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On a local equality of distributions and relation of jumps of distributions with

Fourier series

Abstract. Distribution theory has an important role in applied mathematics. Firstly, in the
introduction part of this paper we will give some general notations, definitions and results in
distribution theory, as analytic representation of distribution, distributional jump behavior,
distributional symmetric jump behavior, tempered distributions, formulas for the jump of
distributions in terms of Fourier series and global equality in distributional sense. Then in final
part we will state two results, the first one has to do on local equality of two distributions and
the second one states if a 2/7—periodic distribution has jump behavior at point, then exists
the relation of jumps of distributions with Fourier series in a subset of the upper half-plane.

Keywords: Distributions, distributional jump behavior, point value, support, Schwartz space

Introduction

Firstly, let us give some introductory concepts. With P" we denote the subset of [ ",
which  elements have nonnegative integers coordinates. For a  function

f,f:Q-0"Q00"% k=(k.k,, k,)kO0O{G,x0Q, with f¥(X) we denote the

differential operator

F000=—9 f(x)=0%F (%), | =k + K+t K

With 0°(") is denoted the space of all complex valued infinitely differentiable
functions on [ "and [J 5 (0 ") denotes the subspace of [J “(J") that consists of those functions

of 0 “(0") which have compact support.

Definition 1. The support of f is the closure of the set xUJQ = of points for which f is
different from zero (f(x) #0), and is denoted by supp f .

with D we denote the space of 1 ;(J ") functions, called the set of test functions in

which convergence is defined in the following way : a sequence{@} of functions ¢ LD
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converges to @D in D as V — V, if and only if there is a compact set K 0" such that supp

(@) UK for each v, supp(v) O K and for every k of nonnegative integers the sequence
{f(k)@(x)} convergesto f g (x) uniformlyon K as v - v,.
Distributions (or generalized functions) are objects that generalize the classical notion of

functions in mathematical analysis. Distributions make it possible to differentiate functions
whose derivatives do not exist in the classical sense.

Definition 2. A distribution T is continuous linear functional on D. Instead of writing T(¢), it
is conventional to write <T,@>for the value of T acting on a test function @. The space of all

distributions is denoted by D’.

Schwartz space is the vector space

S={@:0" -0, 00", suqx"a”qo(xkoo a ,BDP”}.

X"

S is the space of all continuous linear functionals on S, called the space of of tempered
distributions.

Proposition 1. A sequence {@} of functions ¢ S converges to ¢[0Sin Sas vV - v, if and
only if

lim sup|x” £ [@ )~ p)|= 0

V=V y0

Let @be an element of one of the above function spaces D or S, and f be a function for which
(T.@) = [ ft)p)dt, p0D(@0S)

[n

exists and is finite. Then T, is regular distribution on D ( or S) generated by f .

Definition 3. Distributions f and g in D'(Q) are equal in open set Q, 0 Q if and only if their
restrictions are equal in Q,. Distributions f and g are equal in any neighborhood of a point

xQ if and only if are equal in any open neighborhood U [1Q of a point.

A
Note. Fourier transform f (see [4]) is continuous linear function from S(0")to S(0").
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The (complex) Fourier series for the distribution T is the series
d _ _ def 1 .
T~ ce™ with c, :2—<T,e ™ > OnO0.
T

n=-oo

Proposition 2. A trigonometric series

inx

k
converges in D', that is, Ikim Z c.e
— 00 ——k

exists as a distribution, if and only if there are constants

B and £ such that
lc,| < B[n”, On=0.
For every distribution T the Fourier series convergesin S toT.

Definition 4. The value of distribution f at point X, is defined as the limit
f (%) =lim f(x,+hx),

if the limit exists in D', that is, if
lim < £ (% + ), @X) >= £ (x,) | gx)dx

for each @O D([]).

The Heaviside function is defined by

1 x=0

H(X)z{o x<0

A distribution f OD'(U) is said to have a distributional jump behavior (or jump behavior) at

X=X, U0 if it statisfies the distributional asymptotic relation
f (%, +hx)=c.H(-x)+c,H(x)+0(1),
as h - 0" in D', c,are constants and H is the Heaviside function.

The jump of f at X = X,is defined as the number [ f]X:X0 =c, —C.
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A distribution f OD'(0) is said to have a distributional symmetric jump behavior at

X = X%, UL if the jump distribution ¢, (X) = f (X, +X) = f (X, —X) has a jump behavior at X=0.

In such a case, we define the jump of f at X=X, as [ f]xzXO Z[I/IXO ]X:O /2.

Note 2. Jump behavior implies symmetric jump behavior, but the converse is not true as shown
by Dirac delta function (see [4]).

Let us define the subset of upper half-plane Aj(X,) as the set of z such that
f<arg(z—x,)<m—8 ,where 0<@< /2. Similarly we define the lower half-plane A,(X,) .

We may see f as hyperfunction, thatis f(x)=G(x+i0)—G(x—i0), where G is analytic for
Imz £ 0 or in the sense of distributions it means f(x) = Iirro1+(G(x+ Iy) —G(x—1y)), then we say
Y-

G is analytic representation of f .
We say that U(z), harmonic on Imz >0, is a harmonic representation of f O D'(0) if

lim U (x+iy) = (%

in D'(0).

Theorem 1. If K is compact subset of Q, exists ¢ JC;' (Q) with the property 0<¢/(x)<1and
¢(X) =1 in any neighborhood of K.

Main results

Theorem 2. If f OD'(Q) is equal to zero in neighborhood of each point in Q, then f =0 in
Q.

Proof. Let @[1C;(Q). We take K =supp @. Each point of K has neighborhood in which f =0.
Since K is compact set, exists finite number of open sets Q,,1=1,2,...K which cover K in

which f =0. Now we will show that exists compact sets K, i=1,2,...K such that

k
KiOQ and KO[JK; .

i=1
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k
Theset Kn C(U Q.) is compact and is subset of €, . Exists bounded open set V, such that
i=2

- k
V,0Q and K nC(| JQ)) OV,
i=2

The sets V,, Q,,..., Q, cover K so exists bounded open set V, such that \;2 0 Q and

K mC(V1ULkJQi) OV,

In same way we construct sets V;,...V, . If put that K, =V, i =1,...k , obtain compact sets for

which is valid

k
KiOQ and KO[JK;.

i=1

From theorem 1 , exists a function ¢ UC;(Q) such that O<¢; <1 and ¢ =1 in
neighborhood of . We put that g@=¢,; @=¢,1-¢,)...A-¢,_,);i = 2,...K While
G +,(1-¢)=1- A-¢,)A-¢,)...is obtained

2.9 =1= (=g )14, ). (¢ ),

k k
respectively ¢ >0; qu <land qu =1 so exists @I D(Q)

i=1 i=1

L& )

=Y @@, @isconjugate function of @.
i=1

Next, from the conditions stated in the theorem we have
k k
(f.9) = (f.99) = (0ge)= (0p)
i=1 i=1
in the sense of distributionor f =0 in Q.

Theorem 3. If f isa 27/7—periodic distribution and has a jump behavior at X = X, with jump

[ f ]sz0 , then for each positive integer k we have that for 0<8<77/2,
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lim  (z-x,) ch g = _(KZDL Sl Tl

2%, 285 (%) 2m(=i )
Proof. Firstly we will show that if the condition
im (z-x)6"(@ =(-0r £ 1]

2~ 79, 2105 (%)

holds for one analytic representation, then it holds for any analytic representation of f . From
edge of the wedge theorem, any two such analytic representation differ by an entire function,

but for entire function the relation

lim  (2- %) G%(2) = (-0 K= 1)[ ..,

2 79, 205 (%)
gives 0. We prove that we may assume that f OS'.

Indeed we can decompose f = f, + f, where f, is zero in a neighborhood of X, and f, 0S.
Let G, and G, be analytic representations of f, and f, , respectively, then G, can be
continued across a neighborhood of X, (once again edge of the wedge theorem), then

G,(2) =G,(x,) + O(|Z_ Xo|) =0@)

as Z - X,. Additionally, f, has the same jump behavior as f. Hence we may assume that
fOS.

Let consider the analytic representation

1 _2 i

—<f, (t),€" > Imz>0
G(2) = 2”1

——<f_(t),€*> Imz<0

2m

A

A A A
where f =f_+ f_ is decomposition with supp f_ [ (—00,0] and f, [ [0,00).
For the number zon a compact subset of A3 (X,), when we use the relation
1 1
Axox k-1 k-1 =
(A0 = (21 [ oy, X to(3)

as A - o, we obtain
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G (x, +2) = 1 1 < e £, (At
(% )I) o . (M1)€

— (ii)k k°° k-1 izt k
kv L N {t e dt +0(1*)
—(— « (k=1)! ik k
=0 [f]xzxo(z) +0(4")

as A - oo,

Next, we substitute z=Az-AX,, obtain

) Az- /1x0 k(k 1) A K k
R0+ =) = (0 e, Gy o)

(2-%)G" (2) = (1)“k 1)[f] +0(")

equals to

im (2= =(- E 6]

-2, 285 (%)

While f have jump behavior it implies symmetric jump behavior and every distributionally

convergent series may be differentiated term by term( see [5]), for any positive integer k and
0<@<ml2isvalid

(k-1)!
li =(-1
Im Zn Ce ( ) k+1(Z Xo)k[ ]x Xo

2+ X, 2005 (%9) 4

we obtain the result

. L k-1)!
lim  (z=x)*) n*c ™ =- (
z»xo,ﬂA;(xo)( %) ; " 2m(- |)"+1[ ]X %’
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