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On some new nonlinear retarded integral inequalities with iterated
integrals and their applications in differential-integral equations

Abstract

In this paper we investigate some new generalized retarded nonlinear
integral inequalities of Gronwall-Bellman type and upper bound estima-
tion of unknown functions are discussed by integral and differential skills.
Our results generalize those of H. EI-Owaidy et. al [1] to some inequalities
withboth retarded argument and nonlinear integral. Some applications are
also presented to illustrate the usefulness of some of our results.

keywords: Integral inequality, Estimation, Integral and differential equa-
tion.

1 Introduction

. Gronwall inequality is an important tool in the study of existence, uniqueness,
boundedness, stability, invariant manifolds and other qualitative properties of
solutions of differential equations and integral equations see for instance [1,2].

Theorem (Gronwal[2]). Let u(t) be a continuous function defined on the
interval D = [a, & + h] and

t
0 <u(t) < / [bu(s) + a]ds,Vt € D,
0

where a and b are nonnegative constants. Then

0 < u(t) < ahe®™ vt € D.

Theorem (Gronwal — Bellman[3]). Let f(¢) and u(t) be realvalued nonneg-
ative continuous functions defined on Dy = [0, k], and let uy and h are positive
constants for which the inequality

u(t) < ug —|—/O f(s)u(s)ds, vt € Dy.
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Then .
u(t) < wug exp(/ f(s)ds),¥t € D;.
0

Theorem (Lipovan[4]). Let u, f € C([to, To], Ry). Further, let oo € C([to, To], [to, To])
be nondecreasing with a(t) € t on [to, Tp], and let k be a nonnegative constant.
Then the inequality

a(t)
u(t) <k +/ f(s)u(s)ds, to<t<Tp.
a(to)
implies that o
u@)gkemx/" F(s)ds), to <t <Th.

a(to)

Theorem [5]. Let ¢ € C(Ry,R;) be an increasing function, u,a,f €
C([to, To],R), a(t) be an increasing function, and «(t) € o € C([to, To], [to, To])
be a nondecreasing with «(t) < t on [tg,Tp] where Ty € (0,00) is a constant .
Then the inequality

Mﬂgdﬂ+/‘ F($)b(u(s))ds, to < t<Th.

implies that

a(t)

uty s w (wiate) [ feas), <<,

(0)
where .
dt
Wi(t) = ——ds, t>0,
W= 5w

W1 is the inverse function of W, T* is the large number such that

a(T™) 0o
W(a(t))/(o) f(s)ds§/1 (;z)ds.

Many results on generalization of Gronwal-Bellman inequalities can be found
for example in [6-15].
2 Main results

In this section, several new retarded integral inequalities of Gronwall-Bellman
type are introduced.



Throughout this article, R denoted the set of real numbers; I = [0,00), R} =
(0,00), Ry = [1,00) and ’ denotes the derivative. C(I,I) denotes the set of all
nonnegative real-valued continuous functions from I into I and C*(I, I) denotes
the set of all nonnegative real-valued continuously differentiable functions from
I into I.

Theorem 2.1. Let u(t), g(t), f(t) € C(I,Ry), a € CH(I,I) be nondecreasing
with a(t) <t on I. If the inequality
a(t) s
uP(t) < ug +/ f(s) [u”(s) + / g()\)u()\)d)\] ds, Vit e, (2.1)
0 0

holds for all t € I, where ug and p are positive constants. Then

u@)guéb-FAM”f@yxp(Aﬁfu)+guﬂ¢0d4p, wel (22)

1
Proof. Let JP(t) equal the right hand side in (2.1), we have J(0) = u$ and

u(t) < J(t),ula(t) < J(at) < J(t), Vel (2.3)
Differentiating JP(t) with respect to ¢, and using (2.3) leads to
prr MY <a sy, vier (2.4
where Y (t) = J7(t) + [*) g(s)J(s)ds, thus we have Y (0) = JP(0) = ug and
JH)<Y(t), Vtel (2.5)

Differentiating Y (¢) and using (2.4) and (2.5), produces

dl;it) <) +9®Y (), Vel

By taking t = s in the above inequality and Integrating from 0 to ¢, we get

alt)
Y (t) < ugexp (/0 [f(s) + g(s)]ds), Vi e I. (2.6)
Substituting from (2.6) in (2.4) we have
a(t)
s < L ora@es ([ e+ o), wer

The above inequality implies an estimation for J(t) as follows

J(t) < ul [1 n /Oa(t) £(5) exp (/Os[f()\) + g(/\)]d)\> ds} " owiel. (@7

Using (2.7) in (2.3), we get the required inequality in (2.2). The proof is com-
plete. O



Remark 2.1. If we put a(t) = t, then Theorem 2.1 reduces Theorem2.4 in [1].

Theorem 2.2. Let u(t), g(t), h(t) € C(I,1), f € C(I,R%), a € C*(I,I) be
nondecreasing with «(t) <t on I. If the inequality

uP(t) <wp+ /Oa(t) f(s) [uq(s) + /Os g(/\)u(A)d)\} ds, Vtel, (2.8)

where ug > 0,p > q > 1 are be constants. Then

1

u(t) < [uo +/Oa(t) f(s)k:(a_l(s))ds] 57 Vtel, (2.9)
where
ko) = exo | " o) [ug 7+ =] " e exp( bl [ aar) s -
foralltel. (210

1
Proof. Let J¥(t) equal the right hand side in (2.8), we have J;(0) = uf and
w(t) < Ji(t),u(at)) < Ji(a(t) < Ji(t), vt e I. (2.11)
Differentiating J¥(¢), with respect to ¢, using (2.11) we get

0 < v rmme,  vier (212)

q
where Y1 (t) = J{(t) + foa(t) g(s)J1(s)ds, thus we have Y7(0) = J{(0) = ug, and
JE < Yi(t), but ¢ > 1, thus

Ji(t) < Yi(t), vt el (2.13)
Differentiating Y;(¢) then using (2.12) and (2.13), produces

d%“) < }%a’(t)f(a(t)qu"’“] (t) + o/ (Wgla®)Yi(t), Vel

but Y7 (¢) > 0, thus we have

d};lt(t) o/ (g(a(®)Yy" (1) < %a’(t)f(a(t)), e I (2.14)

Yl[p—q—l] (t)

Now if we put
Z() =Y 1), vtel, (2.15)

alp—ad]

then we have Z(0) = Yl[pfq] 0) =ug *
from (2.14) we obtain

%(st)_[ — dle/(D)g(a(t) Z(2) [Q[pp_ Do t)f(al)), Vel (216)

—q—1]/,\ dV3
and Yl[p e ](t)Tt(t) = [p—iq]%, thus

IN



The above inequality implies the following estimations for Z(t), such that
Z(t) <kP=d@),  viel,
where k(t) is as defined in (2.10). From (2.8) and the above inequality we have
Yi(t) <k(t), Vtel,
thus from(2.12) and the above inequality we have

dJi (t)
dt

pJP (2 <o/ () f(a(t)k(t), Vtel

By taking t = s in the above inequality and integrating from 0 to ¢, gives

a(t) %
Ji(t) < [u0+/ f(8)k(a ()| , Vtel (2.17)
0
Using (2.17) in (2.11) leads to the required inequality in (2.9). The proof is
complete. O
Remark 2.2. If we put «(t) = t, then Theorem 2.2 reduces Theorem2.3 in [1].

Theorem 2.3. Let u(t), g(t), h(t) € C(I,1), f € C(I,R%), a € C*(I,I) be
nondecreasing with «(t) <t on I. If the inequality

a(t) s p
u(t) < ug +/0 f(s)u(s) [uq(s) —I—/O g()\)u()\)d)\] ds,Vtel (2.18)

for allt € I, where ug > 0,p > 0 and q¢ > 0 are be constants such that p+q > 1.
Then

a(t)
u(t) < wug exp(/ f(s)ky (041(5))0ls>7 Vtel, (2.19)
0
where
ub? exp (p foa(t) g(s)ds)
kl (t) = [ﬁ] )
L= qlp+q—u”" [0 f(s) exp(lp + g = 1] [ g(NdN)ds

(2.20)

for allt € I, such that
a(t

qlp+q — 1]ug[p+q71] fo ) f(s)exp([p+q—1] fos g(N)dN)ds < 1, for allt € I.

Proof. Let Jo(t) equal the right hand side of (2.18), which is a positive and
nondecreasing function on I with J3(0) = u,. Then (2.18) reduces to

u(t) < Jo(t),u(a(t)) < Jo(a(t)) < Jo(t),  Viel. (2.21)



Differentiating J% (t), with respect to ¢, using (2.21) we have

dJs(t)
dt

< (t)flat)J(t)YL (1), Vtel, (2.22)

where Ys(t) = JE(t) + foa(t) g(s)J2(s)ds, hence Y5(0) = J§(0) = ud, and
L) <Yalt) Vtel. (2.23)

Differentiating Ya(¢) and using (2.22) and (2.23), leads to

d):;t(t) < qa/ (1) ()Y (1) + o (Ngla®)Ya(t), Ve,

but Y3(¢) > 0, then we have

- dYs(t _
vy 220 g0 < g f(0t). Vel
(2.24)
If we let
vl gy =z 1),  wtel, (2.25)
we have Z1(0) = Y, "T17(0) = ug WY and vy P () A0 = p oL i

then we can write the inequality (2.24) as follows

%pr—l)a’(t)g(a(t))zl(t) > —q(prq—1)a/(t) f(a(t)),  Vtel. (2.26)

The above inequality implies the following estimation for Z;(¢) such that

—[pt+a—1]

Zi(t) > [ki(t)]” 7, Vtel,
where k1 (t) as defined in (2.20). From (2.25) and the above inequality, we have
Yy(t) < ka(t),  Vtel,
thus from the above inequality in (2.22), we have

dJs(t)
dt

<o/ (t) fat))k(t), vtel.

By taking t = s in the above inequality and integrating from 0 to ¢ , produces

a(t)
Ja(t) < ug exp(/o f(s)kl(a_l(s))ds>, tel. (2.27)

Using (2.27) in (2.21), we get the required inequality in (2.19).
The proof is complete. O

Remark 2.3. If we put ¢ = 1, then Theorem 2.3 reduces Theorem3 in [15].



Remark 2.4. If we put «(t) = t, then Theorem 2.3 reduces Theorem2.7 in [1].

Remark 2.5. If we put ¢ = 1 and «(t) = ¢, then Theorem 2.3 reduces Theo-
rem3.2 in [6].

Theorem 2.4. Let u(t), g(t), h(t) € C(I,1), f € C(I,R%), a € C*(I,I) be
nondecreasing with a(t) <t on I, and let n(t) € C(I,I) be nondecreasing. If the
inequality

P

) <o)+ [ " s o)+ [Cawui] as @

for all t € I, where p € (0,1). Then

a(t)
u(t) < n(t) {1 + /0 f(s)n[pl](s)kzg(al(s))} , Vtel, (2.29)

where

ka(t) <exp <p(1 ~p) /Oa(t) 9(8)d5> {1 1=p) /oa(t) S (2.30)

s 2]
X exp <—(1 —p)/ g(/\)d)\) ds] , Vtel.
0

Proof. Since n(t) is a positive monotonic nondecreasing function, we observe
from the inequality (2.28)

Let
m(t) = —=, m(0) <1, Vtel. (2.31)

Hence

P

a(t) t
m(t) <1+ /0 f(s)nlP=1(s) {m(s)Jr /0 g()\)m()\)d()\)] , vt e 1. (2.32)

Let J3(t) equal the right hand side of (2.32), which is a positive and nondecreas-
ing function on I with J3(0) = 1. Then (2.32) reduces to

m(t) < J3(t), m(a(t) < J5(at)) < J5(t) vtel. (2.33)
Differentiating J5(t) with respect to ¢, using (2.33), we ge
O < i fm @@, el (@39



where Y3(t) = J5(t) + [ g(s)J3(s)d(s), Y3(0) = J5(0) = 1, and
J5(t) < Ya(t), Vtel (2.35)

Differentiating Y3(t) with respect to ¢ and using (2.34) and (2.35) we get

dYs(t) dJs(t)

o = g T B)g(a)s(t)

< () f(a(®)nP (@)Y () + o (t)g(alt)Ys(t), Vt € L.

The above inequality implies the following estimation for Y3(¢), such that
YP(t) <ko(t),  VEEI,
where k2(t) is as given in (2.30). From the above inequality in (2.34), we have

dJs(t)
dt

< o (Of (@O Oka(),  VEET,

the above inequality implies the following estimation for Js(¢) such that

alt)
J3(t) <1 —|—/ F(8)ka(a™(s))nlP~ds, Vtel.
0

Using the above inequality in (2.33), we get

a(t)
m(t) <1 —l—/ F(8)ka (@™ (t))nlP~Hds, vt e l. (2.36)
0
We get the desired bound in (2.29) from (2.31) and (2.36). the proof is complete.
U
Remark 2.6. If we put «(t) = t, then Theorem 2.4 reduces Theorem2.9 in [1].

Theorem 2.5. Let u(t), g(t), f(t) € C(1,I), be nondecreasing and we suppose
that 1 (t),v2(t) and o € C1(I1,1) are increasing functions with a(t) < t,a(0) =
0,%;(t) > 0,Vt > 0,i = 1,2, If the inequality

p

a(t) s
ult) <ot | f(swl(u(s»[uq(sw / g(sz(u(A))dA] ds, vt € 1, (237)

where ug > 0,p > 0 and g > 1, are constants such that p+q > 1. Then

u(t) < Ut [\112—1(\1/2 (xpl(ug) +/Oa(t)g(s)ds>+/oa(t)f(s)ds)}, (2.38)

for all t € [0,T1], where

Tt
\111(7’):/1 RO (2.39)



r W' (s))d
bt - [ —
1 (P () (P (s))PFat
and Ty is the largest number such that

, a(t) a(t) Vo (U1 (s))ds
v [ st} [ st < SRR

‘1121(\D2<\I/1(u8)+ /O " g(s)ds)—i— /O " f(s)ds>§ d}j(tt).

Proof. Let Jy(t) equal the right hand side in (2.37), which is a positive and
nondecreasing function on I, we have

> 0, (2.40)

u(t) < Ju(t), u(a(t)) < Jy(a(t)) < Ju(t), J4(0) = ug, vVt € 1. (2.41)
Differentiating J4(t) with respect to ¢ and using (2.41), we get

dJa(t)
dt

<o) f(a®)r(La@)YP(H),  Vtel, (2.42)

where Yy(t) = Ji(t) + foa(t) g(s)2(Ja(s))ds, hence Y4(0) = J4(0) = ud, and
Ji(t) < Yy(t) but ¢ > 1, thus

Ju(t) < Yu(t) vt el (2.43)
Differentiating Y, (¢) and using (2.42) and (2.43), leads to

T < g0/ (0 @) ()Y 0) + () Va(0), Ve € 1
(2.44)
Since 5 (Yy(t)) > 0, ¥t > 0, from (2.44) we get
avit) _ 91 (G0N
) S @O @) ==

By taking ¢ = s in the last inequality and integrating both sides from 0 to ¢,
and using (2.39), we have

dt + o/ (t)g(a(t))dt,Vt € 1,

Y1 (Ya(s)Y," M (s)
V2 (Ya(s))

Ua(Ya(t)) < Wa(ul) + / g/ () f(a(s)) ds

t
+/ a'(s)g(a(s))ds, Vtel,
0
where ¥ is defined by (2.39) from the above inequality we have

T
WY (1)) < Ua(ul) + / o/ (5)g(a(s))ds

Y1 (Ya(s) Y (s)
2(Yy(s))

+ [ o't ftats) ds,



for all t < T, where T € [0,T3] is chosen arbitrary. Let Y5(¢) denote the
function on the right-hand side of the above inequality, which is a positive and
nondecreasing function on I with Y5(t) = ¥a(ud) + fOT o’ (s)g(a(s))ds and

Yi(t) < UTH(Ys(t), vVt < T. (2.45)

Differentiating Y5(¢) with respect to ¢, and using (2.45) we obtain

D (Ys() VP
Yo (Ya(t))
D1 (a(Ys(1))) (12 (Y5 (1)) P a1 (2)
Pa(1h2(Y5(1)))

From the above inequality, by the definition of ¥y in (2.40) and let ¢t = T we
have

dYs(t
dt

~—

< g (t)f(a(t)

< qd(t)f(a(t)) V< T.

a(T) a(T)
Uo(Ys5(t)) < Uy <\I/1(ug) +/0 g(s)ds)—l—/o qf(s)ds,¥t <T. (2.46)

Since 0 < T' < T; is chosen, from (2.41) , (2.43), (2.45) and (2.46), we get the
required inequality in (2.38). The proof is complete. O

Remark 2.7. If we put ¢ = 1, then Theorem 2.5 reduces Theorem 4 in [15].

3 Application

In this section we present some applications of the inequalities given in our
Theorem 2.1 and Theorem 2.5 to illustrate the usefulness of our results.

Now we give an example for the application of our Theorem 2.1 to the fol-
lowing retarded differential-integral equation

Example Consider the retarded differential-integral equation :

puP () 24D = M (¢, u(a(t)), [ H(s,u(a(s)))ds),Vt € I,
(3.1)

u(0) = uy,

where M € C(I x R3 R), H € C(I x R,R), |ug| > 0 is a constant, satisfy the
following conditions
[H (t, u(®))] < g(@)]u(t)], (3:2)

t t
\M(t,u(a(t)),/o H(s, u(a(s)))ds)| < f(t)<|u(t)|”+/O K(87U(a(8)))|d8>7 (3:3)

PN (G C) N AV O - - )} .
Sl [T DS p(/o g e ) ate o Jas| < o
(3.4)
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where u, f, g, a, p as defined in Theorem 2.1. Integrate both sides of the equation
(3.1) from 0 to ¢, we have

uP(t) = up + ; M(s,u(oz(s)),/oS H(\ u(a(N))dN)ds, vVt € 1, (3.5)

using the conditions (3.2) and (3.3), from (3.5) we get

P < Juol + / f<s>[u<s>P+ /Osg<x>|uu>|dx]ds,
W o ) [ [ e (V) )
< ol [ gty [ + [ ]

Now, a suitable application of the inequality given in Theorem 2.1 to the above
inequality yields

1

o <o [1s [ T o ([ L o + g<a1<??>).>éc)u) |,

for all ¢ € I. Thus, from the hypotheses (3.4) and the estimation in (3.6),
implies the boundedness of the solution u(t) of (3.1).

Now we give an example for the application of our Theorem 2.5 to the fol-
lowing retarded differential-integral equation

dl;it) _ H(t’u(a(t)),/o K (s, u(a(s)))ds), vt € I, (3.7)

with initial condition u(0) = ug, we assume that K € C(RxR,R), H € C(R*,R),
|ug| > 0 is a constant, satisfy the following conditions

(K (¢, u(t)] < g(t)da(lu(t)]), (3-8)

t t P
\H(t,u(a(t))7/0 K(s,u(a(s)))ds)| < f(t)wl(u(a(t))|)<|u(t)q+/0 K(S:U(a(s)))lds) .
(3.9)
where f,g € C(I,I).

Example Consider the nonlinear retarded differential-integral equation (3.7)
and suppose that K, H satisfy the conditions (3.8) and (3.9), and ¢ (£), ¥2(t), o €
CY(I,I) are increasing functions with a(t) < t,a(0) = 0,v;(t) > 0,V¢ > 0 and
i = 1,2, then all the solutions of the equation (3.7) exist on I and satisfy the
following estimation

o) < w7 " (wa ([ " Mds)+ / " Md)]

o/ (a™1(s)) o/ (a™1(s))
(3.10)
for all t < Ty, where
Todt
Uy(r) = /1 1/J2(t)’r > 0, (3.11)

11



o [ (U7 (s))ds
Yalr) / (T (5)) (U L (s

and T5 is the largest number such that

oy 7O 9T VY, [0 ST W1 (0 ()ds
wr (ol + [ TEm ) o™ S mw o

af(m (Muo\q) + /0 " %d)+ /Oa(t) f/(&_—ll((ss);) dS)S wjfw'

Proof. Integrating both side of the Eq. (3.7) from 0 to t, we have

r>0, (3.12)

u(t) = uo + /t H(s,u(a(s)), /S KX u(a(X)))ds),Vt € I, (3.13)
0 0
using the conditions (3.8) and (3.9), from (3.13) we get
lu(®)] < |uol +/0 f(S)w(\u(a(S))l)[luq(S)\ +/O Q(A)W(\U(A)de} ds, (3.14)

the inequality (3.14) can be written in the form

gla”* ()
o’ (a=(N))

® fla"*(s))

a’(a=1(s)) w(lu(z\)\)dxrds, (3.15)

ju(o)] < fuol + [ e[+ [

for all t € I. Applying Theorem 2.5 to (3.15), we get the required inequality in (3.10). The proof
is complete. O
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