzzy empirical risk

minimization principle of statistical learning theory. (IFERM)
Definition 3.4. We say that the intuitionistic fuzzy empirical risk minimization principle is consistent for the set of

functionsQ(&,a), @ e A and for the distribution functional F (&) if the following two sequences converge in

probability to the same limit:

Ri () —Z—inf Ry (),

Riem (&1 ) ——inf Ry () .

ifemp el

Definition 3.5. We say that the intuitionistic fuzzy empirical risk minimization principle is strictly consistent for

the set of function Q(&,a) , e A and the distribution function F(&) if for any nonempty subset

A(C),C e IF (R) of this set of functions such that A(C)= {a : jQ(g‘,a)dP > C} the convergence

aiﬂ{@) Riens (Q)Tpoo’aiﬂc) Ry (@)

holds.
Remark 3.1. We only consider the sequence of intuitionistic fuzzy random variables that are partially ordered" <™.
We denote by d ((Rif (@), Riemp (a))>) the Hausdorff metric when Ry,,,, (a) < Ry ().

Theorem 3.1 (The key theorem of learning theory based on intuitionistic fuzzy random samples). Suppose that

there exist two intuitionistic fuzzy numbers W, andW, , such that for all functions in the set Q(&,a), @€ A, and

for a given distributed function F (&), the inequalities W, < jQ(g,a)dP <W, hold true. Then the sufficient and
necessary conditions for the strict consistency of IFERM principle is that the convergence

P{supd (R, (@). Ry (@) ) > £ >0
holds forany ¢>0.

Proof. Necessary: By Definition 3.5 for the set A(C) = {ar: R, (@) > C}, we have

. R ()5 it R () &)

We denote by A the event of the formsupd ((Rif (a).R (a))>) >,

1 Dlifemp
aelA

Suppose that A holds. Then there exists o e A(C) such that d((Rif (a").R (a*))2)>g. We can

1 7 Yifemp
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findW, <a, <W,, such that «" e A(a,)andd ((Rif («').a, )>) <§ . Then for these A(a,) the inequalities

d((Rn (a*),aEII/”\]f)RIf( )j>j<2andR”emp< )z inf Ry, (@)

acA(a)

hold true.
Therefore

d[(a!rﬂf Re (@), inf leemp( )ljzd((Rif (a*)’aelf\](fak Riemp (& ))J_d[(R” (a*)'aé'ﬂfa\k)R”( ))>j>%

According to (3.1), we have

P{d(( inf Ry (a ) |nf leemp( ))J>§}TO.

aeA ak

Denote by T, the eventd(( inf R,f( ), inf R,femp( )) )>%,then AcT,,
k

aeA(a) aeA(ay

P(A)< P(UTJTO.
k
Hence

P{supd ((Re (@), R (@), ) > g}wo (32)

ael

Sufficiency: We denote by A the event {a) :d (aiérl(fc) Ri (@), |nf RIfemp (a )) > g}
A = {a) :d ((aleqfc) Rifemp (a),aleafc) R (a )))] > g}
A, :{w: d ((aiﬂ‘c) R (@), |nf R”emp( )))j > g}.
ThenA=AUA,,andP(A)<P(A)+P(A,).
Suppose that the event A occurs, we can find Q(g,a*),a* e A(C), such that
d [(R” (a*),aiea(fc)R” (a))
Byd [(aim‘c) Ritemp (@), aiérl(fc) R; (a))zj > ¢, we have

d ((Rmp (a*),aierlz‘c) R, (a))zj >e.

j<2and Reenp (@) 2 i inf_ Rienp (@)

=

Therefore

d ((Rifemp (a*), R, ((x*))z) > g :

In virtue of the monotonicity of probability and the strong law of large numbers of intuitionistic fuzzy random
variables, we obtain

P(A)<P{8(Rums (@) R (a7)) ) £} 0.

On the other hand, if the event A, takes place, we can findQ(£,a™),a™ € A(C), such that
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- ok & ok .
([ R ) R (7)) )25 and ") i, s )

Then
d (( Ry (a**), Rifemp (a“))z) > g
Therefore
P(A)< P{d ((R“ (&), Riamp (“H))Z) >§}
< P{ili/[\)d ((Re (@), Reemp (). ) > g}ﬁo.
Hence

P(A)<P(A)+P(A)—=5—0.

The theorem has been proved.

The samples become fuzzy random samples whenv, =1- 4. . Then we have

Corollary 3.1 [26]. Let the set of functionsQ(¢&,a), e A, satisfies X <R(a)<Y . Then the sufficient and

necessary condition for the strict consistency of FERM principle is the convergence
lim P {iu;A) D((Rf (@), Regnp (a))z) > g} =0

is valid.

The samples become random samples in the usual sense when the samples are not represented as fuzzy sets,
and let d be the subtraction of real numbers. Then we have
Corollary 3.2 [47]. Assume that there exist the constants a and A such that for all functions in the

setQ(&,a),a € A, and for a given distribution function F (&), the inequalities

as<R(a)<AaeA
hold true. Then the following two statements are equivalent:

1. For the given distribution function F (&), the empirical risk minimization method is strictly consistent on the
set of functionsQ (¢, &), e A
2. For the given distribution function F(&), the uniform one-sided convergence of the means to their

mathematical expectation takes place over the set of functionsQ(¢,a),a e A

4. Bounds of the rate of uniform convergence of learning process based on intuitionistic
fuzzy random samples

In the SLT, the important conclusions about the relation between the empirical risk and practical risk come in
the form of some bounds of generalization. They are essential in the analysis of capacity of the learning machines
and when developing new learning algorithms. The bounds on the rates of uniform convergence of learning
process are important components of the bounds of generalization. In this section, we discuss the bounds of the
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rate of uniform convergence of learning process based on intuitionistic fuzzy random samples. We consider the

model where a set of intuitionistic fuzzy measurable functions Q(¢&,a),a e A contains a finite number N of
elementsQ(&, ¢, ), k=1,2,---,N . At first, we introduce a basic theorem:
Theorem 4.1[25,26]. Let &, = {[(gj )..(& ):]r < [0,1]}, j=1,2,---,n be a sequence of fuzzy random variables, and

(gj ); ,(fj ): have the limited variance and the same upper bounds M . Then

1 2M
P{d(ﬁgéffjjzg}s?.

Theorem 4.2. Let¢, ={<X,/I§J(X),V,fj(X)>|X€U}, j=12,---,n be a sequence of intuitionistic fuzzy random

variables, (ys,]) (,u,fj )+ and (v§J )7,(1/5] )+ have the limited variance and the same upper bounds M, andM,,

i
r r r r

respectively. Then

ne

=

p{d(izm”w_“ﬂ

Proof. According to Theorem 4.1, we have

P:d EZQZJ-,EQ. >gr=P{max<d EZﬂg.lEﬂg .d l v. Ev, |t2¢
nj:l nj:l ) J njzl i i
<P dll 'Ll‘fl’E’Ll‘§1]+d(l_ Vﬁ]’Evfljzg
nJ:l nJ:l
18 & 1 £
<P.dl— Eu, |22 p+Pid] = Ev, |22
{ [njl'ucfj :ung 2} { [n;‘/ﬁfj VﬁfjJ 2}
M

8M, 8M,

2

<
ne
8(|\/|1+M2)

2

ne

Theorem 4.3. Suppose that Q(&, ¢, ),k =1,2,---,N is a set of the functions, E[Q(g,a)] exists and satisfies the
conditions of Theorem 4.2. Then the following inequality

8N (M, +M,)
In

d (( Ry (@), Riems (4 ))Z ) <

holds with probability of at least1-7.
Proof.

P {d ((Rif (@) Rieny (2 ))2) g 5}

8(M,;+M,)

12

o0 9% () R () ) > ¢] <3

N -

1

IA
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8(M,+M,)

l&?

8N (M, +M,)
In '

LetN - =7, we conclude that¢ =

Therefore

P{d ((Ri, (), Riemp (1)), ) < M} >1-7.

Theorem 4.4. The inequality

d ((Rif (@).Ry (), ) <2

is satisfied with probability of at least 1-27 .
Proof. Considering the properties of d and Theorem 4.3, we have

d (( Ri ()R (2 ))2) <d ((Rif (@), Rien (@ ))z)+ d (R"emp (). Ry (ao))
<d ((Rif (Otl )’ Rifemp (al ))z)+ d (( R"‘*mp (aO)’ Ri (0(0 ))2)

< 8N(|v|l+|v|2)_
In

Let the following relationships hold

A: d((Rif (@ ): Rieny (al))z)S %7;—“/'2) ,
820 (R (). ) )5 )
(R (@), (). <2 M),

and P(A)>1-7;P(B)>1-7.

We can conclude that C  must hold true in virtue of A and B true, thenP(C)>P(AB).
Therefore
P(C)>P(AB)=1-P((AB)')>1-P(A°)-P(B*)>1-2y.

The theorem is proved.

When the samples are the fuzzy random samples,

Ry (@) =d([Q(&a)dF (£),1 )and Ry, (o) =d (%EQ(@,@, 'mj . Then we have

Corollary ~ 4.1[25,26].  Suppose  that  Q(¢&,«), k=12---N is a set

let

functions

andQ (&, «, ), :[(Q(f,ak));,(Q(g,ak)):]. If(Q(£,,)), . (Q(&.&)). have the limited variance and the same

upper bounds M , then
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1) Ri()=Rpm ()< 2|—M holds true with probability of at least 1-7.

n

2) Ry(a)-R;(ap)<2 /2I—M is satisfied with probability of at least 1-27 .
n

Let d denote the subtraction of real numbers. We use Hoeffding’s inequalities when the samples are the
random samples in the usual sense. We have

Corollary 4.2[47]. If {Q(¢,,).e € A,k=12,---,N} isbounded, ie.,A<Q(&a,)<B, then

INnN-Inp
2l

2) R(e)-R(a,)<B, /w +(B-A) }% holds true with probability of at least1- 27 .

5. Conclusions

1) R(&)-Ryy, () <(B-A) is valid with probability of at least1-7 .

This paper discusses the intuitionistic fuzzy numbers and intuitionistic fuzzy random variables. We have proved
the strong law of large numbers of intuitionistic fuzzy random variables and showed some related theorems and
useful properties. Furthermore, based on intuitionistic fuzzy random samples, we propose the principle of
intuitionistic fuzzy empirical risk minimization of learning theory, prove the key theorem of learning theory based
on intuitionistic fuzzy random samples, and discuss the bounds of the rate of uniform convergence of learning
process. Altogether these findings have laid the foundation for further research in statistical learning theory
involving intuitionistic fuzzy random samples. Further investigations might focus on such fundamental issues as
intuitionistic fuzzy structural risk minimization and address the applied aspects such as support vector machines
based on intuitionistic fuzzy random samples, etc.
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