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Paracontact Finsler Structures on Vector Bundles

In this paper, we study the almost paracontact, almost paracontact metric, paracontact
metric, K-paracontact and para-Sasakian Finsler structures on vector bundles and give
some characterizations for these geometric structures. Also, the curvature of a paracontact
Finsler manifold is given and some results for Ricci semi-symmetric para-Sasakian Finsler
manifolds and para-Sasakian Finsler manifolds with »n-parallel Ricci tensor are obtained
with the aid of Ricci tensor and scalar curvature of Finsler structure.
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1. INTRODUCTION

In [1], R. Miron has interested in the differential geometry of vector bundles
and used the Finsler geometry to simplify the theory. For this, he has seen that
the Finsler connection on the total space E of a vector bundle § = (E,m, M)
is fundamental. To define it, he firstly has defined the notion of the nonlinear
connection N on E and used it to obtain the algebra of Finsler tensor fields on E.
Next, he has defined the torsion and curvature of Finsler connection and gave them
with local components.

After that, the geometry of contact and paracontact structures on vector bun-
dles with the aid of Finsler connections has been studied in [2], [3] and [7]. In these
studies, the contact and paracontact Finsler structures on E have been given by

1 1 , a 1-form 7 and a vector field £. Later
the metric structure g on E has been decomposed as g = g + g, and some charac-
terizations of the structure (®,7,&, g) have been given. As a conclusion, in [7] it is
proved that, the Riemannian Sasakian structures and Sasakian Finsler structures
are adaptable.

In this paper, the tensors NW, N@ NG and N® which characterize the
condition of normality of the almost paracontact Finsler structure are defined on
an almost paracontact Finsler manifold (E, ®,n, ) with the help of Nijenhuis tensor
Ng and some characterizations for these tensors are given. Later, the paracontact
metric Finsler manifolds and K-paracontact Finsler manifolds are defined and it is
shown that the necessary and sufficient condition for a paracontact metric Finsler
structure to be K-paracontact Finsler structure is N® = 0. Since N®) gives
important results for a paracontact Finsler structure, we define a tensor field H

the Finsler tensor field ® of type < !
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which is a symmetric operator and anti-commutative with ®. The para-Sasakian
Finsler manifold is defined and given the condition for an almost paracontact metric
Finsler structure to be para-Sasakian. It is proved that, the flag curvature of a
plane which contains £ is equal to —1 at each point of F which is a K-paracontact
Finsler manifold. Some characterizations for paracontact structures with the aid of
the curvature of the paracontact Finsler manifolds and the Ricci tensor of a para-
Sasakian Finsler manifold are obtained. Finally, some results for the Ricci semi-
symmetric para-Sasakian Finsler manifolds and para-Sasakian Finsler manifolds
with n-parallel Ricci tensors are given.

2. PRELIMINARIES

Let £ = (E,m, M) be a vector bundle of the class C*°, where E is the total
space of dimension (n+m), M is the base space of dimension n and the local fibre
E, =7"Y(p), p € M, is a real vector space of dimension n.

The map 7 : E — M induces the 77-morphism of the corresponding tangent
bundles 77 : T(E) — T(M). Then VE = Kern! is a subbundle of T'(E) called
the vertical bundle. V' E defines a distribution

EV:uecE—EY,
where £ is the fibre of VE in the point v € E and EV is called the vertical
distribution of £&. On the open set 7=1(U,,), %, a=1,...,m, is a local basis of the
vertical distribution EY. Hence EV is integrable.

A non-linear connection on the total space E of £ is a differentiable distribution
N:ue E— N, C E,, with the property

E,=N,®EY,

where F, is the tangent space at u € F to the manifold E. Here N, is called the
horizontal distribution. So,

ProrosiTION 1. If the base space M of the vector bundle & is paracompact,
then there exist the non-linear connections on E [1].

For every vector field X on FE, there exists a unique decomposition as
X=X,+X,, X4, €Ny, X,, €EEY, Yu€cE.

Here, X} and X, are called the horizontal part and the vertical part of X, respec-
tively (see [1]).

Let 2%, i = 1,2,....,n and y?, a = 1,2,...,m be the coordinates of u € E. The
local base of N, is

1 0 o 0
P N; (z,y)aiyu

and that of E) is 8‘;, where N{ are coefficients of N. Their dual bases are
(dz', 6y®), where

5y® = dy” + Ni(x,y)dz".

Since these bases are dual, we have

0 . ; 1 0 - 0
J = J a = —_— J = b == b
<6x“dz > o}, <6wi’5y > 0, <aya,daz > 0, <8y‘1’6y > 0,




If X = X'(2,y) 52 + X(2,y) 52, VX € Tu(E), then

aya Y

X, = Xa(x’y)

dxt’

Xh:XZ(x7y) 8ya7

X=X+ NeX?
and if w = W;dz’ + wedy® is a 1-form, then

wp, = Widaz®, W; = w; — Niwg, wy, = wa0y®.
So it gives that, wp(X,) = 0 and w,(X;) = 0, where w = wy, + w, [2].

DEFINITION 1. A tensor field ¢ on the total space E of the vector bundle ¢ is
called a Finsler tensor field of the type < z Z ), if it has the property

t(wlv "‘7wp7X17 "'7Xq7wp+17 ooy Wptry Xq+1» "'7Xq+s)
= t((wl)hv crey (wp)hv (Xl)ha ) (Xq)ha (wp-i-l)m ceey (wp-‘r?“)vv (Xq-‘rl)vv ) (Xq-‘rS)v)’

Yw, € x*(E), VXz € x(E) [1].

PROPOSITION 2. A Finsler tensor field of the type ( 5 Z ) on E has the
following local form [1]:

+ = tll»“'vlpval’“"ar

é ) . , b
=t (@ y)—&cl1 ®.. @5 ®dg;h®...®dx]q®ayal ®"'®8yar

R0y ®...20y%.

DEFINITION 2. A Finsler connection on F is a linear connection V on F with
the property that the horizontal linear spaces N,,u € E, of the distribution N are
parallel with respect to V and similarly, the vertical linear spaces EY,u € E, are
parallel with respect to V [1].

A Finsler connection V on FE is characterized by the conditions

(VxY), =0 and (VxY,)r =0, VX,Y € x(E).
Thus we have:

THEOREM 1. The following statements are equivalent:

(a) V is a Finsler connection on E,

(b) VxY = (VXYIL)}L + (VXYv)va VXY € X(E)7

(C) Vxw = (vah)h + (Vva)m Yw € X*(E), VX e X(E) /1]

If 1L (E) is the §(£)-module of the Finsler tensor fields of the type < 5 Z ) ,
F
then the §(E)-module
S(E)=_ @  FiE)

F p,q,7,s=0,1,...F

and the product tensor is a graded algebra called the algebra of Finsler tensor fields
on E.

For a Finsler connection V on F

VhY =Vx,Y, V%Y =Vx, Y, VXY € x(E),



where V" and V" are the covariant derivatives in the algebra S(E). Here, vt s
F

called the h-covariant derivative and V" is called the v-covariant derivative of the
Finsler connection V. Furthermore, we have

(i) v})L(.f = Xh(f)v (VSL(Y}L)U =0, (v})L(Yv)h =0,

(11) V?(Y = (Vg(yh)h + (vﬁYv)m

(111) vaf = Xv(f)a ( UXYh)v =0, (VUXYv)h =0,

(iv) V5V = (Vi Vi) + (V5o

and we have analogous formulas for Vxw, too (see [1]).

The torsion tensor field T" of a Finsler connection V on E is given by

T(X,Y)=VxY -VyX - [X,Y], VX,Y € x(E),
which is characterized by the five Finsler tensor fields:
[T(X/u Yvh]h ) [T(th }/h]

[T(Xp, Y], [T(Xn Y], [T(Xy, Y], -

v v

If the Finsler connection V on E is without torsion, then we have
T(Xp,Y,) =0, T(Xn,Y,) =0, T(X,,Y,) =0, VX, Y € x(E) [2].
If we break T" down into horizontal and vertical parts, we have
Ti(Xn, Y3) = VY, — VEX), — (X0, Vi, To(Xn, Y3) = — [Xn, Yal,

Th(Xn,Ye) = =V Xy, — (X, Yol To(Xn,Ys) = ViY, — [ X4, Y],
T’L)(X’L)7 Yv) = }Yv - VUYXU - [Xvu Yv]v

and when the Finsler connection V is torsion free, we get
(X0, Yaly, = Vi Yh = Vi Xn, [X3,Ya], =0, [Xn, Y], = —Vi X,
[Xn, Yaol, = VYo, [X,, V2], = V&Y, — VX, [8].

If w is a differential r-form on E and V is a linear connection on F, then the
exterior differential dw is given by

T

1 , .
dw(Xo,Xl, ...,XT) = 7‘4»71 (—1)’Xi(w(X0, ...,AXVZ'7 ceny Xr))
=0
1 e X X
+ > D)X X Xy Xiy ooy Xy oy X0),

0<i<j<r
where Xk means that the term X} is omitted. If w is a 1-form, then
2dw(X,Y) = X(w(Y)) = Y(w(X)) — w([X,Y]) [4].

Thus, if w € x*(F) is a 1-form and V is a Finsler connection on FE, then for
VX,Y € x(E) we have

2dw(Xp, Yn) = Xp(w(Yn)) = Ya(w(Xn)) = w([Xn, Ya]),
2dw(Xy, Yn) = Xy(w(Yn)) = Ya(w(Xy)) — w([Xy, Ya)), (1)
2dw(Xy, Ye) = Xo(w(Yy)) = Yo (w(Xy)) — w([Xy, Yol).



3. ALMOST PARACONTACT FINSLER STRUCTURE ON VECTOR
BUNDLE

A (4n+2)-dimensional Finsler manifold E("*+2) has an almost paracontact Finsler
structure (®,n,€), if it admits a tensor field ® of type ( } } >, a vector field &

and a 1-form 7 satisfying the following conditions [3]:

OP=1,—1n,R0&, —n, VE,,
(I)fh = 07 (I)Sv = 03 (2)
nh(£h> + nv(gv) = 17
nh(q)Xh) = UU(‘I’X}J = nh(q)Xv) = nv(CI)X'u) =0.

Let g be the pseudo-Riemannian Finsler metric on E. Then the metric structure
g on E can be decomposed as
9= 9n+ go, (3)

where gy, is of type < g 8 > and g, is of type ( 8 (2) > Thus, we have

g(Xa Y) = gh(Xv Y) +gv(X7Y)

= g(Xn, Vi) + 9(X0, Ya), VX, Y € x(E) [3]. (4)
Furthermore, the Finsler connection V with respect to g is given by
29h(v§(Yh7 Zh) = thh()/hy Zh) + }/hgh(X/u Zh) - Zhgh(Xh, Yh) (5)
+ 9n([Xn, Yol , Zn) + gn([Zn, Xn], Yi) = gn(Ya, Zn] s Xn),
291)( UXYU’ Zv) = ngv(yva Zv) + ngv(Xv; Zu) - Zugv(XmYu) (6)

+ gU([X'Uﬂ YU] b ZU) + g?)([Z’U7 X'U] 7Y;)) - .gv([)/va Z'U] 7X'U)’
29}L(V§(Yh7 Zh) = ngh(YV}u Zh) + gh([X'ua Yh]h ) Zh) + Qh([Zh, Xv]h 7}/h)7 (7)
29, (Vi Yo, Zo) = Xngo (Yo, Zo) + 90 ([(Xns Yol » Zo) + 90([Z0, Xa], . Vo). (8)
If the Finsler manifold E(*"+2) with (®,n, &)-structure admits a pseudo-Riemannian
Finsler metric g such that
gn(®X, YY) = —gn(X, Y )41, (X)n, (V) and g, (X, ®Y) = —g, (X, V) +n,(X)n, (Y),
(9)

which is equivalent to

(@) gn(X, &) =11, (X), gu(X, &) =1, (X), } (10)
(ZZ) gh(q)X7 @Y) = _gh((I)ZX7 Y)a gv((I)X7 (I)Y) = _gv(®2X7Y)7

then we say that E(4"+2) has an almost paracontact metric Finsler structure and
g is called compatible metric (see [3]).
Now, we define

QX,Y)=9g(X,2Y); QX Yn) =gn(X,®Y), QX,,Y,) = g,(X,2Y) (11)
and call it the fundamental 2-form. Then, for VX,Y € x(FE), the fundamental

2-form satisfies
(1) QUDXp, DY) = —Q(Xp, Yr), QPX,,PY,) = —Q(X,,Y,),
(i) QUXp, Yn) = =Q(Yn, Xn), QUX,,Y,) = -QY,, Xp). (12)



Also we have the following equations with respect to the fundamental 2-form Q:

dSUXn, Yn, Zn) = Xo QU Y, Zn) + Yo Zn, Xp) + ZnQ(Xn, Yn)

= Q[Xn, Yal, Zn) — QU[Zn, Xn], Yn) — QU[Ya, Zn], Xn),
AKXy, Yy, Zy) = XoQ(Yy, Z0) + Yo Zy, X,) + ZoQX,, Yy)

= Q[Xo, Yol Z) — QU[Z0, X, o) — U[Yo, Zo], Xo),

AU Xy, Yy, Z) = XoQ(Yn, Zn) — QU[Xo, Yaly, » Zn) — QU[Zn, Xoly, s Yn),
dQUXy, Yy, Zn) = ZpU Xy, Yy) — Q[ Zn, Xo), » Yo) — U[Ye, Z1], - Xu),
dUXp, Y, Zr) = Y, 2, Xpn) — Q([Xh,YU]h7Zh)—Q([YU,Zh]h7Xh)
dQUXp, Yy, Zy) = Xp Yo, Zo) — Q[ Xn, Yo, , Zo) — U[Zo, X4], , Vo),
dQU Xy, Yn, Zy) = YU Zy, Xo) — U[Xo, Yil, , Zo) — Q[Ya, Z0], » Xo),
(X, Yins Z0) = ZoQ(Xns Ya) — Q[ Zos Xnl, 2 Vi) — (Vi Zo], » Xn)-

EXAMPLE 1. Let £ = (E,m, M) be a vector bundle of the class C°°, where
E = RS is the total space of dimension 6 and M = R? is the base space of dimension

3.

If 21, 22,23 and y1, yo, y3 are the coordinates of u = (x,y) € E, then the local
base of N, is (s>, <>, %) and the local base of EY is (32, -2, -2-), such that

dx1’ Sz’ dx3 Oy1’ Oy2’ Oys

E,=N,® EX
Let the vector field X on E be

5 5 5 9 9 9
XX+, =x oyl iz% 59,992,579
nt TR T PN WA WA T

Xn X,

the 1-form 7 be

o X
n=n,+n,= Todr] — 2d1’3 + ZTd{L'Q + y25y1

Mh Ny

where n;,(X,) = 0 and 7n,(Xp) = 0.
The structure vector field £ is given by

1 96 1 0
LT
& &y
11 . .
The tensor field ® of type < 11 > by the matris form is
0 i 00 0 O
0 0 1.0 0 O 1
0 = 0
P = 0 1 00 ? 0 , where &, = | 0 O2 1 | and ®, =
00 00 4 0 0 1 0
0 0 00 0 1
0 0 00 1 0

are tensor fields of type (1,1).



Then one can see that

DX = X — 0y, (Xn)E) — 0y (X)E,,

4(8) =0, ©4(§,) =0,

(&) +1,(&) =1, m,(8,) =0, 1, (§,) =0,
N (Pn(Xn)) = 1, (Lo Xy) =0,

where Y2 = 25X Z and Y2 = ngZ
Therefore, (®,7,£) is an almost paracontact Finsler structure on E = RS.

4. NORMAL ALMOST PARACONTACT FINSLER MANIFOLDS

The Nijenhuis tensor N; of a tensor field J of type (1,1) on a manifold M is a
tensor field of type (1,2) defined by

N;j(X,Y) = J2[X, Y]+ [JX,JY] - J[JX,Y] = J[X,JY], VX,Y € TM. (21)
If M admits a tensor field J of type (1,1) satisfying
J* =1,

then it is said to be an almost product manifold equipped with an almost prod-
uct structure J. An almost product structure is integrable if its Nijenhuis tensor
vanishes [5].

Let M7+ be an almost paracontact manifold with structure (®,7,¢) and
consider the manifold M7+ x R. We denote a vector field on MZ"+1) x R by
(X,f%), where X is tangent to M®?**+1) | ¢ is coordinate on R and f is a C°-
function on M 2"+ x R. For any two vector fields (X, f4) and (Y, k), one can

see that

(X, £, (V)| = (X, Y], (Xh =V ) ). (22)

An almost paracomplex structure J on M@+ x R is defined by

d d
J(X, f—) = (X X)—). 23
(X, f) = (@X + f&n(X) ) (23
Here one can easily see that J2 = I.

If J is integrable, we say that the almost paracontact structure (®,7,£) is nor-
mal.

As the vanishing of the Nijenhuis tensor of J is necessary and sufficient condi-
tion for integrability, we express the condition of normality in terms of Nijenhuis
tensor Ng of ®. Since N, is tensor field of type (1,2), it sufficies to compute
N;((X,0),(Y,0)) and N,((X,0), (0, %)). So from (21), (22) and (23), we get

N;((X,0),(Y,0) = (No(X,Y) — 2dn(X, V)&, (Loxn)Y — (Lq)yn)X)%)’

4y - (Le®)X, (Lex L),

N; (X —
J(( 30)7(07 dt dt



We are thus led to define tensors NV, N2 NG and N® by

NO(X,Y) = No(X,Y) — 2dn(X,Y)E,
NA(X,Y) = (Loxn)Y — (Loyn) X,
NO(X) = (Le®)X,

NW(X) = (Len)X.

(24)

So, the almost paracontact structure (®,7,£) is normal if and only if these four
tensors vanish (see [6]).

Now let us define these tensors, found above, on almost paracontact Finsler
manifold (E, ®,7,&):

For VX, Y3, &, € N, and VX, Y,, &, € EY,

NO(X,,Y3) = No(Xn, Ya) — 2dn, (Xn, Yi)E),
= [Xp, Yi] + [@ X}, ®Y] — @ [ Xy, V3]
— @ [Xp, @Yp] — Xn(n),(Yn))Eh + Y (0, (Xn))En
NO(Xp, Y3) = (Lax, 1) Yn — (Lay,14) Xn (25)
= @Xpn,(Yn) — np([2Xn, Ya]) — @Yeny, (Xn) + 0, ([2Y5, X1]),
N(3)(Xh) = (Lﬁhq’)(Xh) = [§h>‘1)Xh] - [€h7Xh]7
N(4)(Xh) = (thﬁh)(Xh) = Enn(Xn) — 1y ([Ens Xn]);

NW(X,,Y,) = No(X,,Y,) — 2dn,(X,, Y, )€, ,

NP(X,,Y,) = (Lox,m,)Ys — (Lov,m,) X0, (26)
NO(X,) = (L, ®)(X,),
NW(X,) = (Le,m,)(X0);

N (X, Yn) = No(Xo, Yn) = 24, (X0, Yn)E, — 2dn, (X0, Y€,
= (X0, Ya] + [2X,, DY) — @ [0 X, V3]
— @ [Xy, @Yp] — Xo (0, (Yn))€n + Ya (1, (X0))Ey
N®(Xy, Vi) = (Lax,m) Y + (Lax,m,)Yh = (Lov,ni) Xo — (Lov,n,) Xo  (27)
= X0, (V) — 14 ([2X0, Ya]) — 0, (82X, Y])
+ 0, ([2Vh, Xo]) — @Y3n, (Xo) + 0, ([2Vh, X)),
NO(X,) = (Le, @)(X,), NW(X,) = (Le,m,)(X0),
N@O(Yy) = (Le, ®)(Ya), NW(Yh) = (Le,m,)(Ya)-
So, the almost paracontact Finsler structure (®,n,&) is normal if and only if the

tensors NV, N@) NG and N® vanish identically.

ProroSITION 3. Let E be an almost paracontact Finsler manifold with an al-
most paracontact Finsler structure (®,m,£). Then we have,

NO(Xy, &) = —N(@Xp) = — €, Xn] + @ [, ©X0] + &, (0, (X0)Eny (28)
N(Q)(X}wyh) = Q(dnh(@Xha Yh) + d77h(Xh7 (th))? (29)
N (Xn) = 2dn;, (&4, Xn); (30)



NY(X,,€,) = -NP(@X,) = = [6,, X, ] + P [E,, 8X,] +£,(n,(X,)E,,  (31)
N® (Xy,Yy) = 2(dn, (®X,,Y,) + dn, (X,, ®Yy)), (32)
N(4) (X’U) = 2dnv(€vu XU); (33)

N(l)(XU7€h) = —N(3)((I)X,U) + n/u(Xv) [gvvgh]

= —Q[®X,, &) + [Xo, 6] + 6,0, (X0)E,s (34)
N (Y, €,) = =N (@Y) +1;,(Va) €4, ]

= —®[BY, £,] + [Vi, &,] + &, (1, (Yn))En, (35)

N®(X,,Y5) = 2(dn, (2 Xy, Yn) + dn, (X, Y5)
+ dny, (Xy, @Y3) + dn, (Xy, PY3)), (36)

N®(Xp,Yy) = 2(dn, (2 X, Yy,) + dn, ($X),, V)
+ dny, (X, Yy) + dn, (X, ®Y,)), (37)
NO(Yy) = 2dny, (§,,Yn), NH(X,) = 2dn, (&, X,). (38)

Proof. ForVXy, Y€, € N, and VX, Y, €, € EY, from (1), (2), (25), (26) and
(27), after necessary calculations we obtain (28)-(38).

So, from (2), (29), (30), (32), (33), (36), (37) and (38) we have:

COROLLARY 1. If E is an almost paracontact Finsler manifold with an almost
paracontact Finsler structure (®,n,§), then for VX, Y5, &), € Ny and VX,,Y,, &, €
EV we have

NO(Xy, ®Y3,) = 2(dn), (2 Xn, DY) + dny (Xn, Ya)) + 1, (Ya) ND (X4,), (39)
NO(X,,®Y,) = 2(dn, (X, BY,) + dn, (X,, Yy)) + 1, (V) NP (X,), (40)
N®(X,, Y, ) 2(dny, (X, ®Y3) + dn, (DX, BYy,) + diy, (X, Vi) + di, (X0, V)
)
(

—~~
H~

1 (Y ) N (X,) + m, (Ya)2dn, (€4, Xo), 1)
NP (X, dY, ) = 2(dn;, (DX}, BY,) 4 dn, (PXp, BY,) + dny, (Xn, Yy) + dny, (X, Yy))

+ 771)( ’U)N(4) (Xh) + 771;(Yv)2d77v(5m Xh)' 2)

—~~
'aN

PROPOSITION 4. On an almost paracontact Finsler manifold E, N®) vanishes
if and only if
dn(®X,®Y) = —dn(X,Y). (43)

Proof. Let us assume that N(?) = 0. Then from (30) and (39), for VX3, Y3, &, €
Ny,

0= N@(X},, ®Y) = 2(dn,, (X, DY2) + dny, (X, Yi)) + 1, (Ya)2dny, (€4, X)

and for this, it must be dn, (®Xy, PYy) = —dn, (Xn, Ya).

Similarly, from (33) and (40), if N®) = 0 for VX,,Y,,¢, € EY, then it must be
dn, (P Xy, PYy) = —dn, (X, Ys).

Furthermore, from (38) and (41), if

0= NP (X, ®Y,) = 2(dn;, (2 X, ®Y3) + dn, (2 X, ®V}) + dny, (Xo, Vi) + dn, (X, Vi)
+ 0 (Yn)2dny, (€, Xo) + 03, (Ya)2dn, (5 Xo),



then dn, (®X,, ®Ys) = —dn;, (X,, Yr) and dn, (P X,, ®Y,) = —dn, (X,,Ys). Finally,
from (42), if N®(X},, ®Y,) = 0, then it must be dn,(®X}, ®Y,) = —dn, (X, Y,)
and dn, (DX, ®Y,) = —dn,(Xp, Y,).

Conversely, let us take into account that dnp(®X,®Y) = —dn(X,Y). Then, for
VXh, Y, €&, € Ny, we have

0 = dny, (D> Xy, ®E),) = —dny, (DX, &)
So, from this equality and (2), we get
dny, (DX, ®*Y3) = —dny, (Xn, ®Ys) == diy(®Xn, Ya) = —dny (Xn, PYa).

Using the last equation in (29), we obtain N (X},,Y,) = 0.
Similarly, for VX,,Y,,&, € EY, from 0 = dn,(®2X,,®¢,) = —dn,(®X,,&,)
and (2), we have
dn, (DX,,Y,) = —dn, (X,, BY,).

Using this expression in (32), we obtain that N®(X,,Y,) = 0.
NOW7 if dnh(éxvaq)yh) = _dnh(Xiuyh)? then uSing 0= dnh(©2va(I)§h) =
7d77h(q)XU7 Eh)v we get

dny (2 Xy, Yn) = —dn, (Xy, PY3) (44)

and if dn, (®X,, ®Y) = —dn,(X,, Ys), then using 0 = dn, (P2 X, ®E,) = —dn, (X, &),
we get
dny (2 Xy, Yy) = —dn, (Xy, PY3). (45)

Thus, from (36), (44) and (45) we obtain that N?(X,,V;,) = 0.

Lastly, if we take dn;, (X}, ®Y,) = —dn;, (X, Y,) and dn, (2 X}, ®Y,) = —dn,(Xn, Ys),
we get dnh(q)Xh;Yv) = _dnh(Xha(I)Yv) and dnv(q)Xva) = _dnv(th(PYv)7 re-
spectively. So, using the last two equations in (37), we can see that N (X,,,Y,) =
0.

LEMMA 1. If N = 0 for an almost paracontact Finsler manifold E, then
N® = NGB = N@ = 0.

Proof. If N = 0, from (25), for VX},, Y}, &, € N, we get
=@ [@Xp, &) 4 [Xn, €p] + En (4 (Xn))ER =0 (46)
and applying 7, to (46) we obtain that
En (X)) = 03 ([€ns X)) = (Le, 1) (Xn) = NW(X5) = 0. (47)
Replacing X, by ®X}, in (47), we have
M4 ([€n, PXa]) = 0. (48)

Applying ® to (46) and using (48), we obtain that N3 (X},) = 0.
From N =0 and (25),

0=ND(®X},Y3) = [Xn, ®Y2] — 1, (Xn) €4, PYR] + @Vi (), (Xn))Ep
— O [Xp — 0, (Xn)€p, Ya] — @ [DX,, PY,] + [2 X5, V3] — X0 (1;,(Yn))E),
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and applying 7, to the last equation, we obtain that N (X}, ¥},) = 0.
Analogously, for VX,,Y,,¢, € EY, if NO(X,,Y,) = 0, then we can see that
N®(X,,V,) =0, N®(X,) =0and N¥(X,) = 0.
If NO(X,,Y;,) =0, from (27) we have

- [(I)Xvafh] + [Xvaé}z] + gh(nv(Xv))fv =0 (49)
and applying 7, and 7, to (49), we get
M ([Xo, &n]) = 0 and n,, ([Xy, £4] = =&5(1,(X0)). (50)

So, from (50) we have N (X,) = 0.
If we apply ® to (49), then we have

- [(PXM gh] + nIL([(I)Xva fh])gh, + nu([q)X'U’ gh])éu + @ [X'ua gh} =0. (51)

Replacing X, by ®X, in (50) and using this in (51), we obtain that N3 (X,) = 0.
Also, from (27) we have

0=NW(E,,Vs) = B¢, BY;] + [€,, Ya] — £, (0, (Ya))E, (52)

and applying 7, and 7, to (52), we obtain that

nh([fvv Y}LD = 51;(7717, (Yh)) and 7]@([5”, Yh] =0. (53)

So, from (53) it can be seen that N (V3,) = 0.
Applying ® to (52) and using (53), we get N©®)(V},) = 0.
Finally, from NV (®X,,Y,) = 0, we get

(X, @Yh] — 1, (Xo) [§4 PYR] + @V (1, (X0))E, — @ [Xy — 1, (X0)E,, Vi
= [2X,, PY] + [P Xy, Yi] — X,y (1,,(Y2))E, =0 (54)

and applying 7, and 7, to (54), we have
1y ([Xo, ®Y3]) + PYan, (Xo) + 1, ([ Xy, Y2]) =0 (55)

and
N ([Xo; @YR]) + 0, ([P X0, Yi]) — ©Xuny, (Ya) = 0, (56)

respectively. So, from (55) and (56) we obtain that N(?)(X,,Y;) =0.

Thus we have:

COROLLARY 2. An almost paracontact Finsler structure (®,n,€) is normal if
and only if N = 0.

5. PARACONTACT METRIC FINSLER MANIFOLDS
DEFINITION 3. If Q = dn, that is,
gn (X, ®Y) = dn;, (Xn,Ys) and ¢,(X, ®Y) = dn,(X,,Ys), (57)

then 7 is a paracontact form and the almost paracontact metric Finsler manifold
(E,®,n,£,g) is said to be paracontact metric Finsler manifold.
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LEMMA 2. For a paracontact metric Finsler structure (®,n,£, g), N® gnd NW
vanish. Furthermore, N®) vanishes if and only if € is a Killing vector field.

Proof. If the structure (®,7,¢&,g) is paracontact metric Finsler, then from (25)
and (57), for VX, Yy, &, € Ny, we get

NW(Xy) = (Le,m) (Xn) = &, (Xn)) =05 (€0, Xnl) = 2dny, (£, Xn) = 291 (&), @Xp) =0

and similarly from (26), for VX,,Y,, &, € EY, we get N (X,) = 0. Furthermore,
from (27) we have

N(4)(Xv> = (Lshm)(Xv) = anv(gh,Xv) = 29v(£h,q>Xv) =0

and
NO(Yy,) = (Le, np) (Vi) = 2dn,, (€, Yn) = 294 (€, PY3) = 0.

On the other hand, from (10), (25) and (57), we get N (X,,V;) = 0; from
(10), (26) and (57), we get N?)(X,,Y,) = 0 and also from (27), we obtain that
N®)(X,,Y;,) =0.
Since
(L, 9)(Xn, &) = (Le, 1) (Xn) =0
and 1 and dn are invariant under Lie derivation, we get L¢, dn;, = 0. So, for
VX, Yn € Ny, we get
0 = (Le, dnp,)(Xn, Yn) = & (dnp, (Xn, Yn)) — dnp, ([, Xn] Ya) — dnp (Xn, [Shs Ya])

and from (57)

En(9(Xn, @Y3)) — g([§p, Xn], Yn) — g(Xn, ®[€y, Ya]) = 0. (58)

On the other hand, if we sum up the equations

(Le, 9)(Xn, @Yn) = £5,(9(Xn, @Yn)) — g([€hs Xn], @Yh) — 9(Xa, [§),, PYa])
g(Xh7 (LE;Lq))Yh) = g(Xhﬂ [ghv (I)Yh]) - g(Xh> % [gha Yh])

and use (58), then we get
(Lﬁhg)(th (I)Yh) + g(Xh, (Lghq))yh) =0.

Thus, if N® = 0, then (Lg¢, g)(Xp, ®Y,) = 0. Since this equation is true for
VXn,Yn € Ny, we have L¢, g = 0 and therefore, &, is a Killing vector field.
Conversely, if &, is a Killing vector field, then we have g(X,, N (Y},)) = 0 and
since it is satisfied for VX, Y, € N, we get N3 = 0.
Similar computations can be done for VX,,,Y,, ¢, € EY. So, this completes the
proof. 1

DEFINITION 4. A paracontact metric Finsler structure (®, 7, &, g) with £ Killing
vector field is called a K-paracontact Finsler structure.

So, we can give the following corollary:

COROLLARY 3. A paracontact metric Finsler structure (®,n,&, g) is K-paracontact
if and only if N®) vanishes.
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PROPOSITION 5. For an almost paracontact metric Finsler structure (®,1,¢, g)
on E, the covariant derivative of ® with respect to the Finsler connection V is given

by
20((Vx®)Y, Z) = —dUX,Y, Z) — dQ(X, DY, ®Z) — g(NV(Y, Z), ®X)
+ NO(Y, Z)n(X) — 2dn(®Z, X)n(Y) + 2dn(Y, X)n(Z),  (59)
where € is the fundamental 2 form.

Furthermore, if the structure (®,n,&, g) is paracontact metric Finsler, then the
equation (59) simplifies to

29((Vx®)Y, Z) = —g(NW(Y, 2), ®X) —2dn(®Z, X )n(Y)+2dn(®Y, X)n(Z). (60)
Proof. From (5) and (11), for VX, Yy, Zp,,§;, € N, we have
29h((v§(¢)Yha Zh) = (I))/}LQ}L(X}H Zh) - Z}LQ(X}H 5/h) + gh([Xh7 ‘I)Yvh] 3 Zh) + Q([Z}u Xh] 7Yvh)

— gn([®Yn, Zn], Xp) + YaSU( X, Z1) — ©Zngn(Xn, Yn)
+ Q([Xn, Y3, Zn) + 9 ([2Zn, Xi] . Y3) — 9n([Ya, 23], X4).

Furthermore, from (13) we have

dUXp, @Yy, Zp) = —XpnSUYn, Zn) — @Yugn(Zn, Xn) + @Y (0, (Xn)n,(Zn))

+ @ Zngn(Xn, Yn) — @Zn (10, (Xn)n,(Ya)) — gn([Xn, ®Yn], Zn) + 03, ([Xn, @Ya])0,(Zn)
— gn([®Z, X1] . Yn) + 0, ([ 21, Xn])np, (Yn) — Q[®Y), @Z4], Xn); (61)
from (11) and (25) we get

g(NO(Yi, Zn), @X3) = Q[OYn, Z], Xn) + U[Ya, Zu] , Xn) + g ([PYn, Zn] , Xi)
= 1 (X)n, (@Y, Z3]) + gn([Ya, @Z0], X0) = 0y (X0)p, ([, D Z1)) (62)

and

N®(Yn, Zn)ny,(Xn) = @Ya (03, (Z3))1,(Xn) = 0 (12 Y, Zn] )1y, (Xn)
= Zn(nn, (Yn )i (Xn) + 0, (224, Yi]) 0y, (Xn).- (63)
So, from (61), (62) and (63) we can reach to the desired equation.
Similarly, from (6), (11),(14) and (26), for VX,,Y,, Z,,&, € EY, we can see that
the equation (59) is satisfied.
Since
291 ((Vx®)Yn, Z1) = gn([Xo, V4], Zn) + Q([Zn, Xy, Yn)
+ Q([Xva Yh]h s Zh) + gh([(I)Zha Xv]h 75/}L)7
dQXy, @Yy, ®Z3) = =Xo (Y, Zn) — gn([Xo, PYaly  Zn) + 03, ([Xo, PYal, )15, (Z0)
= gn([2Zn, Xulp, , Ya) + 0, (220, Xol),)nn (Ya),
g (ND Vi, Z4), @X,) = 0, NP (i, Z4)rp,, (X) = 0

and by using (15), we get
200 (V% ®)Yh, Z1,) = —dQUXy, Y, Z1,) — dUX,, ®Y3, ®24) — gn(NY (Vi Z), D X,)
+ N (Ya, Zn)ny(Xo) — 2dn,, (9 Zn, Xo ), (Ya) + 2dn, (Y5, X )0y, (Z).
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With a similar way, we can see that
20, (VA ®)Y,, Z,) = —dQUX}, Yy, Z,) — dQ(Xp, BYy, 8Z,) — gn (N (Y, Z,,), DX})
+ N(Q)(Yva Zv)m (Xh) - 2d77v(¢)ZU, Xh)m(Yv) + 2dm(‘1>Yv> Xh)nv(Zv)~

Finally, the equation (60) follows from the equation (59), Definition 3 and Lemma
2.

On a paracontact metric Finsler manifold, we know that, for VX}, Y}, Z;,&;, €
Nu7

29, (V% ®)Yh, Zn) = —gn (N (Ya, Zn), ®X5)—2dny, (2 Zn, Xn)my, (Yn)+2dny, (DYn, X3)ny, (Z1)-
Therefore, replacing Xj, by &, in this equation, we have
Vid =0 (64)
and similarly from (60), for VX,,Y,, Z,,&, € EY, we have
Vi® =0. (65)
Furthermore, since g (¢,€) =1 for V¢, € N, we get
gn(Vi&n €p) = 0, VXp, € Ny,

Thus, g,(V'%&,,€,) = 0 and since the Finsler connection V is a metric connection
we have

0= Ve(gn(€n Xn)) = gn(Ve€n, Xn) + gn(€,, VEXn)

and so

9n(Ve€n, Xn) = —gn(n, VEXn) = —gn(&n Vi + (64, Xn))
= —np([Ens Xn]) = 2dn;, (&, X),

where the vector field X}, is orthogonal to §,;,. Since dn,, (£, X) = 0 on a paracontact
metric Finsler manifold, we obtain that gh(ngh, X}3) =0 and so

Vg, =0. (66)
Similarly for V¢, € EY, we can see that
Vi€, =0. (67)

From the Corollary 3, we know that a paracontact metric Finsler structure is K-
paracontact if and only if N(®) vanishes. Since the tensor field N®) gives important
results for a paracontact Finsler structure, let we define a tensor field H on a
paracontact Finsler manifold by

1 1
=_L.b=-N®,
H=3le 2

Thus, we have

1

HE= INOH) = S(Le®)(©) = 5(Leyse, D), +6,) =0 (69)
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LEMMA 3. The tensor field H on a paracontact metric Finsler manifold is a
symmetric operator. Furthermore,

Vhe, = —®X), + PHX), (69)
V%¢, = —®X, + OHX,, (70)
‘H is anti-commutative with ® and trH = HE = 0.

Proof. On a paracontact metric Finsler manifold from (64) and (66), for VX4, Y, &), €
N,, we have

9((Le, @) X1, Yy) = 9(—=Vix& + PViE,, V)

and here if we replace X, or Y}, by &, then the equation vanishes.
Since N = 0 for a paracontact metric Finsler manifold, if we take X}, and Y,
are orthogonal to &, from (25), we obtain that

Np([2Xn, Yn]) + 0y ([Xn, @Y2]) = 0.

Also, since —®X},(n,(Y2)) = Xn(n,(PY)) = 0 we have

— 90 (Vi x&n, Y0) — gn(Vi&n, ®Y3) = g (VX ®Y0, &) + 90 (Vi x Y0, &)

Hence we can see that g(HXn,Ys) = g(Xn, HY:) and so H is symmetric.
Replacing Y}, by &, in (60), we get

200 (— V&, Zn) = —gn((Le, ®) X1, — 2X0, + 203, (X0)En, Zn)

and so 1
—oVie, = —g(Lsh‘b)Xh + Xn = np(Xn)Ep-

Applying ® to this equation, we obtain (69).
Now, let us see that H is anti-commutative with &:

291 (Xn, ®Yp) = 2dn, (X, Yi) = gn(Xn, @Yn)+9n(PHXn, Yi)+gn(Xn, ®Yn)+gn(@Xn, HY:)

and so
gn(PHXp, Yi) + gn(®Xn, HYs) = 0.

Since H is symmetric, we obtain that
OH+HP =0. (71)

If HX, = AX,, then H®X, = —PHX};, and so H®X; = —APX,. Thus, if the
eigenvalues of H are A and —A\, then trh = 0.

With a similar way, the equation (70) and the same results can be obtained for
VX,,Y,, &, € EY too. 1

From the Corollary 3, we can give the following corollary:

COROLLARY 4. Let (®,1,&,g) be a paracontact metric Finsler structure on E.
Then (D,n,€,9) is a K-paracontact Finsler structure if and only if

V&), = —0Xn, Vi€, = X, (72)
DEFINITION 5. If a paracontact metric Finsler manifold is normal, then it is

called a para-Sasakian Finsler manifold.

15



THEOREM 2. An almost paracontact metric Finsler structure (®,n,&,g) is para-
Sasakian if and only if

(VSL((I))Yh = _gh(Xv Y)gh + nh(Yh)th ( g(CI))Yv = _gv(Xa Y)gv + nv(Yv)XIH }
(VE®)Y, =0, (V%)YV} = 0.
(73)
Moreover, a para-Sasakian Finsler manifold is K-paracontact.

Proof. Let us assume that the almost paracontact metric Finsler structure
(®,n,&,g) is para-Sasakian. If the structure (®,7,&,g) is a normal paracontact
metric Finsler structure then, we have Q = dn, N = 0 and N® = 0. So from
(9) and (60), for VX}, Y, Zp, &, € Ny we get

(VE®)Yh = —gn(X, V)&, + 13, (Ya) Xn
and similarly for VX,,Y,, Z,,£, € EY, we obtain that
(VX @)Y, = —gu(X,Y)E, + 1, (Yy) X

Furthermore, again from (9) and (60) it is clear that (V% ®)Y, = 0 and (V% ®)Y}, =
0.

Conversely, let us suppose that the almost paracontact metric Finsler structure
(®,n, &, g) satisfies (73). For VX, Y, &, € N, replacing Y}, by &, in the equation
(VA®)Y), = —gn(X,Y)E), + 15, (Ya) Xy, it is found that

—OViE, = —np (X)) + X

Applying ® to this equation, we see that V&gh = —®X},. Similarly, for VX,,Y,, &, €
EY | we get V%¢, = —®X,,. So, from (72) ¢ is Killing vector field. Thus, from

0= (Le, 9n)(Xn, Ya) = £1(9(Xn, Yn)) — 9((§n, Xn] s Yn) — 9(Xn, [§4, Ya])
= 9(Vix&n Ya) + 9(Xn, VY€1)

we get
dny, (Xn, Vi) = g(V%&,, Yn) = UXp, V)

and similarly, dn,(X,,Y,) = Q(X,,Y,). Therefore, (®,7n,&, g) is a paracontact
metric Finsler structure. Furthermore, since

N‘I’(Xha Yh) - 2d77h(Xha Yh)gh = 2gh(¢Yh7 Xh)fh - anh(Xh’ Yh)gh =0
and
N<I>(Xva Yv) - anv(va Yv)fv = 29v((I)Yv7Xv)£v - anv(Xva Y’U)gv =0

the paracontact metric Finsler structure (®,7,&, g) is a para-Sasakian Finsler struc-
ture.

6. THE CURVATURE OF THE PARACONTACT FINSLER MANIFOLD
The curvature of a Finsler connection V is defined by

R(X,Y)Z =VxVyZ —-VyVxZ -V xyZ,
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such that
R(va)Z = Rh(Xa Y)Zh +RU(X3 Y)Zva VXa Y7Z € X(E)

and the operator R(X,Y) is skew symmetric according to X and Y.
The curvature of a Finsler connection V on x(F) is defined by the following
Finsler tensor fields:

R(Xy,Yn)Zy, = vxvh Zn — V% Z, = Vix, vi) Zn,
R(Xn,Y3)Z, = vayZ V’;V’&Zv = Vix,vi Zos
R(X,, Yh)Zh = vyzh vyvg(zh — Vix,. v Zh (74)
R(X,,Y3)Z, VY Zy = VYV% Zo — Vix, vi) Zo,
R(X,,Y,)Z), = VX — VYV Zh — Vix, vi1 Zn,

R( vy v) v = vX ?/vaZv - v[X,,J,YU]Z/U [8]

THEOREM 3. Let E be a K-paracontact Finsler manifold of dimension (4n+2).

Then, the flag curvature of a plane which contains £ is equal to —1 at each point of
E.

Proof. If E is a K-paracontact Finsler manifold, then from (64), (72) and (74)
we get
In(B(Xn, §)En: Xn) = —gn(Xn, Xn) = —1,

where X}, is a unit vector field orthogonal to &,.
Similarly, if X, is a unit vector field orthogonal to £, we get

gv(R(XUaEu)ngv) = 7gv(Xv7Xv) = -

Thus, we obtain the flag curvature of F as

gn(R(Xn, gh)f}u Xn) + go(R(Xo, Ev)fvv X)

01X, X0) 90 () + 90 (Ko KX)o (6rb0)

K(X,¢) =

PROPOSITION 6. On a paracontact metric Finsler manifold E, we have

(VEH)Xp + (VEH) X, = —0X + H2®X + R(E, X)E, }

R(E, X)¢ + DR(E, DX)E = 202X — 2H2X (75)

Proof. Let E be a paracontact metric Finsler manifold. Then, from (64), (66),
(69), (71) and (74), for VX, &, € Ny, we have

R(&p, Xn)6p, = DVE(HXp) — OVEXy — OH [, Xp] + @€, Xn]  (76)
and applying ® to this equation, we get

R(&,, Xn)&, = (VEH)X), + HVE, — Ve, (77)
= (VEH) X, — H*®X), + X (78)

Replacing X by ®X in (78) and using (64), (68), (71), we obtain

R(&,,2X,)¢, = —O(VEH) X, — H2X), + $°X),. (79)
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Furthermore, from (76) we have

R(&,, Xp)E), = ©(VEH)X), — H2X), + B2 X),. (80)
Thus, summing up (79) and (80) we get

R(&),, Xp)€), + OR(E),, X)), = 202X, — 2H? X,

Similarly, for VX, ¢, € EY, we can obtain that
DR(E,, X0)E, = (VEH)X,—H*®X,+PX, and R({,, X,)E,+PR(E,, DX,)¢, = 20°X,—2H* X,
Hence, from the last equations we get
PR(E, X)¢ = Rp(€, X)&), + Ry (€, X)E, = (VEH) Xy + (VEH)X, + OX —H2DX,
which is the first equation of (75) and

R(& X)E+ QR(E, X)E = Ru (&, X)E, + Ro(§, X)E, + PRu(E, PX)E), + PR, (€, PX)E,
= 282X — 2H%X,

which is the second equation of (75).
PROPOSITION 7. On a para-Sasakian Finsler manifold, we have
R(X,Y)E = 0 (Xn)Yh + 1, (Xo) Yo — 13, (Ya) Xn — 1,y (Yo) X (81)

Proof. On a para-Sasakian Finsler manifold from (72) and (73), for VX},, Y3, &, €
Ny, we get

R(Xp, V)&, = Vi VYL, — VEVRE, — Vix,,vulén
= —(V4®)Y, + (Vi D)X,
=0y (Xn)Yn — 0 (Yn) Xn (82)

and similarly, for VX,,Y,, ¢, € EY, we get
R(Xy, Y0)E, = 1, (X0) Yy — 1, (Ye) Xo. (83)
Thus, from (82) and (83), the equation (81) is obtained. 1

THEOREM 4. Let £ be a Killing vector field on a Finsler manifold E of dimen-
sion (4n+2). Then, E is a para-Sasakian Finsler manifold if and only if

R(Xa f)Y = gh(X7 Y)gh + gU(X7 Y)gu - nh(}/h)Xh - UU(YU)XU (84)
Proof. For VX, Yy, &, € Ny, we get

9(Rn(Xny §1)Yn, Xn) = g(Bn(Xn, Ya)Ep, Xn)
= 9(VEVYEL = Vory, &n Xn) = 9(VEVREL = Vou v, & Xn)- (85)

Since ¢ is a Killing vector field

0= (Le, gn)(Xn, Yn) = (V%€ Y3) + g(Xn, VEE,)
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and from here we have g(V')l(g ns Xp) = 0. Differentiating this equation with respect
to Y}, we have

(VY VxEh Xn) + g (Vi&p, Vi Xn) = 0. (86)
Again since ¢ is a Killing vector field, we get
9(Vn x, s Xn) + gn (V- Xn, Vi) = 0
and so the equation (86) is
(V¥ Vi&n = Vo x, & Xn) = 0.
By using the last equation in (85), from (72) and (73) we obtain that
Ry (X, €)Yn = R(X), £,)Y5 = (Vi )Y,

= gn(Xn, Yn)&p, — 1y (Yn) X (87)
Similarly, for VXU, Y,, €, € BV, we get

Taking into account (87) and (88), we have the desired equation.
Therefore, we can give the following corollary:
COROLLARY 5. On a para-Sasakian Finsler manifold, we have
R(X, )X =¢,
where X, and X, are unit vector fields orthogonal to &, and &, respectively.

Let {E},E2, ..., E3", &, Y and {EL, E2, ..., E? ¢, } be the local orthogonal frames
of N, and EY, respectively. Then, the Ricci tensor of a para-Sasakian Finsler

u Y

manifold E of dimension (4n+2) is defined by
S(X,Y) = Sh(X Y)+5,(X,Y)=8(X,Y,) + 5(X,,Y)

—Zg (Xn, E) B, Ya) + 9(R(Xn, €3, Ya)

+ Zg (Xy, EDELY,) + g(R(X,,,)8,, Y2), (89)

where S;, and S, denotes the horizontal Ricci tensor and the wvertical Ricci tensor
of E, respectively.

LEMMA 4. On a para-Sasakian Finsler manifold E of dimension (4n+2), we
have

S(X,€) = —2nn(X). (90)
Proof. From (82), (83) and (89), for VXj, &), € Ny, VX,, ¢, € EY we have

2n

S(ng) S}L(X f)—FS X€ Zg X/HE}L Eh7€h) +g( (Xh7§h)€h7€h)

+ Zg (Xo, BDEL €,) + 9(R(X0, 6,)6,,€,)

= —an(Xh) — QHH(XU) = _an(X)'
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COROLLARY 6. On a (4n+2)-dimensional Finsler manifold E, a paracontact
metric Finsler structure (®,n,&, g) is K-paracontact if and only if S(&,&) = —2n.

From (90), we have
Q¢ = Q&) + QE, = —2ng), — 2nf, = —2n¢, (91)

where @ is the Ricci operator, such that S(X,Y) = g(QX,Y).
From (2), (10), (90) and the fact that Q® = ®Q, for a para-Sasakian Finsler
manifold F, we have

S(PX, DY) = Sp (DX, BY) + S, (BX, DY)
= 9(Q2X), PY3) + 9(QPX,, PY,)
= —g9(QXn, Yn) +1,,(Yn)9(QXn, &) — 9(QX0, Vo) + 1, (Y2)9(QXo, €,)
= —=S(X,Y) = 2n{n, (Xn)n, (V) + 1, (Xo)n, (Ye)} (92)

PROPOSITION 8. The curvature tensor of a paracontact metric Finsler manifold
FE satisfies

R(&,X,Y, Z) = —(V%Q)(Ya, Zn) + 9(Xn, (V3 OH) Z1) — g(X, (V5 OH)Y})
- ( UXQ)(YM Zv) + Q(XU, (VUY(I)H)Zv) - g(Xm ( %(I)H)Yv) (93)

Proof. From (69), for VX, Yy, Zp, &, € Ny, we have
R (Y, 2)8), = R(Yi, Z0)8), = Vi Vi€, = Vi V&, — Vv, 2,06
= (VY OH)Zy — (V3OH)Yi — (V3 ) Z) + (V3 8)Yy
and from (11) and (73), we have
(VX (Yi, Z0) = Vi (QYn, Z1)) = UV Y0, Zn) = QYn, Vi Z1)
= g(Ya, (V5 ®)Z1) = =0, (Y)9(Xns Zn) + 11, (Z0)9(Xn, Ya)-
Thus, from (73), we obtain that
R(fh, th }//u Zh) = Q(R(fh, X}L))/}Ly Zh) = Q(R(Yh, Z}L)f}u Xh)
= 9((VY®H) Zn, Xn) — g(V5OH)Y, X)) — (VD) (Va, Zn).
Similarly, for VX,,Y,, Z,,&, € EY, we have
R(&,, X, Yo, Zy) = g(Vy ®H) Zy, Xoy) — g(VZPH) Yy, Xo) — (VX Q) (Y, Z0)-
Hence, from
R(E,X.Y,Z) = g(R(§, X)Y, Z) = g(R(Y, Z)§, X)
= g(Rh(Y7 Z)Ehv Xh) + g(Rv(Ya Z)fv, XU)
we have the equation (93).
PROPOSITION 9. On a para-Sasakian Finsler manifold E
R(X,Y,®Z,W)+ R(X,Y, Z,®W)
=9(Yn, Zn)9(@Xn, Wn) — g(Yi, W) (@ X, Zn) — 9(Xn, Z1,)g(®Y5, W)
+ Q(Xm Wh)g(éyhy Zh) + Q(Yu, Zv)g((Eva Wv) - g(Y'm Wv)g(q)X'm Zv)
= 9(Xy, Z,)g(@Y,, Wy) + g( Xy, Wy ) g (@Y, Z,) (94)
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and

R(®X, DY, Z, ®W) — R(X,Y, Z, W)
=01 (Xn)0 (Wr)9(Yn: Zn) + 0 (Ya)10(Z1)9(Xn, Wa) = 03, (Y) 10 (W) 9(Xn, Zn)

= M0 (X )0 (Z1) g (Vi Wh) 4 10, (Xo)1, (W) g (Yo, Zo) + 0,y (Yo )11, (Z0) g(Xo, W)

= 1o (Yo), (W) 9(Xo, Zo) — 1, (Xo)1,(Z0) g (Yo, Wo). (95)

Proof. For VX, Y, Zp, Wh, &, € Ny
R(Xpn, Yn, ®Zn, Wi)+R(Xp, Yy, Zn, ®Wy) = g(R(Xp, Yi)PZp, W) —g(R(Xp, Yi)OWh, Z,).
From (72) and (73), we have

R(Xp, Yn)®Zy, = g(Yi, Zn)2Xn — 9(Zn, ©Xn)Yn — 9(Xn, Zn) @Y},

+ 9(Zp, ®Y) Xy + PR( X, Yi)Zy, (96)
and
R(Xn, Yn) oWy, = g(Yi, Wi)@X), — g(Wh, X3)Ys — g(Xn, Wi) @Y},
+ g(Wh, ®Y3) Xy, + OR(Xn, Vi) Wi
Thus we get

R(Xpn, Y, ®Zp, Wi,) + R(Xn, Yn, Zn, ®Wy) = g(Yi, Zn)9(@Xn, Wh)
—9(Yh, Wr)g(®Xn, Z1) — 9(Xn, Zn)g(®Yn, Wi) + g(Xn, Wi)g(®Yy, Zn)
and similarly, for VX,,Y,, Z,,W,,&, € EX, we get
R(Xy, Yy, @2y, Wy) + R(Xy, Yo, Zy, @Wy) = g(Voy, Z,) g(@ X, W)
= 9(Yo, Wo)g(®Xy, Zy) — 9(Xo, Z0)g(Yy, W) + g(Xo, Wo)g(RY, Zy).
From the last two equations and
R(X,Y,8Z, W)+ R(X,Y, Z,®W) = g(R(X,Y)®Z,W) + g(R(X,Y)Z,®W)
= g(R(Xpn, Yn)2Zp, Wp) + g(R(X, Y,)®Z,, W)
+ 9(R(Xn, Yn) Zn, @Wh) + g(R(Xo, Yy) Zy, W),

(94) yields.
From (94), for VX, Yy, Zn, Wi € Ny,

R(®X}, @Y}, 07, 2W),) + R(P X}, Yy, Zp, (I’2Wh)
= —g(®Xp, O*Wi,)g(®Yn, Zn) + g(®Xp, PZy)g(PYr, PW))
— 9(Y),, 22,,)g(®Xp,, W) + g(Yy,, D°W),)g(@ X, Z1,)
and from the last equation, (2), (9),(82) and (96), we have
R(®Xy,, @Yy, 07, OW),) — R(Xn, Ya, Zn, Wh)
= 00 (Ya) 1 (Z0)9(Xns Wh) = 15 (Vi )11, (W) g (X, Zn)
= 0 (Xn)0(Zr)g(Yn, Wh) + 0 (Xp )0, (Wh)g(Yi, Z1). (97)
Similarly, for VX,,Y,, Z,, W, € EY we get
R(®X,,?Y,,2Z,, ®W,) — R(X,,Y,, Z,, Wy)
=1, (Yo)n,(Z0)g(Xo, Wo) = 1, (Yo)n,(Wo)g(Xo, Z0)
= 0y (Xo)0, (Z0)g (Yo, Wo) + 1, (Xo)n, (W) g(Ye, Zo). (98)
Taking into account (97) and (98), we obtain the equation (95).

21



7. RICCI SEMI-SYMMETRIC PARA-SASAKIAN FINSLER MANIFOLDS

DEFINITION 6. A (4n+2)-dimensional Finsler manifold is called horizontal Ricci
semi-symmetric (resp. vertical Ricci semi-symmetric), if the horizontal Ricci tensor
Sh (resp. S,) satisfies

RuL(X,Y)S, =0, VX},,Y, € N, (resp. R,(X,Y)S, =0, VX,,Y, € EY). (99)

A Finsler manifold is said to be Ricci semi-symmetric if it is both horizontal and
vertical Ricci semi-symmetric.

DEFINITION 7. A Finsler manifold is said to be Einstein Finsler manifold if its
Ricci tensor S is of the form

S(Xv Y) = Sh(va) + Sv(Xv Y) = A(gh(X7 Y) +gv(X7 Y)) = )‘g(Xa Y)’ (100)
where )\ is a constant.

THEOREM 5. A Ricci semi-symmetric para-Sasakian Finsler manifold is an
Einstein Finsler manifold.

Proof. Let us suppose that Ry (X,Y)S,, =0 for VX},,Y,, € N,. Then, from
(Rh(X,Y)Sh)(Un, Vi) = =Sh(Bu(X,Y)Up, Vi) =Sp(Un, R (X, Y)V3), YUn, Vi € N,

we have

Sh(Ri(X,Y)Up, Vi) + Sp(Up, Ri(X,Y)V,) = 0.
Replacing Uy, by &, € N, in this equation, from (82) and (90), we get
M (Xn) Sk (Yn, Vi) =103, (Yr ) Sh (Xn, Vi) =2n(1, (Ya) 9 (Xn, Vi) =13, (X1 )9 (Ya, Vi) = 0.
Putting Xj, = ¢, in (101) and using (90), we obtain that tov
Sh(Yn, Vi) = —=2ng(Yr, Vi).
Similarly, if we suppose that R,(X,Y)S, = 0 for VX,,Y, € EY, then we have
Sy (Ry(X,Y)Uy, Vi) + Sy (Uy, Ry (X, Y)V,) =0
and after the necessary calculations we obtain that
Su(Y, Vo) = —2ng(Yy, Vo).
So, we have
S(Y,V) = Su(Y.V) + S,(Y.V) = ~2n(g(Y,V) + g, (Y, V) = ~2ng(Y.V)

and therefore, a Ricci semi-symmetric para-Sasakian Finsler manifold is an Einstein
Finsler manifold.
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8. PARA-SASAKIAN FINSLER MANIFOLD WITH n-PARALLEL RICCI
TENSOR

DEFINITION 8. The Ricci tensor S of a Finsler manifold E is called n-parallel,
if it satisfies
(VxS)(®Y,2Z) =0, (102)
for all XY, Z € x(E).
ProPoOSITION 10. A para-Sasakian Finsler manifold E has n-parallel Ricci ten-
sor if and only if
(VxS)(Y, 2Z)
=2n{g(Yn, @Xn)n,(Zn) + 9(Zn, 2X0)0y (Yn) + 9(Yo, @X0)0,(Z0) + 9(Z0, @ X4)n, (Vo) }
- nh(Yh)Sh(Xha (I)Zh) - nh(Zh)Sh(cDYhz Xh) - ny(YU)Sv(XU; (va) - ny(Zv)Sv(cI)Yva Xv)
Proof. Let us suppose that the para-Sasakian Finsler manifold FE has n-parallel
Ricci tensor. Then, from (73), (90), (92) and (102), after long computations, we
have
0= (VxS9) (Y, DZ) = (V% Sp)(®Yr, ®Z1) + (V% Sh)(DYr, Z),)
+ (VA 8,)(®Y,, Z,) + (V% S,) (DY, BZ,)
= Vi (Sh(®Yh, D7Z4)) — Si(Vi (BY3), 821) — Sp(®Ys, Vi (BZ1))
+ V% (Sh(®Yy, D71)) — Sh(Vi (DY), 2Z1) — Sp(PYs, Vi (D7)
+ v?((sv(q)yva (I)Zv)) Sv<v§( (CI)YU) ) - Sv((I)va VA})L{(CI)ZU))
(VXSh) Yh, Zh) + 2ngp (Ya, ‘I)Xh)ﬁh(zh) + 2nmy, (Yn)gn (21, 2Xn)
- ﬂh(Yh)Sh(Xm ®Zn) — 1y (Zn) Sn(®Yh, Xn)
- (VUXSh)(th Zh) - (ngsv)(yw Zv)
— (VX Su) (Yo, Zy) + 2ngy (Yo, @Xo)n, (Zy) + 201, (Ye) 9o (Zo, X))
— 1y (Y0)Sy(Xy, @2,) — 0, (Z2,) S0 (PYy, X))

and thus, we obtain that

(V% SR) (Vi Zn) + (Ve Sn) Vi, Z1) + (V5S0) (Yor Zo) + (V5 S0) (Yo, Z)
= 2”{9(Yh7 (th)nh(Zh) + Q(Zhv (I)Xh)nh(yh) + g(YU, (I)XU)UU(ZU) + g(ZU, ‘I)Xu)m(Yu)}

= (Vi) Sk (Xn, ®Z1) — 04,(Zn) Su(®Yh, Xn) — 1,(Ye) S0 (X, @Z,) — 10,(Z,) S0 (Y, X)),
(103)

which completes the proof. 1

Now, let {E}, E’} be an orthonormal basis of x(F). Putting Y = Z = E' in
(103) and taking summation over the index ¢, we get

2n+1
i=1
(104)
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Furthermore, the scalar curvature of a Finsler manifold is given by

4dn+2 ) . 2n+1 ) ) ) .
r=Y_ S(E,E)=Y {Su(E' E)+S,(E E)}.
=1 1=1

Thus, from (104) we get

2n+1
dr(X) =Vxr= > {Vx(Su(E' E") + Vx(S,(E', E"))}
i=1
2n+1
= > VRSB, EY) + Vi (Sh(E', EY)) + Vi (Su(E' EY)) + Vi (Su(E', EY))}
2n+1
= > {(V5SW(EL, BL) + (V% S)(EL, By + (Vi Su)(EL B + (Vi So) (B, B}
=1
=0.

Hence, we have
THEOREM 6. The scalar curvature of para-Sasakian Finsler manifold E with

n-parallel Ricci tensor is constant.
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