Subordination Properties of p-Valent
Functions defined by Linear Operators

Abstract

In this paper we study different applications of the theory of differ-
ential subordination defined on the space of p-valent functions which
are defined by linear operators. Also, some examples are given.
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1. Introduction

Let H (U) be the class of analytic functions in the open unit disc U={z € C : |z| < 1}
and let H [a, p] be the subclass of H (U) consisting of functions of the form:

f(2)=a+ap? +a,12P . (aeC; peN=1{1,2,..}).

Also, let A(p) be the subclass of the functions f € H (U) of the form:

fz) =2+ 3 anz"  (peN), (L.1)
n=p+1
and set A = A(1) the class of univalent functions. Let K denotes the class of
all convex functions in A which are satisfy the condition
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lC:{feA:Re{1+%}>O (zeIU)}.

For f,g € H(U), we say that f is subordinate to g, or g is superordinate to
f, written as f < g or f(z) < g(z), if there exists a Schwarz function w (z),
which ( by definition ) is analytic in U with w (0) = 0 and |w (2)| < 1(z €U)
such that f(z) = g(w(2))(z €U). Furthermore, if the function g is univalent
in U, then we have the following equivalence:

f(z) < g(z) <= f(0) = ¢(0) and f(U) C g(U).

For m € Z,¢ > —p, A > 0, Prajapat [26] introduced the operator J* (A, () :
A(p) — A(p), where

e p—i—f—l—)\(n—p))m
J(N ) = 2P+ an,2".

Also, let for A > 0,a,c € C be such that Re(c — a) > 0 and Re(a) > —Ap,
modified an Erdelyi-Kober type [18] integral operator, we define the linear
operator Z" : A(p) — A(p) by

Iyaf(z) = a iﬁ;ﬁé >_ m /O (1— ) o f (2t dt

I'(c+ Ap)

1
— 1—1¢ c—a—1 2fa—lta—i-Ap—l D
F(a+ Ap)T'(c — a) /0 ( ) §

+ 3 (1 =) A
n=p+1

['(e+Ap) & T'(a+nA)

Do+ Ap) 25 T(e + nd)

:Zp

anz" (1.2)

and

Laf(2) = f(2).
Let form € Z ={...,—2,-1,0,1,2,...} and A > 0,A > 0,/ > —p,a,c € C
be such that Re(c — a) > 0 and Re(a) > —Ap, we define the linear operator
Txi"(a,c, A) - A(p) — A(p) by



Tni'(a, ¢, A)f(2) = (" (N O (LS (2)) = T ()" (A 0) £(2))

m I'(c+Ap) & p—l—ﬁ—l—/\(n—p))ml‘(a—l-nA)

» — py 2T AP

j)\7£ (CL,C, A)f(Z) =z +1“(a + Ap) nept1 ( p —|— £ F(C+ TLA) n?
(1.3)

It is readily verified from (1.3) that

m a m A
j)\,ép(a—i_laca A)f(Z) = a—+ Apj)\yfyp(aa & A)f<z)+a—|—Ap

z (j&’p(a, c, A)f(z))/
(1.4)
and

T 0, A E) = (1= L) T e AV (2)+

2 (T, A (2)
(1.5)
Putting ¢ = a in (1.3) and by specializing the parameters A, ¢ and p, we
obtain the following operators studied by various authors:
(1) Jni"(a,a, A) f(z) = (N0 f(2) (>0, A >0, pe Nand m € Ny =
NU {0}) (see [9]);
(i) 77" (a, a, A) f(2) = L(m, £) f(2) (£ > 0, p € Nand m € Ny) (see [19,32]);
(iii) Jyg" (a,a, A) = DY f(2) (A >0, p € N and m € Ny) (see [4]);
(iv) Ji¢"(a,a,A) = D} f(2) (p € N and m € Ny) (see [5,17]);
(
[

p+Y

b p
v) The lasa, A) = TN O f(2) (>0, A >0, p e Nand m € Ny) (see
6,14,31]);
(vi) Jii""(a,a,A) = D™ f(z) (m € Z) (see [25]);
(vii) j&’l(a, a,A) =1"f(z) (¢ >0 and m € Ny) (see [13,10]);
(viii) j;lo’l(a, a,A) =DV f(z) (A >0 and m € Ny) (see [3]);
(ix) j{’%’l(a, a,A) = D™ f(z) (m € Ny) (see [29));
(x) JAf{”’l(a, a,A) =1,"f(z) (A >0 and m € Ny) (see [24,7]);
(xi) jljlm’l(a, a, A) = I"f(z) (m € Ny) (see [15]).

Following definitions are due to Miller and Mocanu.

Definition 1 [21, Definition 2.2b, p. 21]. Denote by Q the class of functions
f that are analytic and injective on U\ E(f),

B = {ce o m /) - o
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and are such that f/(() # 0 for ¢ € OU\E(f).

Definition 2 [21, p. 16]. Let ¢ : C* — C and let h be univalent in
U. If p(2) is analytic in U and satisfies the following first order differential
subordination

Y (p(2), 20'(2)) < h(2), (1.6)

then p(z) is called a solution of the differential subodination (1.6). A uni-
valent function ¢(z) is called a dominant of the solution of the differential
subordination (1.6) or more simply, a dominant if p(z) < ¢(z) for all p(z)
satisfying (1.6). a dominant ¢(z) that satisfies §(z) < ¢(z) for all dominants
q(2) of (1.6) is said to be the best dominant of (1.6).
A function L(z,t) : Ux[0,00) — C is called a Léwner (subordination) chain
if L(.,t) is analytic and univalent in U for all ¢ > 0, and L(z,s) < L(z,t),
0<s <t

Recently, based on certain linear operators, some subordination preserv-
ing results have been obtained in [1], [2], [8], [11], [12], [20], [30] and [33].
In this paper, we obtain some subordiation preserving properties associated
with the new class of operators 7, /\’Z’p (a,c, A) involving complex parameters.

2. The Main Results

Lemma 1 [23, Theorem 1, p. 300]. Let 8,7 € C with g # 0, and let
h € H(U) with h(0) = c. If Re(Bh(2)+7) > 0 for z € U, then the differential
equation

4z _.

has an analytic solution in U, that satisfy Re (8q(z) +v) >0, z € U.

Lemma 2 |21, Theorem 2.3i, p. 35]. Suppose that the function H : C2 — C
satisfies the condition
Re (H(is, 1)) <0,

for all s,t € R with ¢t < —n(1 + s%)/2,n € N. If the function p(z) = 1 +
P2 + Ppi12™ 4 ... is analytic in U and

Re{H (p(2),2p'(2))} >0 (z€U),

then Re(p(z))>0,z € U.



Lemma 3 [21, Lemma 2.2d, p. 24]. Let ¢ € @ with ¢(0) = a, and let
p(2) = a+ 42" + apy12" + ... be analytic in U with p(z) # a,n € N.
If p is not subordinate to ¢, then there exist the points zy = 79e? € U

and (, € OU\E(f) such that p(U,,) C q(U),p(z0) = q(¢,) and zop'(29) =
m¢oq' (¢p),m > n, where U,y = {z € C: |z| <rp}.

Lemma 4 [22, Theorem 7, p. 882]. Let ¢ € H(U) and let ¢ : C* — C,
and set ¢ (q(2), 2¢'(z)) = h(2). If L(z,t) = ¢ (q(2),tz¢'(2)) is a subordination
chain and p € Hla, 1]NQ, then

h(z) < ¢ (p(2), 20 (2))
implies that
q(2) = p(2).

Furthermore, if the differential equation ¢ (q(z),tz¢'(z)) = h(z) has a uni-
valent solution q € @), then ¢ is the best subordinant.

Lemma 5 [27, p. 159]. Let L(z,t) = a;(t)z + az(t)2? + ..., with a;(¢) # 0 for
all £ > 0 and tligl la1(t)| = 4+o00. Suppose that L(.,t) is analytic in U for all

t > 0,L(.,t) is continuously differentiable on [0, 00) for all z € U. If L(z,t)
satisfies oL/0
z
Re | —= 0 t>0; U
e(aL/8t>> (t>0;z€U)
and
|L(z,t)| < Kolai(t)],]z] <ro<1,t >0

for some psitive constant Ky and rg, then L(z,t) is a subordination chain.

Employing the techniques used in [28], we can prove the following theo-
rem:

Theorem 1. Let for A > 0m € Z,{ > —p,p € N, A > 0, a, c € C satisfying
Re(c —a) > 0 and Re(a) > —Ap, the operator J,";"(a,c, A) be defined by
(1.3). Let for 0< 5 <1,

(¢ +p)(a+ Ap)
(1= B)pA(a+ Ap) + BAp (£ + p)

5= (2.1)



be such that Re(d) > 1 and for g € A(p),

(1= B) Ty (a, e, A)g(z) + BTV (a + 1, ¢, A)g(z)

o(2) = e L)

satisfy

2¢9"(2)
e >>—p (zeU), (2.3)

)
where p = 0 if Re(d) = 1 and for Re(6) > 1,

Re <1+

Re@Zl' 1< Re(d) < 2,
ps { b, Re(d) > 2, 24)
and .
(Im(9))* < (Re(d) — 1 — 2p) (27) — Re(0) + 1) : (2.5)

the equality in (2.4) and (2.5) occur only when Im(d) = 0. If f € A(p)
satisfies

(1= 8) TV, (a,c, A) f(2) . BTV (a+1,¢,A)f(2)

<¢(z) (2€U),

zp—1 zp—1
(2.6)
T e A T A
P(a,c, z P(a,c, z
Mo < DA g (z € U). (2.7)
2P zp
Moreover, the function w is the best dominant of (2.6).
Proof. Let
TP (a,e, A) f(z TP (a, e, A)g(z
F(z) = pW ( )f(2) and G(z) = bW ( )g( ) (2.8)

Zp—l Zp—l

By hypothesis, we first show that the function G is convex (univalent). For
let

g(z) =1+ Zg(g) (2 € U). (2.9)
Using (1.4) and (1.5) for g € A(p), we have
o(z) = <1 . %) G(2) + ZG(;(Z), (2.10)
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where ¢ is given by (2.1). On differentianting (2.10) and using (2.9), we have

2¢"(2) = q(2) L(Z) : h(z). (2.11)

e TEET R

From (2.3) and (2.4), we have
Re(h(2)+d6—-1)>0 (z€U),
and by Lemma 1, we deduce that the differential equation (2.11) has a solu-

tion ¢ € H (U), with ¢(0) = h(0) = 1. Let

H(u,v) =u+ +p, (2.12)

u+0—1
where p is given by (2.4) From (2.3), (2.11) and (2.12)
Re{H (q(2),q'(2))} >0 (z €U).

For all s € R and ¢ < — (1 + s?) /2, using (2.12), we have
t
' = ' S — 2.1
Re {H (is,t)} Re<23+is+5_1+p) (2.13)
(Re (9) — 1)t
=35 TP
lis + 6 — 1|
If Re(0) =1,p =0, we have Re {H (is,t)} = 0 and if Re (§) > 1,

Y (s, p,0)

Re {H (is,t)} < ————2
tH (is. 1)) 2is +6 — 1

(2.14)

where

U(s,p,0) = (Re(8) — 1) (1+5%) —2plis+6 — 117
taking Re (0) — 1 = v and Im(0) = v, we write

(s, p,0) = (u—2p)s* — dpvs +u — 2p(u® + v?).
If v =0, from (2.4), we have

(s, 0,0) = (u—2p)s* + (1 —2pu)u > 0.



If v # 0, by assume that u — 2p > 0 for any u > 0, we obtain

2pv 2 4p%0?
u—2p u—2p

200 \? v?
= (u—2 — 1-2 >0
(u p>(s u_29> +U{ P<U+u_2p)}_ ’

from condition (2.5). Thus ¢ (s, p,d) > 0 for all s € R. Hence, from (2.14)
and (2.13), we have Re {H (is,t)} < 0 for all s € R and t < — (1 + s%) /2.
Thus, by using Lemma 2, we conclude that Re(q(z)) > 0 for all ze U, which
proves that the function G defined by (2.8) is convex (univalent) in U.

We next prove that

W(s,p,0) = (u—2p) (s — +u — 2p(u® + v?)

F(z) <G(z) (z€U), (2.15)

if the subordination condition (2.6) holds. Without loss generality, we can
assume G is analytic and univalent in Uand G’(¢) # 0 for |¢| = 1. Otherwise,
we replace F' and G by F,.(z) = F(rz) and G,(z) = G(rz), respectively,
where 7(0 < r < 1). These functions satisfy the conditions of the theorem
on U, and we need to prove that F,(z) < G,(z) for all (0 < r < 1), which
enables us to prove (2.15) by letting r — 1~.

Let us define a function L(z,t) by

L(z,t) = (1 — %) G(z) + %;ZG/(Z/) (t>0;2€U). (2.16)
Then,
% =00 (1 + %) 14 g £0(t > 0), (2.17)

and this shows that the function L(z,t) = a1(t)z + as(t)2? + ..., with a;(t) =
14+ % #0forallt>0and tliin lai(t)] = +o0.

From (2.16) and using the assumption (2.1), for all £ > 0, we have

L(et)] _ 51
ar(®] = 5+

G + (gt GG

<G+ [2G(2)].- (2.18)

Since the function G is convex and normalized in the unit disc, we have the
following growth and distortion sharp bounds (see [16]).
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T T
<|G <
Ty S1GR = 1

1 , 1
m <|G'(2)] < (1—7‘)2’

Using the upper bounds from these inequalities in (2.18), we have

7a,\z|§7"<1,

2] <r <1

L(z,t 1 1
el v

< 2zl <r<1,t >0
jai(®)] ~1=r (1-7)" 7 (1-1) .

and thus, the assumptions of Lemma 5 are hold. Furthermore, from (2.17),
we have

2G"(z)
G'(2)

i <8L(z,t) 19z

OL(:, t>/at> =Re(d)~1+(1+1)Re (1 +

>>0(t20;z€U),

and according to Lemma 5, the function L(z,t) is a subordination chain.
From the definition of subordination chain and definition of subordination,
we obtain

L((,t) ¢ L(U,0) = ¢(U) whenever ¢ € U, t > 0.

Suppose that F' is not subordinate to G, then by Lemma 3 there exists points
29 € U and (, € OU, and the number ¢ > 0, such that

F(z0) = G(Cy) and 20F"(z9) = (1 4+ 1), G"((y)-

From these two relations, and by virtue of the subordination condition (2.6),
we deduce that

L(Co:t) = (1 —~ %) G(¢) + (1+¢) goG/(Co)
_ (1_ %) Fcy + LG
- zpl—l [(1 -5 ‘7;1;1’]0(@7 ¢, A) f(20) + 5\7;\?@@(& +1,c, A)f(zO)} € ¢(U)

which contradicts the above observation that L((,t) ¢ ¢(U). Therefore, the
subordination condition (2.6) must imply the subordination given by (2.15).
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Considring F(z) < G(z), we see that function G is best dominant, which
completes the proof of Theorem 1.

Corollary 1. Let A >0m e Z, ¢ > —p,pe NNO<F<1,A>0,a,ceC
satisfying Re(c — a) > 0 and Re(a) > —Ap,Re(d) be given by (2.1). Let
g € Alp),

A(f +p) m—+1,p

B P_ A(l+p)
zp=1 A(a+ Ap)

bi(z) = — {1—B+5

2P

+ } Tt (a, e, A)g(z) (2.19)

satisfy

Re (1 + Z@Zﬁll((j))) > —p (zeU),

where p = 0 if Re(d) = 1 and for Re(d) > 1, p is given by (2.4) with (2.5). If
I € A(p) satisfies

A(l +p)

w1 [

] T a0, A)f(2)

B Al +p)
+zp*1 [ B A(a+ Ap)

]7( D) <)z el (220

then . .
\7/\7347(@7 G, A)f(Z) < \7)\72717(@7 G, A)g(Z)

ze U
2Pl p—1 ’

TP (ae,A)g(z)

zp—1

Moreover, the function is the best dominant of (2.20).

Corollary 2. Let A >0m e Z,{ > —p,peN0O0<F<1,A>0,a,ceC
satisfying Re(c — a) > 0 and Re(a) > —Ap,Re(d) be given by (2.1). Let
g € Alp),

Pq(2)

1—6{ _ Ala+ Ap)
2Pl A(l + p)

Ja-o 2t ) o+ 1. Agte) 220

] T, e, A)g(2)
1

zP—

+
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satisfy
Z%D'zl(z))
Rell+—7F")>—p (z€U),
(136 et
where p = 0 if Re(d) = 1 and for Re(d) > 1, p is given by (2.4) with (2.5). If
| € A(p) satisfies

1-p [1_)\(a—|—Ap)

_ pAa+Ap) mp
b [0 9 2 ] T e ) <02 € U 222
then g 4 g 4
W4 (a7 & )f(Z) =< w4 (a7 Gy )g(Z) = U.
zp—1 zp—1
T (a,e,A)g(2)

Moreover, the function == is the best dominant of (2.22).
Putting = 0 and 1, respectively, in Corollary 1 and 2, we obtain the
following corollaries.

Corollary 3. Let f,g € A(p),¢{ > —p,p € NJA > 0,a,c € C, A > 0 be such
that Z;—)\p > 1,m € 7Z. Further, let

T P la e, A)g(2)

zp—1

zx"(2)
X'(2)

Whereﬁzoifﬁ—leandforé;—/\p>l,

Re(l—i— )>—§, zeUx(z) =

)

2pA )

pA Yo > 9,
pA

L4p(1=X) L+p
e < { 1<t <
(1N

TP (a,c,A) f(z) ) TP (age,A)g(2) TP (a,cA)f(2) ) TP (a,eA)g(2)
2p—1 = zp—1 = 2p—1 < p—1 )
TP (a,c,A)g(2)

Then

U. Moreover, the function is the best dominant.

Corollary 4. Let f,g € A(p),\ >0m € Z, £ > —p,p e NJA > 0,a,c € C
satisfying Re(c — a) > 0 and Re(a) > 0,. Further, let
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" m,p + 17 7A
Re (1 + = (Z)> > —0, z€eUk(z)= Ini (a ‘ )9(2)7
K'(2) zp~1
where o = 0 if Re(a) = 0 and for Re(a) > 0,
Re(a) Re(a) < Ap

o< 2 o 2.23
- { she@  Re(a) > Ap, (2:29)

2 Ap
(Im(a))® < (Re(a) — 20 Ap) 5 Re(a) |, (2.24)

o

TP (at1,e,A) f(z)
zp—1

equality in (2.23) and (2.24) occur only if Im(a) = 0. Then
J:?ép(a—i-l,c,A)g(z)
zp—1
TP (a,e,A) f(z P (a,c,A)g(z
- ~7>\,g (zp71 )f(2) =< jx,g (Z}Fl )a(2)
is the best dominant.

<

TP (a,e,A)g(2)
zp—1

, 2 € U. Moreover, the function

Remark. Putting p = 1 in the our main results, we obtain the results
obtained by Raina and Sharma [28].

Applications

We will give an interesting special case of our main results, obtained for an
appropriate choice of the function g and the corresponding parameters.
Thus, for A > 0,4 > 0,a,c € C satisfying Re(c — a) > 0, Re(a) > —A, and
[ < 1, let consider the function g € A defined by

g(2) =2+ Y api 2"t (2 €U),
n=1

with

a - 1 ( (41 )m ['(a+A) D(ct(n+1)A)
ntl = 541 \14i4xn/  T(c+A) T(a+(n+1)A)
1

(+n[a-82+824]) (Y (n>1), (2.25)
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where p is given by (2.4),

(9> _00=D.0=ntD) g o 2.26)

n n!

If the function ¢ is given by (2.2), with p = 1, then

1= (1+2)"@tD

cU
o) =5 (=€)
where the power is principal one, i.e.
(142)" @t =1
We can see that
" 1—(2 1
Re (1428 G Jgel=Cr Dz oy,
¢'(2) 1+ 2

and from Theorem 1, we can obtain:

Example 1. Let 0< <1, A > 0,4 > 0,a,c € C satisfying Re(c — a) > 0,
Re(a) > —A and let p is given by (2.4).
If f € A such that

(1-7) Jﬂﬂ,l(a,c, A)f(z) + ﬁjﬂvl(a +1,¢,A4)f(2) < HHZ—V(Q”*”7

2p+1

then

m e -1 - n
Tiit(ase f () <243 oy (L n [(L- B)ey + B8]) (F0)="",
and the right-hand side function is the best subordinant.

Also, let consider the function g € A defined by

9(2) =2+ 3 @™ (2 €U),

n=1

with a,1 is given by (2.25), p is given by (2.4) and (2) is given by (2.26).
If the function 1), is given by (2.19), with p = 1, then

1— (14 2)"@+D
B 2p+1

(2) (z € V),
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where the power is principal one, i.e.

(1+2)"@ | =1,

z=0

We can see that

2Pi(z)\ L, 1—(2p+1)z
R€(1+ ¢31(Z))—Re?>—p (ZEU),

and from Corollary 1, we can obtain:

Example 2 Let A\>0meZ,{>—-1,0<8<1,A>0,a,c € C satisfying
Re(c —a) > 0 and Re(a) > —A,Re(d) be given (2.1). If f € A such that

Al +1)
Aa+ A)

L— B+ BAED] bl (a e, A) f(2) + B [1 _

1—(142)~ @e+1)
2p+1 )

] T a, e, A)f(2)
=<

then
‘7;21(@, c, A)f(z) < z+ 2—31 L (1+n[1-8)5+ ﬁﬁiADﬂ (—2(%+1))2n+1’

and the right-hand side function is the best dominant.

Finally, let consider the function g € A defined by

9(2) = 24 3 ana s (2 €U,

n=1

with a,1 is given by (2.25), p is given by (2.4) and (?) is given by (2.26).
If the function 4(2) is given by (2.21), with p = 1, then

1 — (14 2)"@+D
B 2p+1

y(2) (z €U),

where the power is principal one, i.e.

=1

z=0

(14 2)-Cre)|
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We can see that

2Py(2)\ L, 1—(2p+1)z
R€(1+ ’;/)/22(2))_Re]f{——2>_p (ZEU),

and from Corollary 2, we can obtain:

Example 3. Let A\>0m e Z, 0> —-1,0<3<1,A>0,a,c € C satisfying
Re(c —a) > 0 and Re(a) > —A,Re(d) be given (2.1). If f € A such that

(1—5) [1 - Aet0] 7m0, ¢, A) () + [(1 = B) 2ot 4 5) T 0+ 1, A)f(2)

1—(142)~ 2p+1)

. 2p+1 )

then

\7;\?1(@, ¢, A)f(z) < z+ 21 n+r1 (1 +n [(1 — ﬁ)ﬁ + ﬁafAD_l (72(/;L1+1))Zn+17

and the right-hand side function is the best dominant.
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