
On a local equality of  distributions and relation of jumps of distributions with  1 

 Fourier series  2 

 3 

 4 

Abstract. Distribution theory has an important role in applied mathematics. Firstly, in the 5 

introduction part of this paper we will give some general notations, definitions and results in 6 

distribution theory, as  analytic representation of distribution, distributional jump behavior, 7 

distributional symmetric jump behavior, tempered distributions, formulas for the jump of 8 

distributions in terms of Fourier series and global equality in distributional sense. Then in final 9 

part we will state two results, the first one has to do on local equality of two distributions and 10 

the second one  states  if a   2π − periodic distribution has jump behavior at point,  then exists  11 

the relation of jumps of distributions with Fourier series in a subset of the upper half-plane. 12 
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Introduction 15 

         Firstly, let us give some introductory concepts.  With  
nP   we denote the subset of 

n
� , 16 

which elements have nonnegative integers coordinates. For a function17 

{ }1 2, : , , ( , , , ), 0n n
n jf f k k k k kΩ → Ω ⊆ = ∈ ∪� � � , x∈Ω , with 

( ) ( )kf x  we denote the 18 

differential operator 19 

                             
1

1

( )
1 2( ) ( ) ( ), ... .

... n

n

k
k k

nkk
x x

f x f x f x k k k k
∂= = ∂ = + + +

∂ ∂
 

20 

           With ( )n∞
� �  is denoted the space of all complex valued infinitely differentiable 21 

functions on 
n

� and 0 ( )n∞
� �  denotes the subspace of ( )n∞

� �  that consists of those functions 22 

of ( )n∞
� �  which have compact support. 23 

Definition 1. The support of f  is the closure of the set x∈Ω , of points  for which f   is 24 

different from zero ( ( ) 0)f x ≠ , and is denoted by supp f .  25 

             With D   we denote the space of 0 ( )n∞
� �   functions, called the set of test functions in 26 

which convergence is defined in the following way : a sequence { }νφ  of functions Dνφ ∈  27 
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converges to Dφ ∈  in D  as 0ν ν→  if and only if there is a compact set 
nK ⊂ �  such that supp28 

( ) Kνφ ⊆  for each ν , supp ( ) Kν ⊆  and for every k of nonnegative integers the sequence  29 

{ }( ) ( )kf xνφ  converges to  ( ) ( )kf xνφ  uniformly on K  as 0ν ν→ .  30 

 Distributions (or generalized functions) are objects that generalize the classical notion of 31 

functions in mathematical analysis. Distributions make it possible to differentiate functions 32 

whose derivatives do not exist in the classical sense. 33 

Definition 2.  A distribution T is continuous linear functional on D .  Instead of writing ( )T φ , it 34 

is conventional to write  ,T φ< > for the value of T  acting on a test function φ .  The space of all 35 

distributions is denoted by D′ . 36 

Schwartz space is the vector space 37 

               { }: , , sup ( ) , ,
n

n n

x

S x x Pα βφ φ φ α β∞

∈
= → ∈ ∂ < ∞ ∈

�

� � � . 38 

S ′  is the space of all continuous linear functionals on S , called the space of of tempered 39 

distributions. 40 

Proposition 1. A sequence { }νφ of functions Sνφ ∈  converges to Sφ ∈ in S  as 0ν ν→  if and 41 

only  if  42 

 [ ]
0

( )lim sup ( ) ( ) 0.
n

k

x

x f x xα
νν ν

φ φ
→ ∈

− =
�

 43 

Let φ be an element of one of the above function spaces D  or S , and f be a function for which  44 

 ( , ) ( ) ( ) , ( )
n

fT f t t dt D Sφ φ φ φ= ∈ ∈∫
�

 45 

exists and is finite. Then  fT  is regular distribution on D ( or S ) generated by f . 46 

Definition 3. Distributions  f  and g  in ( )D′ Ω  are equal in open set 1Ω ⊂ Ω  if and only if their 47 

restrictions are equal in 1Ω . Distributions f  and g  are equal in any neighborhood of a point 48 

x∈Ω  if and only if are equal in any open neighborhood U ⊂ Ω  of a point. 49 

Note.  Fourier transform f
Λ

 (see [4])  is continuous linear function from  ( )nS � to ( )nS � . 50 
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The (complex) Fourier series for the distribution T is the series   51 
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52 

Proposition 2.  A trigonometric series  53 
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c e
∞

=−∞
∑  54 

converges in D′ , that is, lim
k

inx
n

k
n k

c e
→∞ =−
∑  exists as a distribution, if and only if there are constants 55 

B and β  such that  56 

  , 0̀.nc B n n
β≤ ∀ ≠  57 

For every distribution T the Fourier series converges in S′  to T. 58 

Definition 4.  The value of distribution f  at point 0x
  
 is defined as the limit  59 

 0 0
0

( ) lim ( )
h

f x f x hx
→

= + , 60 

if the limit exists in D′ , that is, if 61 

 0 00
lim ( ), ( ) ( ) ( )
h

f x hx x f x x dxφ φ
∞

→
−∞

< + >= ∫  62 

for each ( ).Dφ ∈ �  63 

The Heaviside function is defined by 64 

 
1, 0

( )
0, 0

x
H x

x

≥
=  < .

 65 

A distribution ( )f D′∈ �  is said to have a distributional jump behavior (or jump behavior) at 66 

0x x= ∈�  if  it statisfies the distributional asymptotic relation  67 

 0( ) ( ) ( ) (1)f x hx c H x c H x o− ++ = − + + , 68 

as 0h +→  in D′ , c± are constants and H is the Heaviside function. 69 

The jump of f at 0x x= is defined as the number  [ ]
0

.
x x

f c c+ −=
= −  70 
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 A distribution ( )f D′∈ �  is said to have a distributional symmetric jump behavior at 71 

0x x= ∈�  if the jump distribution 
0 0 0( ) ( ) ( )x x f x x f x xψ = + − −  has a jump behavior at 0x = . 72 

In such a case, we define the jump of f  at 0x x=  as [ ]
00 0

/ 2.xx x x
f ψ

= =
 =    

73 

Note 2. Jump behavior implies symmetric jump behavior, but the converse is not true as shown 
74 

by  Dirac delta function (see [4]). 
75 

Let us define the subset of upper half-plane 0( )xθ
+∆  as the set of z such that 76 

0arg( )z xθ π θ≤ − ≤ −  , where 0 / 2θ π< ≤ . Similarly we define the lower half-plane 0( )xθ
−∆ . 77 

 We may see f  as hyperfunction, that is ( ) ( 0) ( 0)f x G x i G x i= + − − , where G  is analytic for 78 

0Imz ≠  or in the sense of distributions it means 
0

( ) lim ( ( ) ( )),
y

f x G x iy G x iy
+→

= + − −  then we say 79 

G  is analytic representation of f . 80 

We say that U(z), harmonic on 0Imz > , is a harmonic representation of ( )f D′∈ �  if  81 

 
0

lim ( ) ( )
y

U x iy f x
+→

+ =    82 

in ( )D′ � . 83 

Theorem 1. If K  is compact subset of Ω , exists 0 ( )Cψ ∞∈ Ω  with the property 0 ( ) 1xψ≤ ≤  and 84 

( ) 1xψ =  in any neighborhood of  K . 85 

 86 

 87 

Main results 88 

Theorem 2.  If ( )f D′∈ Ω  is equal to zero in neighborhood of each point in Ω , then 0f =  in 89 

.Ω  90 

Proof.  Let  0 ( )Cφ ∞∈ Ω . We take K = suppφ . Each point of K has neighborhood in which 0f = . 91 

Since K  is compact set, exists finite number of open sets , 1,2,..., ,i i kΩ = which cover  K  in 92 

which 0f = . Now we will show that exists compact  sets  , 1,2,..., ,iK i k=  such that  93 

 i iK ⊂ Ω  and 
1

k

i
i

K K
=

⊂U . 94 
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The set  
2

( )
k

i
i

K C
=

∩ ΩU  is compact and is subset of 1Ω . Exists bounded open set 1V  such that  95 

 1V
−

⊂ Ω  and 1
2

( ) .
k

i
i

K C V
=

∩ Ω ⊂U  96 

The sets  1 2, ,..., kV Ω Ω cover  K  so exists bounded open set 2V  such that 2V
−

⊂ Ω  and 97 

1 2
3

( ) .
k

i
i

K C V V
=

∩ Ω ⊂UU  98 

In same way we construct sets 3 ,..., .kV V  If put that 
_

, 1,..., ,i iK V i k= =  obtain compact sets for 99 

which is valid  100 

 i iK ⊂ Ω   and   
1

k

i
i

K K
=

⊂U . 101 

From theorem 1 , exists a function  0 ( )i Cψ ∞∈ Ω
 
such that 0 1iψ≤ ≤  and 1iψ =  in 102 

neighborhood of  .iψ We put that 1 1 1 1; (1 )...(1 ); 2,..., .i i i i kφ ψ φ ψ ψ ψ −= = − − = While 103 

1 2 1 2 1(1 ) 1 (1 )(1 )...,ψ ψ ψ ψ ψ+ − = − − − is obtained    104 

 1 2
1

1 (1 )(1 )...(1 )
k

i k
i

φ ψ ψ ψ
=

= − − − −∑ , 105 

respectively 
1

0; 1
k

i i
i

φ φ
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≥ ≤∑  and 
1

1
k

i
i

φ
=

=∑  so exists ( )Dφ ∈ Ω  106 

 
_ _

1

,
k

i
i

φ φ φ
=

=∑     
_

φ  is conjugate function of φ . 107 

Next, from the conditions stated in the theorem we have 108 

 
1 1

( , ) ( , ) (0, ) (0, )
k k

i i
i i

f fφ φ φ φ φ φ
= =

= = =∑ ∑  109 

in the sense of distribution or 0 inf = Ω . 110 

 111 

Theorem 3.  If f  is a 2π − periodic distribution and has a jump behavior at 0x x= , with jump 112 

[ ]
0x x

f
=

, then for each positive integer k we have that for 0 / 2θ π< ≤ , 113 
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114 

Proof. Firstly  we will show that if the condition  

115 
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holds for one analytic representation, then it holds for any analytic representation of f  . From 

117 

edge of the wedge theorem, any two such analytic representation differ by an entire function, 

118 

but for entire function the relation 

119 

     [ ]
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( 1)!
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2
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120 

 
gives 0. We prove that we may assume that f S′∈ . 121 

Indeed we can decompose 1 2f f f= +  where 2f  is zero in a neighborhood of 0x  and 1f S′∈ . 122 

Let 1G
 
and 2G  be analytic representations of 1f  and 2f  , respectively, then  2G  can be 123 

continued across a neighborhood of 0x  (once again edge of the wedge theorem), then  124 

2 2 0 0( ) ( ) ( ) (1)G z G x O z x O= + − =  125 

as 0z x→ . Additionally, 1f  has the same jump behavior as f . Hence we may assume that 126 

`f S∈ . 127 

Let consider  the analytic representation 128 
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 129 

 where f f f
Λ Λ

− += +  is decomposition with supp ( ],0f
Λ

− ⊆ −∞  and [ )0,f
Λ

+ ⊆ ∞ . 130 

For the number  z on a compact subset of 0( )xθ
±∆ , when we  use  the relation 131 

 [ ]0

0

1 11 1
( ) ( 1) ( )i x xk k k

x x
x e f x f x o

i
λ λ

λ λ
Λ

− −
±± =

= ± +  132 

as  λ → ∞ , we obtain 133 
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as  λ → ∞ . 135 

Next, we substitute   0z z xλ λ= −  , obtain 136 
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equals to 

138 
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 139 

While f  have jump behavior it implies symmetric jump behavior and every distributionally 140 

convergent series may be differentiated term by term( see [5]) ,  for any positive integer k and 141 

0 / 2θ π< ≤  is valid  142 
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we obtain the result   144 
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