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Positive solutions of singular periodic boundary value
problems for second order impulsive differential
equations

Abstract. This paper is devoted to study the existence of positive solutions for singular second-
order periodic boundary value problem with impulse effects. Existence is established via the
theory of fixed point theorem in cones.
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1. Introduction

This paper is devoted to study of the existence of positive solutions for the following singular
periodic boundary value problems with impulsive effects:

—a"+ Mx = f(t,z), t#£t,, teJ
_A$/|t=tk - Ik(:v(tk )7 k= 1,2,-- '>la (1 1)
Adlis, = Tu(e(te)) k=121, :

2(0) = 2(27), 2'(0) = 2/(2).

where 0 = tg < t] <ty < -+ < t; < tjp1 = 2m, M > 0,J = [0,2x], f € C(J x R",R"),
I, € C(RT,RT), I, € C(RT,R), RT = [0,00) with —2I;(z) < Ij(z) < LI(z), 2 € R",m =
VLAY |y, = /(8) — /(7). Ay, = 2(t]) — alty). /(). x(t]) ( 2'(t),a(t;)) denote
the right limit (left limit) of 2/(t) and x(t) at ¢t = tx, f(t,2) may be singular at x =0 .

It is well known that there are abundant results about the existence of positive solutions of
boundary value problems for second order ordinary differential equations. Some works can be
found in [1 — 3] and references therein. They mainly investigated the case without impulse action-
s.Recently,singular Dirichlet boundary problems of second order impulsive differential equations
have been studied in [4 — 6].Motivated by the work above, this paper attempts to study the
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existence of positive solutions for periodic boundary value problems.The techniques we employ
here involve an application of the fixed point theorem in cones to second order boundary value
problem with impulse action.

Moreover,for the simplicity in the following discussion,we introduce the following hypotheses.

(Hy):  There exists an g9 > 0 such that f(¢,z) and Ix(x) are nonincreasing in x < g¢,for

each fixed t € [0, 27]
(Hz):  For each fixed 0 < 0 < gg

2w
0< f(s,00))ds < oo
0
(Hs)
l
3 1)
o+ o2r <M,
where f*° = limsup max f(i’w), I°°(k) = limsup I’“(x), o= min{%,ﬁ}, G(0) =
z—+400 t€[0,27] r——+00

e2m7r_,’_1 o 2em™
szt O (1) = ey, m = VM

Theorem 1. Assume that (H;) — (H3) are satisfied. Then problem (1.1) has at least one
positive solution xz.Moreover,there exists a 6* > 0 such that

x(t) > 0%0, tel0,2n].

2. Preliminary

In order to define the solution of (1.1) we shall consider the following space.

Let J' = J\ {t1,t2, -+, i},
PC(I,R) = {z € C(I, R); 2|11, 1,.,,) € Cltr,trr1), x(ty) = x(ty), Ix(ty), k=1,2,---,1}

PC'(I,R) = {x € O(I,R);2'|(1 t,,.,) € C(thsthy1), o' (t)) = 2'(tx), 3 2, k=1,2,---,1}

with the norm ||z||pc = sup |z(t)|, ||z||pcr = max{||z||pc, ||=’||pc}, Then PC(I, R),PC'(I, R)
t€[0,27]
are Banach spaces.

Definition 2.1: A function z € PC'(J, R)NC?(J’, R) is a solution of (1.1) if it satisfies the
differential equation
—2" + Mz = f(t,x), teJ

and the function z satisfies the conditions Ax/|,—y, = 2/(t]) — 2/(t;,) = —Ir(x(tg)), Azli=t, =
z(tf) — x(t;) = Ix(z(t)) and the periodic boundary conditions z(0) = z(27),2(0) = 2/(2).



Lemma 2.19: If z is a solution of the equation

27 ! LOG(t,s), -
x(t) = G(t,s)f(s,x(s))ds+ > G(t,te) Ip(x(tr)+ > = ot Tu(z(ty)), teJ (2.1)

0 k=1 k=1

then z is a solution of (1.1), where G(t, s) is the Green’s function to the priodic boundary value
problem —z” + Mz =0, x(0) = z(27),2'(0) = 2/(27), and

G(t,s) =

1 em(tfs) + em(27r7t+s)’ 0<s<t<2m,
T | ems=t) 4 gm@r—stt) 0<t<s<2r.

here I' = 2m(e?™™ — 1).
One can find that

2emm 62m7r +1

m =G(m) < G(t,s) <G(0) = m. (2.2)

For every positive solution of problem (1.2),one has

[z]lpc = sup [z(t)]
te(0,27]

Without loss of generality, we assume }/mym(t)] = |lz|lpc,§ € [tistrr1],k € {0,1...,1}, then
—
by(2.2)

T l
lzllpc < G(0) : f(s,a(s ))d8+hm{ZGtt Ti(a(t ))}

0

= GO [ Sl alo)is

k l
{Z[em“‘” + TN () + Y e em@“—“*@]h(x(ti))}

=1 i=k+1

= =

= =

=1 i=k+1
21

= G(0) ; f(s,z(s))ds

k
{Z[em“_“)(h(w(ti)) —mIi(a(t:))) + T (L)) + mli(w(tz’)))]}

i=1

l
+ g { S O (Fa(t) + mTi(a(t)) + eI (h) - mmx(mm}

i=k+1
It follows from —L1I;(z) < I;(z) < LI;(x), thatl;(z) — mI;(z) > 0, Ii(z) + mI;(z) > 0. So
262m7r l

T > Liz(t). (2.3)

i=1

27
|zl po < G(o)/O F(s,2(s))ds +

k l
{Z[—mem@ W mem T (a(ty) + Y [mem BT — mem T O (a(1))

|



For any t € [0, 27, without loss of generality, we assume that ¢t € [tx, tx+1),,then

() > G(n) OZWf(s 2 ds+ZZIGtt Ti(x(t))
= G [ 6,206
+ %é[e (L (t) = mTi(x(t:))) + €O (L (k) + mTi(x(t))]
. iz;l[em“i—“ui(x(ti)) mTa(a(t))) + €m0 (L (t:)) — mTa(a(t)))]

It follows from —LI;(z) < I;(z) < LI;(x), that I;(z) — mI;(z) > 0, 1;(z) + mI;(z) > 0. So

T l
w0 > G [ flsa(s)ds+ 2 Y L)
=1

0
G(m) 2m 1 9e2mm !
> Gy "0 f, FealeNds + = 3 ia(n)
> min{ G s el i= olalec. (2.4

3. Main Results

Lemma 3.1:Let E = (E,|| - ||) be a Banach space and let K C E be a cone in E ,and
I - || be increasing with respect to K.Also, r, R are constants with 0 < r < R. Suppose that
A (QR\Q)NK — K(Qr = {x € E,|z|| < R} )is a continuous,compact map and assume that
the conditions are satisfied:
(1) ||Az|| > =z, for x € 0Q, N K
(17) x # pA(zx), for p€[0,1) and z € 00r N K
Then A has a fixed point in K (\{z € E :r < ||z| < R}.
Proof. In applications below, we take E = C(I, R) and define

K ={ze€CR):z(t) > ol|z||,t € [0, 2n]}.

One may readily verify that K is a cone in £. Now,let r > 0 such that

2w !
r < min{eg, G() ; f(s,e0)ds + % Z I(20)} (3.1)
k=1

and let R > r be chosen large enough later.

Let us define an operator A : (Qr\)NK — K by

l

(Az)(t) = /027r G(t,s)f(s,z(s))ds + ZG (t, te) L (z

k=1

i, Ip(z(ty)), t € J.



First we show that A is well defined.To see this, notice that if 2 € (Qg\Q,)N K then
r <|lz|| < R and z(t) > o||z|| > or,0 <t < 27. Also notice by (H;) that

[t a(t) < f(t,r0), when 0 < xz(t) <,
and
f(t,z(t)) < rg;zszogggﬁf(t x) when r < z(t) < R.

These inequalities with (Hz) guarantee that A : (Qr\Q,) K — K is well defined.
Next we show that A4 : (Qg\Q,) N K — K.If x € (Qr\Q,) N K, then we have

2m7r

> o

|Az|| pc < G(0) /O%f( (s) ds+

G(mr) 1
G(O) ’ 2m71'

ieAr € Kso A: (Qr\Q)NK — K.

(Ax)(t) > min{—=—= HIAz|| pc := o||Az||pc.  t €0, 27]

It is clear that A is continuous and completely continuous.

We now show that
Az]| > 2], for x € 00, (K (3.2)

To see that,let x € 9Q, () K then ||z|| = r and z(t) > or for t € [0, 27]. So by (H;) and (3.1)

we have

T l
(Az)(t) = 02 G(t,s)f(s,xz(s))ds + ZG (t, tp) I (z
k=1 k=1

—t, L (x(tr))

2 l
> G(m) ; f(s,x(s))ds—k%ZIk(x(tk
k=1

2 2 !
> G(n) ; f(s,r)ds—i—fZIk(r)

2

> G(n) f(s,e0)ds + = ka:€0
0

> r= |
0 (3.2) is satisfied.
On the other hand, from (Hs), there exist 0 < e < M — f* and H > r such that

l
(M —e— f*)2r0 > Y (I(k) +e). (3.3)
k=1

flt,x) < (f*+e)x, I(x) < (I™(k)+e)r Vtel02n], x> H.



Let C = ma a t ax 1 it is clear that
TI<nx<XHOI<I%<}2< f( J:) 217‘I<I}C<XH k( ) . r

ft,z) < f(t,ro) + C + (f* +e)w, Iy(z) < Ix(ro) + C + (I°(k) +e)x,V t € [0,27],2 > 0.
Next we show that if R is large enough ,then pAx # x for any x € K[ 9Qr and 0 < p < 1.

If this is not true ,then there exist zg € K[ 0Qr and 0 < ug < 1 such that pgAxzg = xg. Thus
||zo|| = R > r and xo(t) > o R. Note that x((t) satisfies

—zg(t) + Mzo(t) = pof(t, zo(t)), telJ,
_AxOIt =ty _,U'OIk(:UO( ))7 k= 1a27"'7l7
A:'U0|t—t‘;C - Molk($0(tk))7 k= 1)2) o 'alv (34)

0(0) = wo(2m),
p(0) = zp(2m).

Integrate from 0 to2m, using integration by parts in the left side, notice that

27 l 2
/O [~z (t) + Mao(t)]dt = ZAm6(tk)+M/ xo(t)dt

27
= —MOZIkxotk +M/ xo(t)dt

k=1
So we obtain
27 27
M/O zo(t)dt = o Zlk (zo(tr)) +u0 f(t, xo(t))dt
k=1
27 l
< D (I®(k) +e)wolty) + Cl+ > Ii(ro)
k=1 k=1

27

+ (f®+e) /% zo(t)dt + C2m + [ f(t,ro)dt
0 0

Consequently,we obtain that

M o o t)ydt < : I (k t 7 t dt
(= =) [t < S0+l + [ (tro)
l
+ C(l+27r)+ZIk(ra)

k=1
l 2T
< ol Y_(I%(k) +e) + | ftro)dt
k=1
+ C’(l—|—27r)+§:fk(ra)
k=1

We also have )
/ zo(t)dt > ol|zo||27
0

6



Thus l
T f(t,ro)dt + C(1+27) + X T(ro)
[|zol| < = =R

o2m(M — f* —¢) — k§1(100(k) +e¢)

Let R > maz{R, H}, then for any z € K (0 and 0 < p1 < 1, we have uAx # x. Hence all
the assumptions of Lemma 3.1 are satisfied, A has a fixed point z in K (\{z € E: r < ||z|| < R},
z(t) > or Vte|0,2n]. Let 8 := r, this complete the proof of Theorem 1.
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