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Abstract
This paper investigates the problem of L2-disturbance attenuation for robot manipulator with model
uncertainty and input time delay. With the idea of shaping potential energy and the method
of pre-feedback, a delayed Hamiltonian system structure is obtained for both full actuated and
underactuated uncertain robot manipulator with time delay. Then the energy-based adaptive L2-
disturbance attenuation controller is obtained by applying Lyapunov functional method. There spell
out some sufficient conditions to guarantee the rationality and validity of the proposed control law.
Simulation of a two-link robot manipulator is presented to illustrate the effectiveness of the achieved
results in this paper.

Keywords: Hamiltonian system, robot manipulator, L2-disturbance attenuation, pre-feedback, time
delay.

1 Introduction
In recent years, robot technology has been drawn great attention in the field of high technology
and a large number of scientific achievements are gained every year (see, e.g., [Nicosia (1990);
Jiang (1997); Thrun (2000); Anguelov (2004); Kramer (2007); Siepmann (2014)] and the references
therein). The operated robot is active mechanism. Each of its degrees of freedom (DOF) has a single
drive. Manipulator system which stands for automatic control system with redundant, multivariate and
the nonlinear in essential, is also a complex dynamic coupling system. Owing to each control problem
of the system is equivalent to a dynamic problem, it is necessary to study the dynamic problem of the
robot manipulator (see, e.g., [Rodriguez (1991); Ge (1998); Sciavicco (2000); Piltan (2011)] and the
references therein). However, time delay can’t be avoided in robot manipulator control area. Many
factors, such as acquisition and transmission of the sensor signal, the calculation of the controller,
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actuation process of the actuator, can lead to time delay appears in the system. Time delay may
degrade the performance of system and lead to instability of the control system. Therefore, it is
necessary to evaluate the impact of time delay on robot manipulator active control. The problem
of robust force/position control for a robot manipulator had been investigated by using time-delay
control method in [Chang (1995)]. In [Hsia (1990)], decentralized linear time-invariant time-delayed
joint controllers were designed for robot manipulator control. Using time delay control with gradient
estimator, robust tracking of robot manipulator with nonlinear friction was studied in [Han (2010)]. In
addition, [Ailon (2004)] considered the stability problem of a flexible-joint robot in case time delays
are involved in the feedback loop.

In the past decades, energy-based control method has attracted considerable attention in the
analysis and synthesis of nonlinear systems (see, e.g., [Akmeliawati (2010); Fantoni (2000); Xin
(2007)] and the references therein). A key step in using energy-based control strategy is to express
the system under consideration as a dissipative Hamiltonian system. This kind of system was put
forward by [Maschke (1992)]. The Hamiltonian function of Hamiltonian system can be taken as
the sum of potential energy (excluding gravitational potential energy) and kinetic energy in physical
systems, and it also can be regarded as a well candidate of Lyapunov function. Recently, the
authors obtain some results on time delay Hamiltonian system (see, e.g., [Sun (2011, 2013)] and
the references therein). In [Sun (2013)], sufficient conditions are derived and L2 feedback adaptive
control law is designed for the time delay Hamiltonian system to guarantee the asymptotically stability
and the L2 performance.

Energy-based control method is used in [Wang (2008)] to study the robot adaptive control of
uncertain mechanical systems. Using the tool unified partial derivative operator (UPDO), an augment-
ed Hamiltonian structure is provided and an adaptive L2-disturbance attenuation controller is designed
for the mechanical systems. However, when delays inevitably appear, the augmented Hamiltonian
structure and the control results in [Wang (2008)] may lose control. In view of the above, this paper
extends the results of [Wang (2008)], which considers the L2-disturbance attenuation problem of n-
DOF uncertainty robot manipulator with time delay in feedback. In order to use the energy-based
control strategy, we firstly transform robot manipulator under consideration into delayed Hamiltonian
system for both fully actuated and underactuated cases. It is easy to see that the matching condition
in the underactated case is turned into a set of algebraic equations, which are much easier to cope
with than a set of partial differential equations (PDEs) [Ortega (2002)]. Then, we use the delayed
Hamiltonian system to study energy-based robust adaptive control design problem for the uncertain
robot manipulator system with time delays and a new adaptive L2-disturbance attenuation controller is
designed. Finally, a simulation is given out to validate that there are robust property, built-in capability
in handling disturbances and uncertainties of the systems under the designed controller in this paper.

The rest of the paper is organized as follows. Section 2 presents the problem formulation and
some preliminaries. In section 3, we study the augmented delayed Hamiltonian formulation for both
fully actuated and underactuated uncertain robot manipulator system with time delays. The analysis
of L2-disturbance attenuation of the delayed Hamiltonian system is presented in section 4. Section
5 illustrates the obtained results by a two-link robot manipulator example, which is followed by the
conclusions in section 6.

Notations: R is the set of real numbers; Rn denotes the n-dimensional Euclidean space and
Rn×m is the real matrices with dimension m × n; ∥ · ∥ stands for either the Euclidean vector norm
or the induced matrix 2-norm. The notation X ≥ 0 (respectively, X > 0) means that the matrix X is
positive semidefinite (respectively, X is positive definite). ⊗ represents the Kronecker product. A⊥(·)
denotes the full rank left annihilator of matrix A(·), A⊥(·)A(·) = 0. F † denotes the pseudo-inverse of
F , i.e., FF †F = F .
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2 Problem Statement and Preliminaries
Consider the following n-DOF robot manipulator described by the Euler-Lagrange equation [Ortega
(2002)]

M(q)q̈ + C(q, q̇)q̇ +G(q) = B(q)τ (2.1)

where q =
[
q1, q2, . . . , qn

]T ∈ Rn is the positive vector (the generalized coordinate), q̇ ∈ Rm is
the velocity vector, τ ∈ Rm is the control torque vector, B(q) ∈ Rn×m has full column rank (m ≤ n),
M(q) ∈ Rn×n is the inertia matrix, M(q) > 0, G(q) ∈ Rn describes the potential forces and the matrix
C(q, q̇) ∈ Rn×n describes the Coriolis and centripetal forces. M(q), C(q, q̇) and G(q) are assumed
to have unknown constant parameters.

We consider the existence of several time delays in the input signals applied to the robot joints.
Let h = [h1, . . . , hn]

T, where hi ≥ 0 is the time delay involved in the i-th component of the input vector.
The delay input is denoted by τ(t − h) = [τ1(t − h1), . . . , τn(t − hn)]

T. Thus, under the presence of
time delays and disturbances, the control model of the robot manipulator (2.1) can be rewritten as
follows

M(q)q̈ + C(q, q̇)q̇ +G(q) = B(q)τ(t− h) + ω (2.2)

where ω ∈ Rn is the external disturbance.

Assumption 2.1. The unknown part in G(q) depends linearly on a constant vector θ ∈ Rn×l, i.e.,
there exists a matrix Φ(q) ∈ Rn×l such that

G(q) = G0(q) + Φ(q)θ (2.3)

where G0(q) ∈ Rn is the separable known or nominal part of G(q).

Our aim in this paper is to investigate the L2-disturbance attenuation problem of the system (2.2)
under Hamiltonian systems framework. Thus, firstly, we should transform (2.2) into a time delayed
Hamiltonian system.

Under Asssumption 2.1, we consider a Hamiltonian function for the system (2.2)

H(q, p, θ̂) = K(q, p) + Pg(q) +
1

2
(θ̂ − θ)TΓ0(θ̂ − θ) (2.4)

where
K(q, p) :=

1

2
pTM−1(q)p =

1

2
q̇TM(q)q̇ (2.5)

is the system’s kinetic energy,

Pg(q) :=
1

2
(q − q0)TΛ(q − q0) (2.6)

is the so-called virtual potential energy, Λ ∈ Rn×n and Γ0 ∈ Rl×l are two constant positive definite
matrices; θ̂ is the estimate of θ, q0 ∈ Rn is the target position which is to be designed, p ∈ Rn is the
generalized momenta.

Obviously, we have
∂H(q, p, θ̂)

∂p
= M−1(q)p = q̇ (2.7)

which means
p = M(q)q̇. (2.8)

The following lemma is necessary for Hamiltonian modelling of system (2.2).

Lemma 2.1. ([Wang (2008)]) Assume that A(x) ∈ Rn×n(x ∈ Rn) is a function matrix, α, β ∈ Rn are
constant vectors. Then,

∂(αTA(x)β)

∂x
= (In ⊗ αT)(Γn · ∂A(x)

∂x
)β

3
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where ∂A(x)
∂x

= A(x)⊗ ∂
∂x

and Γn =

n−1∏
i=1

n∏
j>i

En2((i− 1)n+ j), (j − 1)n+ i), En2((i− 1)n+ j), (j −

1)n + i) ∈ Rn2×n2

is obtained by swapping the ((i − 1)n + j)th row with the ((j − 1)n + i)th row of
the n2 × n2 identity matrix In2 .

Using Lemma 2.1, we can get

∂H(q, p, θ̂)

∂q
=

1

2
(In ⊗ pT)(Γn

∂M−1

∂q
)p+ Λ(q − q0). (2.9)

From system (2.2) with ω = 0 and (2.8), the derivative of p along the time t satisfies

ṗ = Ṁ(q)q̇ +M(q)q̈

= Ṁ(q)q̇ − C(q, q̇)q̇ −G(q) +B(q)τ(t− h). (2.10)

3 Delayed Hamiltonian Formulation
In this section, we consider the Hamiltonian formulation problem for system (2.2) in two cases, i.e.,
1) the system is fully actuated (m = n); 2) the system is underactuated (m < n). Without loss of
generality, we assume ω = 0 in system (2.2).

3.1 Fully Actuated Case
In order to get a nice Hamiltonian structure for system (2.2), we design a pre-feedback law as follows

τ(t− h) = B−1(q)[G0(q) +
1
2
Φ(q)θ̂ − Λ(q − q0)−KD q̇(t− h)

+ 1
2
Φ(q)θ̂(t− h)−KD1q̇] + u,

˙̂
θ = − 1

2
Γ−1
0 ΦT(q)q̇ − 1

2
Γ−1
0 ΦT(q)q̇(t− h),

θ̂(t) = φ(t), t ∈ [−h, 0]

(3.1)

where KD, KD1 ∈ Rn×n are both constant positive definite matrices to be determined, u is the new
control input.

From (2.7)-(3.1), we can get

 q̇
ṗ
˙̂
θ

 =

 0 In 0
−In Kc(q, p)−KD1

1
2
Φ(q)Γ0

−1

0 − 1
2
Γ0

−1ΦT(q) 0




∂H(q, p, θ̂)
∂q

∂H(q, p, θ̂)
∂p

∂H(q, p, θ̂)

∂θ̂



+

 0 0 0
0 −KD

1
2
Φ(q)Γ0

−1

0 − 1
2
Γ0

−1ΦT(q) 0




∂H(q(t− h), p(t− h), θ̂(t− h))
∂q

∂H(q(t− h), p(t− h), θ̂(t− h))
∂p

∂H(q(t− h), p(t− h), θ̂(t− h))

∂θ̂


+

 0
B(q)
0

u (3.2)

where

Kc(q, p) = Ṁ(q)− C(q, q̇) +
1

2
(In ⊗ P T)(Γn

∂M−1(q)

∂q
)M(q). (3.3)
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Since
∂

∂x
[A−1(x)] = −Γn(In ⊗A−1(x))(Γn

∂A(x)

∂x
)A−1(x)

holds, we can prove that Kc(q, p) ≡ 0 by using the properties of the Kronecker product. The details
of the proof can be found in [Wang (2008)]. Here, they are omitted for the sake of brevity.

Let

X =

 q
p

θ̂

 ∈ R2n+l,

then, system(2.2) (ω = 0) can be transformed into the following delayed port-controlled Hamiltonian
system {

Ẋ = [J(X)−R(X)]
∂H(X(t))

∂X
+ [J1(X)−R1(X)]

∂H(X(t− h))
∂X

+ gcu,

X(t) = ϕ(t), t ∈ [−h, 0]
(3.4)

where ϕ(t) is a continuous vector-valued initial function,

J(X) =

 0 In 0
−In 0 1

2
Φ(q)Γ0

−1

0 − 1
2
Γ0

−1ΦT(q) 0

 ,

J1(X) =

 0 0 0
0 0 1

2
Φ(q)Γ0

−1

0 − 1
2
Γ0

−1ΦT(q) 0

 ,

R(X) =

 0 0 0
0 KD1 0
0 0 0

 ∈ R(2n+l)×(2n+l),

R1(X) =

 0 0 0
0 KD 0
0 0 0

 ∈ R(2n+l)×(2n+l),

gc =

 0
B(q)
0

 ∈ R(2n+l)×m.

Obviously, J(X) = −JT(X), J1(X) = −JT
1 (X), R(X) ≥ 0, R1(X) ≥ 0.

We may summarize the above analysis as follows.

Theorem 3.1. Consider fully-actuated robot system (2.2) with ω = 0 and Assumption 2.1 holds.
With the Hamiltonian function (2.4) and the adaptive pre-feedback law (3.1), system (2.2) can be
transformed into a delayed Hamiltonian system described as (3.4).

3.2 Underactuated Case
In this case, B(q) is singular. In order to get a nice Hamiltonian structure, a suitable pre-feedback law
τ(q, p, θ̂, q̇, q̇(t− h), θ̂(t− h)) should be designed for system (2.2) with ω = 0 such that

B(q)τ(q, p, θ̂, q̇, q̇(t− h), θ̂(t− h))

= G0(q) +
1

2
Φ(q)θ̂ − Λ(q − q0)−KD q̇(t− h) +

1

2
Φ(q)θ̂(t− h)−KD1q̇

+B(q)u(q, p, θ̂, q̇, q̇(t− h), θ̂(t− h)), (3.5)

5
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where KD, KD1 ∈ Rn×n are both constant positive define matrixes to be determined.
Due to B(q) is singular and has full column rank, τ can only affect the terms in the range space

of B(q). Thus, if the following equation

B⊥(q)[G0(q) +
1

2
Φ(q)θ̂ − Λ(q − q0)−KD q̇(t− h) +

1

2
Φ(q)θ̂(t− h)−KD1q̇] = 0

holds, then the equation (3.5) will always holds for any choice of τ .
We may solve the equation (3.6) to obtain the solution group (Λ,KD,KD1) and then express the

polynomial

G0(q) +
1

2
Φ(q)θ̂ − Λ(q − q0)−KD q̇(t− h) +

1

2
Φ(q)θ̂(t− h)−KD1q̇

as follows

G0(q) +
1

2
Φ(q)θ̂ − Λ(q − q0)−KD q̇(t− h) +

1

2
Φ(q)θ̂(t− h)−KD1q̇

=

m∑
i=1

ai(q, p, θ̂, q̇, q̇(t− h), θ̂(t− h))αi(q) (3.6)

where ai(q, p, θ̂, . . . , q̇(t−h), θ̂(t−h)), i = 1, 2, . . . ,m are scalar functions; α1(q),. . .,αm(q) are column
vectors of B(q), i.e., B(q) = [α1(q), . . . , αm(q)].

Based on the above analysis, we can choose an adaptive pre-feedback law as follows
τ(t− h) = τ(q, p, θ̂, q̇, q̇(t− h), θ̂(t− h))

= [a1(q, p, θ̂, q̇, q̇(t− h), θ̂(t− h)), . . . , am(q, p, θ̂, q̇, q̇(t− h), θ̂(t− h))]T + u,
˙̂
θ = − 1

2
Γ−1
0 ΦT(q)q̇ − 1

2
Γ−1
0 ΦT(q)q̇(t− h),

θ̂(t) = φ(t), t ∈ [−h, 0]

(3.7)

where u is the new control input.
Thus, we have

B(q)τ = G0(q) +
1

2
Φ(q)θ̂ − Λ(q − q0)−KD q̇(t− h) +

1

2
Φ(q)θ̂(t− h)−KD1q̇ +B(q)u. (3.8)

From (2.4)-(2.10) and (3.7), underactuated system (2.2) with ω = 0 can be expressed the same
as (3.2).

Furthermore, we can also get Kc ≡ 0 and thus system (2.2) (ω = 0) can be transformed into the
delayed Hamiltonian system described as (3.4).

Theorem 3.2. Consider underactuated robot system (2.2) with ω = 0 and Assumption 2.1 holds.
With the Hamiltonian function (2.4) and the adaptive pre-feedback law (3.7), system (2.2) can be
transformed into a delayed Hamiltonian system described as (3.4).

From the above analysis, we can get that whether the robot system (2.2) is fully actuated or
underactuated, it has the same Hamiltonian formulation (3.4).

4 Energy-Based L2-Disturbance Attenuation
In this section, we will study energy-based robust adaptive control of uncertain robot manipulator
system (2.2) by using the obtained delayed Hamiltonian system formulation, and design an adaptive
L2-disturbance attenuation controller for system (2.2).

Let
z = h(X)gT(X)

∂H(X)

∂X
(4.1)
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where z ∈ Rq is the penalty signal, h(X) ∈ Rq×m is the weighting matrix with full column rank.
According to Theorem 3.1 and Theorem 3.2 in section 3, under the following control law

τ(t− h) = W (q, p, θ̂, q̇, q̇(t− h), θ̂(t− h)) + u, when m < n

τ(t− h) = B−1(q)[G0(q) +
1
2
Φ(q)θ̂ − Λ(q − q0)−KD q̇(t− h)

+ 1
2
Φ(q)θ̂(t− h)−KD1q̇] + u, when m = n

˙̂
θ = − 1

2
Γ−1
0 ΦT(q)q̇ − 1

2
Γ−1
0 ΦT(q)q̇(t− h),

θ̂(t) = φ(t), t ∈ [−h, 0],

(4.2)

system (2.2) can be transformed into Ẋ = (J(X)−R(X))
∂H(X)
∂X

+ (J1(X)−R1(X))
∂H(X(t− h))

∂X
+ gcu+ gdω,

z = h(X)gT
c
∂H(X)
∂X

(4.3)

where gd = [0 In 0]T, X, J(X), R(X), J1(X), R1(X), H(X), gc, KD, KD1 have the same definitions
as above,

W (q, p, θ̂, q̇, q̇(t− h), θ̂(t− h))

= [a1(q, p, θ̂, q̇, q̇(t− h), θ̂(t− h)), . . . , am(q, p, θ̂, q̇, q̇(t− h), θ̂(t− h))]. (4.4)

The following Lemma is necessary for the analysis of L2-disturbance attenuation problem of
(4.3).

Lemma 4.1. [Cao (1998)] For any vectors a, b ∈ Rn and a matrix M > 0 with compatible dimensions,
the following inequality holds

2aTb ≤ aTMa+ bTM−1b. (4.5)

For a given disturbance attention level γ > 0 and the penalty signal described as (4.1), we have
the following result.

Theorem 4.1. For a given disturbance attenuation level γ > 0, if

R(X)− 1

2γ2
gdg

T
d ≥ 0 (4.6)

holds, then the L2-disturbance attenuation problem of system (4.3) can be solved under the feedback
control law

u = −1

2

{
g†c [Q+ (J1(X)−R1(X))Q−1(J1(X)−R1(X))T] + h(X)Th(X)gT

c

}∂H(X)

∂X
(4.7)

and the γ-dissipation inequality is

V̇ (X(t− h), t) +
∂TH(X)

∂X
[R(X)− 1

2γ2
gdg

T
d]
∂H(X)

∂X
≤ 1

2
(γ2∥ω∥2 − ∥z∥2)

where

V (X(t− h), t) = H(X(t)) +
1

2

∫ t

t−h

∂TH(X(s))

∂X
Q
∂H(X(s))

∂X
ds, (4.8)

Q is a positive definite matrix.

Proof. Substituting (4.7) into (4.3), we get the closed-loop system of (4.3),
Ẋ = (J(X)−R(X))

∂H(X)
∂X

+ (J1(X)−R1(X))
∂H(X(t− h))

∂X

− 1
2
[Q+ (J1(X)−R1(X))Q−1(J1(X)−R1(X))T + gch

T(X)h(X)gT
c ]
∂H(X)
∂X

+ gdω,

z = h(X)gT
c
∂H(X)
∂X

(4.9)
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Choose a Lyapunov functional described as (4.8) and computing the derivative of V (X(t−h), t) along
the trajectory of the closed-loop system (4.9), and based on Lemma 4.1, we have

V̇ (X(t− h), t)

=
∂TH(X)

∂X
Ẋ +

1

2

∂TH(X)

∂X
Q
∂H(X)

∂X
− 1

2

∂TH(X(t− h))

∂X
Q
∂H(X(t− h))

∂X

=
∂TH(X)

∂X
(J(X)−R(X))

∂H(X)

∂X
+

∂TH(X)

∂X
(J1(X)−R1(X))

∂H(X(t− h))

∂X

+
∂TH(X)

∂X
gcu+

∂TH(X)

∂X
gdω − 1

2

∂TH(X(t− h))

∂X
Q
∂H(X(t− h))

∂X

+
1

2

∂TH(X)

∂X
Q
∂H(X)

∂X

≤ −∂TH(X)

∂X
R(X)

∂H(X)

∂X
+

1

2

∂TH(X)

∂X
(J1(X)−R1(X))Q−1(J1(X)−R1(X))T

×∂H(X)

∂X
+

1

2

∂TH(X(t− h))

∂X
Q
∂H(X(t− h))

∂X
+

∂TH(X)

∂X
gc
{
− 1

2
[g†c(Q

+(J1(X)−R1(X))Q−1(J1(X)−R1(X))T) + hT(X)h(X)gT
c ]
∂H(X)

∂X

}
+
∂TH(X)

∂X
gdω +

1

2

∂TH(X)

∂X
Q
∂H(X)

∂X
− 1

2

∂TH(X(t− h))

∂X
Q
∂H(X(t− h))

∂X

≤ −∂TH(X)

∂X
R(X)

∂H(X)

∂X
+

1

2γ2

∂TH(X)

∂X
gdg

T
d
∂H(X)

∂X

+
1

2
(γ2 ∥ ω ∥2 − ∥ z ∥2)− 1

2
∥ γω − 1

γ
gT
d
∂H(X)

∂X
∥2 (4.10)

therefore,

V̇ (X(t− h), t) +
∂TH(X)

∂X
(R(X)− 1

2γ2
gdg

T
d)

∂H(X)

∂X

≤ 1

2
(γ2 ∥ ω ∥2 − ∥ z ∥2)− 1

2
∥ γω − 1

γ
gT
d
∂H(X)

∂X
∥2

≤ 1

2
(γ2 ∥ ω ∥2 − ∥ z ∥2). (4.11)

Since (4.6) holds, V (X(t− h), t) is a solution to the L2-disturbance attenuation of system (4.3).

Based on Theorem 4.1, substituting (4.7) into (3.7), we can get a complete adaptive L2-disturbance
attenuation controller for system (2.2) as follows

τ(t− h) = W (q, p, θ̂, q̇, q̇(t− h), θ̂(t− h))

− 1
2
[g†c(Q+ [J1 −R1]Q

−1[J1 −R1]
T) + hThgT

c ]
∂H(X)
∂X

, when m < n

τ(t− h) = B−1(q)[G0(q) +
1
2
Φ(q)θ̂ − Λ(q − q0)−KD q̇(t− h) + 1

2
Φ(q)θ̂(t− h)−KD1q̇]

− 1
2
[g†c(Q+ [J1 −R1]Q

−1[J1 −R1]
T) + hThgT

c ]
∂H(X)
∂X

, when m = n
˙̂
θ = − 1

2
Γ−1
0 ΦT(q)q̇ − 1

2
Γ−1
0 ΦT(q)q̇(t− h),

θ̂(t) = φ(t), t ∈ [−h, 0]
(4.12)

where J1 := J1(X), R1 := R1(X).
Thus, we can gain the following result for system (2.2).

Theorem 4.2. Consider robot manipulator (2.2) and Assumption 2.1 holds. q0 is the target point of
system (2.2). The solution group (Λ,KD,KD1) of the constraint equation (3.6) can be gotten when
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the system is underactuated. For the given γ, if R(X) − 1
2γ2 gdg

T
d ≥ 0 holds, then an adaptive L2-

disturbance attenuation controller can be designed as (4.12) for system (2.2).

5 Illustrative Example

In this section, we give an example to show that 1) how to transform the robot manipulator with
time delay into delayed Hamiltonian system; and 2) how to design an energy-based adaptive L2-
disturbance attention controller for the delayed robot system under Hamiltonian system framework.

A planar two-link manipulator with two nodes in the vertical plane is considered as shown in
Figure 1, where we assume that the mass mp of payload is unknown, mi and li are the mass and
length of link i, lci is the distance from node i − 1 to the center of mass of link i, Ii is the moment
of inertia of link i about an axis coming to page through the center of the mass of link i, i = 1, 2 [Ge
(1998)].

y

mp

l2

lc2 m2 I2

g

q2

l1

lc1 m1 I1

q1 x

Figure 1: Planar two-link manipulator with payload.

We assume the existence of delay in the input signals,

M(q)q̈ + C(q, q̇)q̇ +G(q) = τ(t− h) + ω (5.1)

where q = [q1, q2]
T ∈ R2 is the angular position vector, τ(t − h) = [τ1(t − h), τ2(t − h)]T ∈ R2 is the
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control torque, ω ∈ R2 is the disturbance.

M(q) =

[
m1 +m2 + 2m3 cos q2 m2 +m3 cos q2

m2 +m3 cos q2 m2

]
,

C(q, q̇) =

[
−m3q̇2sinq2 −m3(q̇1 + q̇2)sinq2
m3q̇1sinq2 0

]
,

G(q) =

[
m4g cos q1 +m5g cos(q1 + q2)

m5g cos(q1 + q2)

]
,

m1 = m1l
2
c1 +m2l

2
1 + I1 +mpl

2
1,

m2 = m2l
2
c2 + I2 +mpl

2
2,

m3 = m2l1lc2 +mpl1l2,

m4 = m1lc2 +m2l1 +mpl1,

m5 = m2lc2 +mpl2.

Due to the payload’s mass mp is unknown, we can see that M(q), C(q, q̇) and G(q) are not
exactly known. Next, we transform system (5.1) into a delayed Hamiltonian system according to
Theorem 3.1.

Let θ := mp, which denotes the unknown parameter, then G(q) can be written as

G(q) = G0(q) + Φ(q)θ (5.2)

where

G0(q) =

[
(m1lc2 +m2l1)g cos q1 +m2lc2g cos(q1 + q2)

m2lc2g cos(q1 + q2)

]
, (5.3)

Φ(q) =

[
l1g cos(q1) + l2g cos(q1 + q2)

l2g cos(q1 + q2)

]
:=

[
ϕ1(q)
ϕ2(q)

]
. (5.4)

We consider q0 = [q01 , q
0
2 ]

T ∈ R2 as the target position of the system which is to be designed.
p = [p1, p2]

T = M(q)q̇,Λ = Diag{λ1, λ2} > 0 and Γ0 = λ3 > 0. Consider

H(q, p, θ̂) = K(q, p) + Pg(q) +
1

2
(θ̂ − θ)TΓ0(θ̂ − θ)

=
1

2
pTM−1(q)p+

1

2
(q − q0)TΛ(q − q0) +

Γ0

2
(θ̂ − θ)2 (5.5)

as the Hamiltonian function and

˙̂
θ = −1

2
Γ−1
0 ΦT(q)q̇ − 1

2
Γ−1
0 ΦT(q)q̇(t− h). (5.6)

The pre-feedback law can be designed as follows
τ(t− h) = G0(q) +

1
2
Φ(q)θ̂ − Λ(q − q0)−KD q̇(t− h)

+ 1
2
Φ(q)θ̂(t− h)−KD1q̇ + u,

˙̂
θ = − 1

2
Γ−1
0 ΦT(q)q̇ − 1

2
Γ−1
0 ΦT(q)q̇(t− h),

θ̂(t) = φ(t), t ∈ [−h, 0]

(5.7)

where KD = Diag{kd1, kd2} > 0, KD1 = Diag{kd11, kd22} > 0.
According to Theorem 3.1, by the Hamiltonian function (5.5) and the pre-feedback law (5.7),

system (5.1) can be transformed into the following delayed Hamiltonian system{
Ẋ = [J(X)−R(X)]

∂H(X)
∂X

+ [J1(X)−R1(X)]
∂H(X(t− h))

∂X
+ gcu+ gdω,

X(t) = ϕ(t), t ∈ [−h, 0]
(5.8)
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where

X =
[
q1, q2, p1, p2, θ̂

]T ∈ R5,

J(X) =


0 0 1 0 0
0 0 0 1 0

−1 0 0 0 ϕ1(q)
2λ3

0 −1 0 0 ϕ2(q)
2λ3

0 0 −ϕ1(q)
2λ3

−ϕ2(q)
2λ3

0

 ,

J1(X) =


0 0 0 0 0
0 0 0 0 0

0 0 0 0 ϕ1(q)
2λ3

0 0 0 0 ϕ2(q)
2λ3

0 0 −ϕ1(q)
2λ3

−ϕ2(q)
2λ3

0

 ,

R(X) =


0 0 0 0 0
0 0 0 0 0
0 0 kd1 0 0
0 0 0 kd2 0
0 0 0 0 0

 ,

R1(X) =


0 0 0 0 0
0 0 0 0 0
0 0 kd11 0 0
0 0 0 kd22 0
0 0 0 0 0

 ,

gc = gd =


0 0
0 0
1 0
0 1
0 0

 .

Obviously, J(X) = −JT(X), J1(X) = −JT
1 (X), R(X) ≥ 0, R1(X) ≥ 0.

Furthermore, let γ2 > max{kd1, kd2}, then R(x) − 1
2γ2 gdg

T
d ≥ 0 holds. Thus, an energy-based

adaptive L2-disturbance attention controller of system (5.1) can be achieved according to Theorem
4.1 as follows

τ(t− h) = G0(q) +
1
2
Φ(q)θ̂ − Λ(q − q0)−KD q̇(t− h) + 1

2
Φ(q)θ̂(t− h)−KD1q̇

− 1
2
[g†c(Q+ [J1(X)−R1(X)]Q−1[J1(X)−R1(X)]T) + h(X)Th(X)gT

c ]
∂H
∂X

,
˙̂
θ = − 1

2
Γ−1
0 ΦT(q)q̇ − 1

2
Γ−1
0 ΦT(q)q̇(t− h),

θ̂(t) = φ(t), t ∈ [−h, 0]

(5.9)

i.e., 

τ1(t− h) = (m1lc2) +m2l1)g cos q1 +m2lc2g cos(q1 + q2)− λ1(q1 − q01)

− kd11q̇1 − kd1q̇1(t− h) + 1
2
ϕ1(q)θ̂ +

1
2
ϕ1(q)θ̂(t− h

τ2(t− h) = m2lc2g cos(q1 + q2)− λ2(q2 − q02)− kd22q̇2 − kd2q̇2(t− h)

+ 1
2
ϕ2(q)θ̂ +

1
2
ϕ2(q)θ̂(t− h),

˙̂
θ = − 1

2
Γ−1
0 ΦT(q)q̇ − 1

2
Γ−1
0 ΦT(q)q̇(t− h),

θ̂(t) = φ(t), t ∈ [−h, 0].

(5.10)

In order to show the effectiveness of the controller (5.10), simulation is investigated for system
(5.1) whose physical parameters are the same as those in [Ge (1998)]. We consider X0 = [2.0, 1.0, 0, 0]T
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as the initial point of system (5.1). Square disturbances of amplitude of [8, 6]T are added to the system
during the time 1.0s− 1.5s.

Figures 2∼6 are the responses of the system with the time delay h = 0.5s and the above
disturbances. Figures 2 and 3 show the convergences of position q and velocity q̇, respectively;
Figures 4 and 5 depict the control signals τ used here and the estimate θ̂ of the payload mp,
respectively; Figure 6 shows the new feedback control law u with the time delay h = 0.5s. From
the figures, we can draw the conclusions that the energy-based robust adaptive controller (5.10)
is effective for the control of positions, and for dealing with both unknown parameters and external
disturbances. Furthermore, the well convergence of the controller τ and feedback control law u can
give us an evidence that it is effective for the control of the delayed robot manipulator (2.2).

6 Conclusions
In this paper, we have proposed an energy-based approach for L2-disturbance attenuation control of
uncertain robot manipulator in the presence of time delay. A new delayed Hamiltonian formulation has
been given out both in the condition of fully actuated and underactuated uncertain robot manipulator
with time delay. Based on the obtained delayed Hamiltonian formulation, an energy-based adaptive
L2-disturbance attenuation controller has been proposed for the system. Simulation has shown the
effectiveness of the controller in handing disturbance and unknown parameters in delayed robot
manipulator. It is noteworthy for further study that the proposed energy-based control method for
robot manipulator with time delay can be used in other robot dynamics in the presence of delay.
However, the crucial question depends on the suitable delayed Hamiltonian formulation of a robot
system.

References
Akmeliawati, R. et al. (2010). Nonlinear energy-based control method for aircraft automatic landing

systems. IEEE Trans. Control Syst. Technol.. 18(4), 871-884.

Anguelov, D. et al. (2004). Detecting and modeling doors with mobile robots. IEEE Int. Conf. Robot.
Automat.. 4, 3777-3784.

Ailon, A. Asymptotic stability in a flexible-joint robot with model uncertainty and multiple time delays
in feedback. J. Franklin Institute. 341(6), 519-531.

Cao, Y. et al. (1998). Delay-dependent robust stabilization of uncertain systems with multiple state
delays. IEEE Trans. Automat. Control. 43, 1608-1612.

Chang, P-H. et al. (1995). Robust force/position control of a robot manipulator using time-delay
control. Control Engineering Practice. 3, 1255-1264.

Fantoni, I. et al. (2000). Energy based control of the pendubot. IEEE Trans. Automat. Control. 45(4),
725-729.

12

UNDER PEER REVIEW



British Journal of Mathematics and Computer Science X(X), XX–XX, 20XX

Ge, S-S. et al. (1998). Adaptive Neural Control of Robotic Manipulators. World Sci., London, U.K.

Hsia, T-C. and Gao, L-S. (1990). Robot manipulator control using decentralized linear time-invariant
time-delayed joint controllers. IEEE Int. J. Robust Nonlinear Control. 3, 2070-2075.

Han, D-K. and Chang, P-H. (2010). Robust tracking of robot manipulator with nonlinear friction using
time delay control with gradient estimator. J. Mechanical Sci. Technol.. 24, 1743-1752.

Jiang, Z-P. and Nijmeijer, H. (1997). Tracking control of mobile robots: Acase study in backstepping.
Automatica. 33, 1393-1399.

Kramer, J. and Scheutz, M. (2007). Development environments for autonomous mobile robots: A
Survey. Autonomous Robots. 22(2), 101-132.

Maschke, B. and Schaft, A-V. (1992). Port-controlled Hamiltonian systems: modeling origins and
system theoretic properties. Proceedings of the IFAC Symposium on NOLCOS, Bordeaux, France.
282-288.

Nicosia, S. and Tomei, P. (1990). Robot control by using only joint position measurements. IEEE
Trans. Automat. Control. 35(9), 1058-1061.

Ortega, R. et al. (1998). Passivity-based control of Euler-Lagrange systems. Springer-Verlag, London.

Ortega, R. et al. (2002). Stabilization of underactuated mechanical systems via interconnection and
damping assignment. IEEE Int. Robot. Automat. Control. 47(8), 1218-1233.

Piltan, F. et al. (2011). An Adaptive sliding surface slope adjustment in PD Sliding Mode Fuzzy Control
for Robot Manipulator. Int. J. Control & Automat.. 4(3), 65-76.

Rodriguez, G. et al. (1991). A spatial operator algebra for manipulator modeling and control. Int. J.
Robot. 10(4), 371-381.

Spong, M-W. (1996). Energy based control of a class of underactuated mechanical systems. The
13th IFAC World Congress. 431-435.

Sciavicco, L. and Siciliano, B. (2000). Modeling and Control of Robot Manipulators. Springer, U. K.

Siepmann, F. et al. (2014). Deploying a modeling framework for reusable robot behavior to enable
informed strategies for domestic service robots. Robot. Autonom. Syst.. 62(5), 619-631.

Sun, W-W. et al. (2011). L2 disturbance attenuation for a class of time delay Hamilitonian systems. J.
Syst. Sci. Complex.. 24(4), 672-682.

Sun, W-W. et al. (2013). Robust adaptive control and L2 disturbance attenuation for uncertain
Hamiltonian systems with time-delay. Mathematical Problems in Engineering. vol. 2013, Article
ID 183279, 10 pages, doi:10.1155/2013/183279.

Thrun, S. et al. (2000). A real-time algorithm for mobile robot mapping with applications to multi-robot
and 3D mapping. IEEE Int. Conf. Robot. Automat.. 1, 321-328.

Wang, Y-Z. and Ge, S-S. (2008). Augemented Hamiltonian formulation and energy-based control
design of uncertain mechanical systems. IEEE Trans. Control Syst. Technol.. 16, 202-213.

Xin, X. and Kaneda, M. (2007). Analysis of the energy-based swing-up control of the Acrobot. Int. J.
Robust Nonlinear Control. 17, 1503-1524.

13

UNDER PEER REVIEW



British Journal of Mathematics and Computer Science X(X), XX–XX, 20XX

0 5 10 15 20
−0.5

0

0.5

1

1.5

2

2.5

Time/s

P
os

iti
on

 

 
q1

q2

Figure 2: Response of q under time delay h = 0.5s.
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Figure 3: Response of q̇ under time delay h = 0.5s.
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Figure 4: Control τ under time delay h = 0.5s.

15

UNDER PEER REVIEW



British Journal of Mathematics and Computer Science X(X), XX–XX, 20XX

0 5 10 15 20
1.5

2

2.5

3

3.5

4

4.5

5

5.5

6

Time/s

 

 

θ̂

Figure 5: Estimate θ̂ under time delay h = 0.5s.
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Figure 6: New control u under time delay h = 0.5s.
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