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THE MULTI-FRACTAL SPECTRUM MODEL FOR THE
MEASUREMENT OF RANDOM BEHAVIOUR OF ASSETS PRICES
RETURNS.

Abstract

To forecast the market risk, assessing the stock price indices is the foundation.
Multi-fractal has lots of advantage when explaining the volatility of thestock
prices. The asset price returns is a multi-period (multi-fractal dimension) market
depending onmarket scenarios which are the measure points.This paper considers
the multi-fractal spectrum model (MSM) to measure the random character of asset
price returns.We investigate the rate of returns prior to market signals
corresponding to the value for packing dimension in fractal dispersion of
Hausdorff measure. Furthermore, we give some conditions which determine the
equilibrium price,the future market price and the optimal trading strategy.

Introduction

In financial economics, multi-fractal spectrum model(MSM )has been used to analyze the pricing
implications of multi-frequency risk .The models have had some success in explaining the excess
volatility of stock returns compared to fundamentals and the negative skewness of equity returns.
They have also been used to generate multi-fractal jump—diffusion (Calvet et al, 2008).

Once you have the function, h(t),characterizing the Holder exponent ,you use that to construct
the singularity spectrum . It is believed that the singularity spectrum is a synonym for the multi-
fractal spectrum.

The specifics of how to calculateh(t)andD (a)in practice vary from approximating them outright
by their definition or by using wavelets to approximate the Holder exponent and then using a
Legendre transform to approximate the multi-fractal spectrum.

MSM is a stochastic volatility model (Taylor and Steven, 2008 andWiggins,1987) with
arbitrarily many frequencies. MSM builds on the convenience of regime —switching models,
which were advanced in economics and finance(Hamilton, 2008). MSM is closely related to the
multi-fractal model of Asset Returns (MMAR) (Mandelbrot et al, 1997). MSM improves on the
MMAR'’s combinatorial construction by randomizing arrival times, guaranteeing a strictly
stationary process. MSM provides a pure regime-switching formulation of multi-fractal
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measures, which were pioneered by Benoit Mandelbrot (Mandelbrot, 2006,1983 and Mandelbrot
et al, 1999).

Extensions of MSM to multiple assets provide reliable estimates of the value-at-risk in a
portfolio of securities (Calvet et al, 2006). MSM often provides better volatility forecasts than
some of the best traditional models both in and out of sample. Calvet and Fisher, (2004) report
considerable gains in exchange rate volatility forecasts at horizons of 10 to 50 days as compared
with  GARCH(1,1), Markov-switching GARCH,(Gray, 1996 and Klaassen, 2002) and
Fractionally Integrated GARCH (Bollerslev et al, 1996). Lux,(2008) obtains similar results using
linear predictions. Building on the multifractal formalism presented earlier, MMAR represents a
simple compound process that has a closed-form multifractal spectrum. MMAR produces
volatility clustering, heavy tails and long memory in returns.

Our aim in this paper is to apply some tools of multifractal analysis to the measurement of
random behaviour of the stock market price returns. The problem associated with random
behaviour of stock exchange has been addressed extensively by many authors (see for example,
Black and Scholes, 1973 and Black and Karasinski, 1991).Hull and White(1987) among others
followed the traditional approach topricing options on stocks with stochastic volatility
whichstarts by specifying the joint process for the stock price and its volatility risk. Their models
are typically calibrated to theprices of a few options or estimated from the time series ofstock
prices.On the other hand, Ugbebor et al (2001) considered astochastic model of price changes at
the floor of stock market.Here the equilibrium price and the market growth rate ofshares were
determined. There have been some works withconsiderable extensions and constrains
subsequently (seeOsu and Okoroafor, 2007 and Osu et al, 2010]). In this paper we present a
dynamic stochastic multifractalspectrum model of variation of the capital market price aimed
atdetermining the equilibrium price and growth rate of an asset, using a linear rate of return ;.
We first developed a method of computing the so called singularity spectrum which is equivalent
to computing the Holder exponent. Furthermore , the optimal trading strategy determined.

BASIC TOOLS AND PRELIMINARIES

Let (P.)¢so denote the price process of a security, in particular of a stock. To allow comparison
of investments in different securities, it is necessary to investigate the rates of return defined by

Zt:lnP,:—lrlP,:_l (1)
Most authors prefer these rates, which correspond to continuous compounding, to the alternative

¥, = Bcf=a) 2)

Ptiq
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The reason for this is that the return over n periods , for example n days , is then just the
sum(Eberlein and Keller, 1995).

Zi+ -+ Ziqq= In Peoso g — In Pr—1- (3)

As a model for stock prices the natural candidate is now the multi-fractal process (X f’n)po

dy, = pY,dt + Y,dz!" )

This can also be written in the form dY, = Y,dZ; with Z; = X, l;i‘n.The solution of this equation is
the Doleans-Dade exponential (Eberlein and Keller, 1998).

Ve = Yoexp(XP™) Mosjee(1 + AXI™) 25" (5)

The MSM model can be specified in both discrete time and continuous time.
Discrete time

Let P.denote the price of a financial assets, and let

ze = In(Py/Pp-1)(6)

denote the returns over two consecutive periods .In MSM, returns are specified as

. 1
n=u+ U(Ml,.-:Mz,.-: ME,:) 25.-:, (7)

where p and o are constants and {¢,}are independent standard Gaussians. Volatility is driven by
the first-order latent Markov state vector:

M, = (MI,EMZ,.': MT{,t)ERE'(S)

Given the volatility state M,the next-period multiplier My, ;4,is drawn from a fixed distribution
M with probability ygand is otherwise left unchangedM; ,drawn from distribution M with
probabilityy,. with probability 1 — y;,

Mk,.-: = Mk,t—l-(g)

The transition probability is specified by
e =1- -y a0

. . . ke~ :
The sequence ¥y is approximately geometric with y;, = y? " at low frequency.The marginal
distribution Mhas a unit mean, has a positive support, and is independent of K. In empirical
applications, the distribution M is often a discrete distribution that can take the valuesm, or
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2 — mgy with equal probability. The return process r; is then specified by the parametersf =
(mg, u, @, b, y;)Note that the number of parameters is the same for all - |

Continuous time

MSM is similarly defined in continuous time. The price process follows the diffusion:

% — J‘J.dt + G"(Mt)dwtu(.l l)
t

2. . .
where o(M,) = a(My; ... My;) / , W,is a standard Brownian motion, and gandg areconstants.
Each component follows the dynamics:Mj drawn from distribution Mwith probabilityy,dt.

My t+a¢ = My with probability 1 — y,dt.The intensities vary geometrically withK:y, =
bk—l

Y1 kgoes to infinity , continuous-time MSM converges to a

"When the number of components
multi-fractal diffusion , whose sample paths take a continuum of local Holder exponents on any
finite time interval.

When M has a discrete distribution, the Markov state vectorM, takes finitely
manyvaluesm?, ..., m? € RX For instance, there are d = 2¥possible states in binomial MSM.
The Markov dynamics are characterized by the ¢ransition matrix4 = (afu")lsi,js  With
components;

aj = P(Mt+1 =m/ My, = mi)-(m)

Conditional on the volatility state, the returnr; has Gaussian density

1 [_ (re—p)?

f(rtht = m’-) — J—mexp anﬁm.i)]' (]3)

Furthermore, M; = My, My, ..., Myq 1s the multiplicative measure defined at different stages. In
fact, Mg(0 < b < b — 1)are the non-negative multipliers with arbitrary distribution. The product
of k multiplier is defined by (Calvet and Fisher, 1996);

H(AD) = My My, ... My, (14)

with the scaling relationship E|(1(At))"] = [E(M)9] or
[E(M)7] = (Ar)" @D+, (15)

where 7(q) = —log, E(M)7 — 1.

If the latest observation P, of the designated process at time t > d is conditioned on the
information;
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Qi1 = {B—ppiu=12.,;t—1} (16)
available up to time t — 1, then
Peloe—1~Que, 0°(My)) (17)

where (using (10)),

o*(M;) = Q)™ DHp(E, g, &2, &g, @) (18)
and
$Su=P —ppu=12..t-1 (19)

The function h() with parameters @ = {a,:k = 0,1, ..., d} is defined as

iz B @) =g + 20y Bpll s (20)

so that given the history (18) of the process up to time t — 1, the conditional distribution of P, is
normal with mean g, and variance

JZ(M.-:) o (Af)t(q)ﬂ(ﬂfo + Z§=1 ay(Pr-x — #t—k)z)- (21)

Formally, if the price of an asset at time ¢t is P.for t € [0, T]and T < oo, then the associated log-
price process is given by

Zt = lnPE = lnP(), i = [O,T]
The log-price process is then modeled as a compound process
Zy =wWI[e(@)]t €[0T,

wherelW/ (t) is Brownian motion and 6(t) is a stochastic process termed trading time (which is
the cumulative distribution function (c.d.f.) of a random multifractal measure, and the processes
W (t) and 6(t) are assumed to be independent.

The fractal dimension is the basic notion for describing structures that have a scaling symmetry.
Scaling symmetry means self-similarity of the considered object on varying scale of
magnification.

Hausdorff (1919) introduced the first notion of dimension, providing a measure for filling space
which allows for the possibility of non-integral dimensions. Then D-dimensional Hausdorff
measure on a set A is given by

lim
Mp(A)=e—-0%,n,D>0. (22)

e <€
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Define the optimal covering of this set using spheres of variable radius r,. The Hausdorff-
dimension Dy is the value of D at which M jumps from ocoto O, while the dimension D can be
calculated as

__logn
~ logs’

(23a)

(whereN is the number of small pieces that go into the larger one and S is the scale to which the
smaller pieces compare to the larger one). Equivalently for a given precision level € > 0, N(¢)
satisfies a power law as € — 0 so that

N(e)~eP. (23b)

In equation (23b), D is a constant called the fractal dimension, which helps to analyze the
structure of a fixed multifractal. Fora large class multifractals, the dimension D(a) coincides
with the multifractal spectrum. For any a = 0, the set T(a) can be defined as the Holder
exponent a with a fractal dimension D («) satisfying 0 < D(a) < 1.

Consider the set A given by 4 = {a:0 < D < b — 1}. This implies that we can as well consider
non-negative multipliers Mp(0 < D < b — 1) with arbitrary distribution (Calvet and Fisher,
1996). If the multipliers are identically distributed (MpdM ¥ D), and independent at different
stagies of the construction, the limit multiplicative measure is so called conservative when mass

is conserved exactly at each stage. Thus E(ZMp) = 1 or equivalently M = 1 / b
If A is any set inR™, the Hausdorff measure of a subset A of R" is defined by

h—m(A) =lims_o{34 infR(d(c))}, (24)

where the infimum extends over all countable covers of A by sets c;of diameter d(¢;) < §,h is
monotone, right continuous and h(0%) =0.

Let u be a finite Borel measure in R", consider the spherical density of U at x given by

u(B(x,r))
h(r)

Dy (u,x) = lim sup,_g (25)

whereB (x, r) is a ball of radius r and center x. The behavior of this density on a set E ¢ R™ as a
function of x connects h(E)with the size of Ein some sense. For example, in (25), we have that
if

w(EN)B(x,r)

Iimr'ao h(i‘)

<K, VB(x,7v) €EE, (26)

then

h—m(E) = Ak~ u(E), 27)
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whereA is a constant (Taylor, 1953, 1961).

In order to apply the density on random sets , we need to construct a suitable Borel finite
measure U on R™ with support inE using the sample path of a process .It is natural to try a

measure which is uniformly spread over E, so an obvious candidate forE(w) = X, f‘n where X f‘n

is a stochastic process in R™ of index d | is the occupation measure defined by
u(B(0,7)) = [{EeR™: X" eB(0,1)}|
= [ Ipory X"t
=T(r) (28)
(28) is called the sojourn time and I is the indicator function.

This density theorem is necessary because the definition of Hausdorff measure (25) requires us
to consider all possible coverings of £ by small sets in order to show that h — m(E) > 0.

Hence to examine random sets using Hausdorff measure, then important tool is T (r)process , i.e.
time spent in a ball of radius 7 . Thus (25) which becomes

Lim sup %%2— (29)

is relevant to Hausdorff measure.

Let (R™, B(R™)) be a measurable space and let f: B(R™) - R be a measurable function. Let
Abe a real valued function defined on B(R™). Then the multi- fractal spectrum with respect to the
function fand Ais defined by

D(a) = AM{xeB(R™): f(x) = a}. (30)

In multi-fractal analysis, the function D(.) is usually taken to be the Hausdorff dimension
(Jafford, 1999 and xiao, 2004). The basic problem is to calculate the function D(a) .To do this,
we need to know what the function f(x) is.

Xiao(2004) defined
. U(B(x,1)
f(x) =Ilim Sup?% (31)

and show that

U (B(x,1)) _ a:} o aq?

dimE = {x € R™: Lim sup;g +2logr| >
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for the Brownian motion X, in R, n >3 forall0 < a < q;iz and g, is the first position zero of
n

the Bessel function ]“/2 _ 2(x)

On the other hand, Uzoma (2006) defined another gauge function given by

. B(x,r)
FG) = lim sup 220, (32)

and show thatif A > 1 then

u(B(x,r))

r2|logr|t

dimE = {xEIR{”:lim sup = 0} =2,a.s.n>3. (33)

The multifractal formalism of multi-affine functions amounts to compute the so-called
singularity spectrumD(a) defined as the Hausdorff dimension of the set where the Hdolder
exponent is equal to a(Armeodo et al., 1995).

To obtain the function f(x) = lim sup E%% in our case, we require the local asymptotic behavior

of the sample path of the process.And what comes to mind is the subject of the law of iterated
logarithm (LIL).

To this end we assume a double stochastic integrals by a direct adaptation of the case of the
Brownian motion and set

h(t) = 2tloglog~fort > 0.  (34)

In what follows, we now state;

Theorem 1:

For t >0 and h(t) =2tloglog %, the so-called singularity spectrumD(a) defined as the

Hausdorff dimension of the set where the H6lder exponent is equal to « is given by

: x&  (+y)?
Ilmt_,osupat—)= v

,8 = 1,y¢e[0,1]. (35)

Proof

Let d be a predictable process valued in a bounded interval [agy, a;] for some real

parametersO < ap < @y, andX = foc f; a,dW,dW,,.
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<l <
Then ap < lim no = @ @S,
Now set a= (_QE.J;L” >0
and

_ (ag+ay)
Gi= =5

For the first inequality, we have by the law of the iterated logarithm for the Brownian motion.

- 2X¢ _ o 2X¢ o 2x?
= lim sup — imsup —— + lim sup ——
F=E PR = S P Ry T 50 P Ry

where d = § (@ — d) is the value in[—1,1]. It then follows from the second inequality that;

;i 2X§>_ -
tl_l’lasuph—(a_a— = fo.

For the prove of the second inequality, we assume without loss of generality that lld||,, < 1.

Let T >0 and A > 0 be such that 2AT < 1. Then from Doob’s maximal inequality for sub-
martingales for all § = 0, we have

P[maXoge<r 2X8 = B] = P[maX,<c<r exp (ZAXE) > exp(AB)]

< e MBE [ezAX;S]

= e MB+D) (1 — 2)AT)" /. (36)
Take 6,ye(0,1) and set all KeN
x = (L+y)?h(6%)
and
A = [26%(1 + )]
Applying (22), we see that for all KeN,

P [maxygor 2XE 2 (1 +¥)?h(6%) < e™ 20+ (1 + 1Y) (=k log §)(+1)].

It follows from the Borel-Cantelli lemma that for almost all we() and since

1
ZR)-O ga+y)

9
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there exists a natural number K7 (w) such that for all k = K%Y (w),
max, .ok 2X2(w) < (1 +y)?h(65).

In particular, for all t € (8%*1, %),

2X3(w) < (1 +7)?h(6%) < (L+ )2 "2,

Hence

xg _ a4y

Ilmt_,osuph(t)__ 5 25

The equilibrium price and growth rate
The particular case

When the mean interest rate of some stocks does not depend on other stocks in the market, we
consider again the following stochastic differential equation (SDE);

dP, = P (udt + a(M)dW,), Py = &.(37)

Equation (35) is our so called multifractal spectrum model defined in continuous time. The most
probable pathg(t) associated with this equation satisfies

0O =(r—30* M), O =e. (38

Equation (36) means that an investor has invested his money in a stock with a linear mean return
. and volatility o(M,) and his real return rate is most likely to be given by

1
c(t) =p—350* (M), (39)
Instead of the usual pu.

The Ito’s Formula on (35) leads to the model equation

ow aw 1 92w
— = = UP——+ S (MYP? —= —1W,t = to, Py = £0,(40)
whereW = W (P, K) 1s the investment worth and K, is the investment over period t. Following
the assumption in Osu and Okoroafor (2007) and the references therein, we have (40) reduced to
an ordinary differential equation of the form
5 diw

aw 1 2 aw _ .
uP dp—l—zcr (M.)P = rW = —P. 41)

The solution of (39) by the method of change of variable using Euler’s substitution is;

10



267  W(P) = APM + r% (42)
268  with
i =

269 AA1P31+ 0, (43)

270  where

—(g—éaz(M:))K/(uﬁdz(M:))Z +20(Mr

o2 (M) ’

271 Ay = (44)

272 is the positive characteristics root of (41).

273 We have assumed here that W (P) is twice differentiable such that

274 W(0)=0a ddW(P)

0. (45)

275  Using equations (7). (15), (19) and (21), we have (40) as

(At)—(r(q) +1)p
(a 0+Zg:1 @pey1 (Pe—t—Me-i)?)

276 W(P) = AP + ,(46)

277  with (using 45b)

par)-@+n

B _
278 Al Pt T

(47)

279  Equation (46) is the worth growth rate of an investor under MSM.

280  Under equilibrium condition, the discounted profit from a unit capacity at P must be equal to the
281  expected unit cost P of the risky stock option. This therefore implies that by (47), we have

p(an)-rl@+n - _

pAi _
282 W(P) = AP - ="0——

X

(48)

283  Solving for A in (47) and (48) and equating the results gives;

Alg(ﬂt)(r{q)ﬂlpp

284 P = (c@ot@mp) ]

(49)

285  The general case

286 In the real world in general, markets are neither ideal nor complete. Therefore the model
287  equation (40) can hardly be seen as real world behaviour of a stock market price.

11
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Consider a market comprising h unit of asset in long position and one unit of the option in short
position. At time T the market value is assumed to be h — p(E) or h(s) — v.

After an elapse,/,, the value of the market will change by an amount/rate h(AP + 9At) — AW ,in
view of the dividend received on h unit held, where ¥ is the market price of risk. By Ito’s lemma
we have

2
h(uPAt + oPAt + 9AL) = [(—'3;—‘:’ + %HP + i% asz) At + %—famz],
or
[huap + b9 — (5% + 22 4P + 225 62P?)| At = [hoP — 2% 6P| At.(50)

aw . . o . .
Take h = e then the uncertainty term disappears and the market in this case is temporarily

riskless (no signal). It should therefore grow in value by the riskless rate in force i.e.

_[ow  aw 19°W 2n2 — (hp —
(huP + b9 — |7+ 22 uP +357 07P2|) At = (hP — W)rase. (51)
Thus,
LA L T R )
63;* (at+23PzaP)_(BPP W)r,(52)
so that
ow _ W L 18W oo
at—k(“.*':‘c’ 6)3P+23P20P =rw. (53)

Under the following dynamics
dP; = a(t)P.dt + o (M) P,dW (t),
we have the MSM version of the parabolic partial differentizl equation (53) with 9 = 0 as;

2 BZW(P,.':)

awpel
=T ap2?

awpe) 1
at apr +

2crz(}‘A'E)P

—rW(P,t),V(P,t) € (0,0) X (0.T), (54)

AW : :
wherea(t) =In (Lﬁ%) is the rate of stock price changes at time t.

Theorem 2

Let W (P, t)be the investment output, r the linear discount rate (as in equation (7)) and P the
stock prices. The PDE

1 ’W(P,t)  POW(P,t) oW (P, t)
Z 42 2 = o R
50 (M,)P o +7r = rW(P,t) =

12
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with
W(ﬁ: t) = WO: (55)
has solution of the type

[ (

0o (PHDt—Pt) p-2
7P, t) =W(0)exp|— uid

(Af)r(q)ﬂh(‘ft—l» Et—zs s €tmais “)'Eu e

(k=107 M)) + J (- -;-JZ(MJ)Z +20(M)r

+ F
o*(M,)
. 2m(f%i—_fﬁ)ﬁ‘z+‘}(u—%ﬂz(ﬁfc))2+2U(Mt)r
=W(0)exp|— (At)'r(q)ﬂ(aod-zgﬂ arEe—) ’ (56)
Furthermore,
aWw(P,t)
2=0, ¢, (57)
with
4 n(ZEBERY)

- = (.
pIAOT DR (E & oy g @ Py—py (58)

2
(n-307M0) + J(p—gcﬂ(mo) + 20(Mr +
Proof:
To remove r from (54), set
W=eTtwW (59)
and

P=eg P, (60)

so that (54) becomes;

1 — AZW(P,t)  AW(P,1)
50 (M)P?—=—+——=0. (61)

By the method of separation we obtain (see Osu, et al, 2013), we obtain a special solution of the
form;

13



b "2C[tﬁ“2
330 W = Wyexp {W

+ P}, (62)
331  Using equations (7), (18) and (19) into (62), we have easily, (56).

332 Again, solving forP in equation (60) and equating to (58) gives ( using (20) and if A is as in
333 (44));
1%

- - -T(q)
334 B 4In(P—Piiap) (AL) . (63)

1.2 1.2 I d
(;‘1—50 (Mr))+ (#—EU (Mr)) +20(M)r |(@o+Zf_, aree—i)

335  Also equating (63) and (59) gives
1

N ~T(q)
B 4In(Py — Pryae)(AL)™7N eluta/mée)

- A ((ao + ZE:l “kft—k))

336

g
_ [ame=prran@nT@] ~(T(@)+D) a
expu + (At)~4 ag + 2k=10kt-k )Pt — Ut §,
l%(“o"'ﬁﬁﬂkfr-ﬂ) blu +(@0) (@0 + Tiems @rfe-k) P = e}

337  (usingequations (7), (18) and (19)). We therefore have the future price as

Y
4in(P=Pe )@ T@] ~(r@+1) d 2
338 P, = ex + (At q o+ Do_p P — ; 64

‘ “ M(o+Z¢; arée—r)) plu + (a1) (@0 + Zit=o @ira (Pr = )} (64)

339  In general we have the growth rate of the investor’s portfolio as ( using (59) and (56))

l 4
o r
2 1n(£%~§-—-£3]P‘2+J(H.—%ﬁZ{M(_)) +20(Mg)r

_ _ 1
340 W = W(0)exp|— T e l exp{(p + 5(My My .. M) th)t}. (65)

341  The optimal trading strategy

342  Letus denote an optimal trading strategy 7, for which we define (Zhang and Rong. 2013)
343 Hpy(t,1,P) = Ef;[UW(T))]. (66)

344  Our objective here is to find the optimal value function such that

345 H(t,1,P) = SUpgy o Hyy (t,7, P). (67)
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354
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356
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358

359

360

361
362
363
364

Assume equation (54) for 9 # 0 together with the optimal 7} , we have

(P - ﬁ)—+lf’-——“’ G2(M)iP? = rW. (68)

2 op?
Put z = % ;. W(P) = zPH(Z). Since W is not dependent on r, differentiating and substituting

into (68), gives

rzPw = BB+ Dzfw + B2P = 1 2B +1)zP*! — + 22t ——

Uz(Mt) dH dH 0°H
T8 dz2

(Z- (Do 72) g

Now cancelling by zfand collecting like terms gives

2(M ! a2 aH :
0= 2 0+ 52 (P G+ D —r = C2) +H(TAB + D= r(B+ D+ pT2) (00
gor 2D tetda_ — 1 to b I a=——2_ Substitute i 0
et Z22 8 = rand etazf\‘f} ~1ltohave B =_is a === . Substitute into (70) to
2
obtain
zn¢H,, + (2—2z)H, = B(HJHz)' 1)

Solving for optimal trading strategy, we have

* o

B(H — H;) 4 (z - 2)H,

e
t ZH,» 2H,;

2r

7wt -2,

zHz, zH,,

2u+o(Me)Pr—py, (H-H,)

AT D+ (ag 439wy (Pop-ttr—r)’) -
:( ('10 Ek_j_aﬁ:( t—k~Ht k) ) + (z 2)HZ' (72)
zH;5 ZHzy

Conclusion

The model has some successes in explaining excess volatility of stock returns compared to
fundamentals and negative Skewness of equity returns as well as generating multi-fractal
spectrum. By (50) there is no market signal as it tends to zero, meaning that the market is likely
to crash at such point, signifying insolvency in asset returns. Equation (23a) can be represented
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377
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384
385
386
387
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397

by a renormalized probability distribution of local Holder exponents, called the multifractal
spectrum by the form

InN(a)

f@) = limpe e (S22). (73a)

In sk

Denoting by N(a,At) the number of intervals [t,t + At] required to cover 7(a) we can write
(23b)

N (a, At)~(At) (@), (73hb)

The market prices correspond to the values of a between @, and a@(fiqy)(Placquadio and
Redelico, 2009).

Furthermore, equation (71) can be solved for the value function H and replaced in (72) in order
to obtain the optimal investment strategies.
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