
On Orthogonal Double Covers of Complete
Bipartite Graphs by an In�nite Certain Graph-Path (Cycle)

Abstract

Let F be a certain graph, the graph F -Path denoted by Pd+1 (F ) path
of length d with d + 1 vertices (i.e. Every edge of this path is one-to-one
corresponding to an isomorphic to the graph F ). In the same manner, we de�ne
the graph F -Cycle as Cd (F ) cycle on d vertices. In this paper, we construct
orthogonal double covers (ODCs) of Complete Bipartite Graph by Pd+1 (F ) and
Cd (F ) :
Keywords: Graph decomposition; Orthogonal double cover; Symmetric starter.
AMS Subject Classi�cation: 05C70, 05B30.

1 Introduction

An ODC of Kn;n is a collection G = fG0; G1; : : : ; Gn�1; F0; F1; : : : ; Fn�1g of
2n subgraphs called pages) of Kn;n such that
(i) every edge of Kn;n is in exactly one page of fG0; G1; : : : ; Gn�1g and in

exactly one page of fF0; F1; : : : ; Fn�1g;
(ii) for i; j 2 f0; 1; : : : ; n�1g and i 6= j, E(Gi)\E(Gj) = E(Fi)\E(Fj) = ;;

and jE(Gi) \ E(Fj)j = 1 for all i; j 2 f0; 1; : : : ; n� 1g:
If all the pages are isomorphic to a given graph G; then G is said to be an

ODC of Kn;n by G:
The vertices of the partite sets of Kn;n are denoted by f00; 10; : : : ; (n�1)0g

and f01; 11; : : : ; (n � 1)1g: The length of an edge x0y1 of Kn;n is de�ned to
be the di¤erence y � x, where x; y 2 Zn = f0; 1; 2; : : : ; n � 1g. Note that
sums and di¤erences are carried over in Zn ( that is, sums and di¤erences are
carried modulo n)
Let G be a subgraph of Kn;n and a 2 Zn: then the a-translate of G, denoted

by G+ a is the edge-induced subgraph of Kn;n induced by f(x+ a)0(y + a)1 :
x0y1 2 E(G)g.
A subgraph G of Kn;n is called half-starter if jE(G)j = n and the lengths

of all edges in G are mutually di¤erent. We denote a half-starter G by the
vector v(G) = (v0; v1; : : : ; vn�1), where v0; v1; : : : ; vn�1 2 Zn and vi can be
obtained from the unique edge (vi)0(vi + i)1 of length i in G.
Two half-starters v(G) = (v0; v1; : : : ; vn�1) and v(G�) = (u0; u1; : : : ; un�1)

are said to be orthogonal if fvi � ui : i 2 Zng = Zn.
For a subgraph G of Kn;n with n edges, the edge-induced subgraph Gs with

E(Gs) = fy0x1 : x0y1 2 E(G)g is called the symmetric graph of G. Following
three results were established in [2].
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I. If G is a half-starter, then the collection of all translates of G forms an
edge-decomposition of Kn;n:

II. If two half-starter v(G) and v(F ) are orthogonal, then the union of the set
of translates of G and the set of translates of F forms an ODC of Kn;n.

III. G is a symmetric starter if and only if

fvi � vn�i + i : i 2 Zng = Zn:

In this paper, we use the usual notation: Pm+1 for the path onm+1 vertices,

Cn for the cycle on n vertices; D
Lv[ F for the union of D and F with all the

vertices of the set Lv that belongs to each other. In [7], other de�nitions not
introduced here can be found.
Much of research on this subject focused with the detection of ODCs with

pages isomorphic to a given graph G. For a summary of results on ODCs, see
[1]. In [1, 5], this concept has been generalized to ODC of any graph H by a
graph G:
While in principle any regular graph is worth considering (e.g., the remark-

able case of hypercubes has been investigated in [5]), the choice of H = Kn;n is
quite natural, also in view of a technical motivation: ODCs of such graphs are
of help in order to construct ODCs of Kn (see [2], p. 48).
An algebraic construction of ODCs via �symmetric starters� has been ex-

ploited to get a complete classi�cation of ODCs of Kn;n by G for n � 9: a few
exceptions apart, all graphs G are found this way (see Table 1 in [2]). This
method has been applied in [4, 2] to detect some in�nite classes of graphs G
for which there are ODCs of Kn;n by G. In [3], R. El-Shanawany, and et al
studied the orthogonal double covers of Kn;n by Pm+1 [� Sn�m, where n and
m are integers, 2 � m � 10, m � n and Pm+1 [� Sn�m is a tree obtained from
the path Pm+1 with m edges and a star Sn�m with n�m edges by identifying
an end-vertex of Pm+1 with the center of Sn�m:
Let F be a certain graph, the graph F -Path denoted by Pd+1(F ); is a path of

set of vertices V = fVi : 0 � i � dg and a set of edges E = fEi : 0 � i � d� 1g
if and only if there exists the following two bijective mappings:
1: ' : E ! F de�ned by '(Ei) = Fi; where F = fF0; F1; : : : ; Fd�1g is a

collection of d graphs each one is isomorphic to the graph F:
2:  : V! A de�ned by  (Vi) = Xi; where A = fXi : 0 � i � d : \iXi = �g

a class of disjoint sets of vertices.
In the same manner, we de�ne the graph F�Cycle as Cd (F ) cycle on d

vertices.
Let F = Kr;s be a subgraph of Kn;n ; and for all 0 � i � d;
Xi = fY i

2
: i � 0mod 2g [ fZb i2 c : i � 1mod 2g; satisfying the following

conditions:
i. j Y i

2
j= r and j Zb i2 c j= s; for all 0 � i � d:

ii. Y i
2
� Zn � f0g; Zb i2 c � Zn � f1g; and \iY i

2
= \iZb i2 c = �:

iii. For 0 � i � d� 1; Fi �= Kr;s has the following edges:
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Figure 1: Symmetric starter of an ODC of K8;8 by G = P3 (K2;2) w.r.t. Z8

E(Fi) = fY i
2
Z i

2
: i � 0mod 2g [ fYb i2 cZd i2 e : i � 1mod 2g:

Consider s � 0 paths of length k � 1, all attached to the same vertex (root
vertex). This tree will be called T (s; k) : Clearly, T (s; 1) is the star with s edges
and T (1; k) is the path with k edges. De�ne Ls is a set of all leaves of T (s; k)
i.e. Ls = fv : v is a leaf in T (s; k)g and jLsj = s:
In this paper, we are concerned with an ODC of Kn;n by G = Pd+1(F );

Where F = T (s; k)
Ls
[ K1;1 and F = Cd (K2;2) :

2 Main result

El-Shanawany et al in [6] proved that the vector

v (G) =
�
0; n� 1; n� 22; n� 32; � � � ; n� 32; n� 22; n� 1

�
(1)

is a symmetric starter of an ODC of Kn;n by G; where n is a positive integer.
Moreover, for any i 2 Zn; the ith graph isomorphic to G has the edges:

E (Gi) =
��
n� i2

�
0
(n� i (i� 1))1 : 0 � i � n� 1

	
(2)

As a direct application of the vector in equation 1 and its edges in equation
2 for special case n = 23, see �gure 1.

Theorem 1 Let m � 2 be a positive integer. Then there exists a symmetric

starter of an ODC of K3m;3m by G = P3m�2+1

�
T (3; 3)

L3[ K1;1

�
.

Proof. The result follows from the vector in equation 1 and its edges in equation
2 with jE (G) j = n = 3m = 9d imply that d = 3m�2 de�ne the number of graphs

isomorphic to F = T (3; 3)
L3[ K1;1: As a direct application of this Theorem, see

�gure 2.
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Figure 2: Symmetric starter of an ODC of K27;27 by G = P4 (F ) w.r.t. Z27
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Figure 3: Symmetric starter of an ODC of K16;16 by G = P2 (C4 (K2;2)) =
C4 (K2;2) w.r.t. Z16

Conjecture 2 Let n; d; s; k be positive integers. Then there exists a symmetric

starter of an ODC of Kn;n by G = Pd+1

�
T (s; k)

Ls[ K1;1

�
:

Theorem 3 Let m � 4 be a positive integer. Then there exists a symmetric
starter of an ODC of K2m;2m by G = P2m�4+1 (C4 (K2;2)) :

Proof. The result follows from the vector in equation 1 and its edges in equation
2 with jE (G) j = n = 2m = 16d imply that d = 2m�4 de�ne the number of
graphs isomorphic to F = C4 (K2;2) (i.e. the K2;2-Cycle with length 4 ). As a
direct applications of this Theorem, see �gure 3 and 4.

Conjecture 4 Let n; d; r; s be positive integers, then there is a symmetric starter
vector of an ODC of the complete bipartite graph Kn;n by G = Pd +1 (Cd (Kr;s)) :
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Figure 4: Symmetric starter of an ODC of K32;32 by G = P3 (C4 (K2;2)) w.r.t.
Z32
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