Gradient-Orthonormal Bases of Momentum-Entire

Wavelets in Odd Dimension

Abstract

We construct gradient-orthonormal bases of momentum-entire wavelets in dimen-
sion n in the case where n is odd. The scale factor is /2 and the coherence on a given
scale is based on the propagator exp(5 - ﬁA) This propagator can be understood in
terms of two one-variable functions. One of them is the Airy function, while the other

satisfies an ordinary differential equation less familiar than the Airy equation.
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1 Introduction

As in [1] we define a momentum-entire function to be an integrable function of sev-
eral variables such that the analytic continuation of its Fourier transform is an entire
function of the several complex variables. A natural example of a momentum-entire
function in n variables would be a Gaussian on R".

Orthonormal bases of momentum-entire wavelets are not really new, at least in the
Hilbert space L?(R™). Any continuous compactly supported function is momentum-
entire, so the obvious examples are the Daubechies bases [2], which are L?-orthonormal.
The Nth-order Daubechies basis in n dimensions consists of compactly supported
wavelets that are of class CV~¢ for arbitrarily small € > 0. If we denote this basis

by D, then
D={2"34,(2" F—8):r€L,F€Z" p=1,2,..,2" —1}, (1.1)

where
Dy ={¢Y,:p=12,.,2"-1} (1.2)
is the set of mother wavelets generating this wavelet basis.
The focus of this paper is on gradient-orthonormal bases of wavelets — i.e., wavelet

bases that are orthonormal in the Hilbert space
n 00

Hi(R") = { feSR): (H/ dk:L> k12| f(k))? < oo} , (1.3)
1=177"°

where &'(R™) denotes the space of tempered distributions. Since |v7|* is a unitary
transformation from L?(R™) to H1(R"), one can easily obtain such a basis by simply
applying this operator to the elemnts of D, but the output wavelets are not compactly
supported. Indeed, |§|_1 destroys the momentum-entire property, so another approach
is needed for the construction of any gradient-orthonormal basis of momentum-entire

wavelets.

Remark 1. Many years ago [3, 4], a method of constructing gradient-orthonormal
bases of exponentially localized wavelets was found. (The operator |§|_1 destroys ex-
ponential localization as well.) It was a constrained minimization technique — adapted
to the continuum — that was originally used by Kupiainen and Gawedzki [5] in a renor-
malization group approach [6] to the lattice dipole gas [7]. While the Fourier transform

of such a wavelet is real analytic, it is not entire.



For each order N we construct a gradient-orthonormal basis of momentum-entire
wavelets in odd dimension n. The basic scale factor is v/2 instead of 2, and the coher-
ence on each scale is based on the propagation exp(s - 6&) instead of on translation,

which is given by exp(s- 6) Specifically, we derive

B={V,s :r€Z,5€¢Z" n=1,2,..2"—1}, (1.4)
U, 5, (T) = 27650, (25), (1.5)
U,s=exp(5- VA, (1.6)

where each mother wavelet ¥, is momentum-entire. By the nature of our construction,
the 1st partial derivatives are at least square-integrable. In Section 3 we find that to
guarantee the class C! property for V¥, we need to choose the parameter N sufficiently

large with respect to the dimension n.

Remark 2. In [8] we constructed gradient-projective bases of wavelets that were not
only momentum-entire, but compactly supported. In any given Hilbert space H, a
projective basis is just a set {vg} of elements for which the expansion

v= Z(v,vk)vk (1.7)

k
of an arbitrary v € H is valid but not unique. In particular, the set is not orthogonal,

or even linearly independent - at least for infinite series combinations.

Our construction is based on a simple machine with Daubechies bases as input. The
key is a unitary transformation U from the Hilbert space L?(R™) to another Hilbert
space which preserves the momentum-entire condition. Our focus is on the family of
Hilbert spaces considered in [1]. Recall that Soo(R™) denotes the topological vector
space of Schwartz functions whose moments all vanish. For each real number p we

considered the Hilbert space

Hp(R") = { feSLIRY): (H/Oo dkb> (k)R < OO} ) (1.8)
(=1Y 7>

where S’ (R™) denotes the dual space of Soo(R™). This is an enlargement of the space

S'(R™) of tempered distributions designed to allow momentum-space singularities of
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the form |k|=M for arbitrarily large M - and therefore designed to include Hp(R™)
regardless of how positive p happens to be.

We introduce our unitary transformation U in the next section. While the definition
is essentially independent of the dimension n, the target space is actually the p = n
Hilbert space. If we choose the Nth-order Daubechies basis in H,(R"™), then the
image basis is orthonormal in H,,(R™), so the application of U must be followed by the
application of a unitary transformation from H,,(R™) to #;(R™). The operator |v/|"~!
is clearly such a transformation. On the other hand, only positive even powers of ]§|
preserve the momentum-entire property, so this scheme works only for odd n — hence
the dimensional restriction on our construction.

In Section 4 we investigate the propagation exp(§ -ﬁA), which naturally decomposes
into two parts. One of them is a directional convolution with a scaling of the Airy

function [9]. The other part is an n-variable convolution which nevertheless reduces to

a one-variable function F'(x) such that
oF"(z) + < — n) F'(x) — F(z) = 0. (1.9)
This ordinary differential equation is obviously a little different from the Airy equation.

Remark 3. We have not yet considered vector-valued momentum-entire wavelets
where the gradient is replaced by the curl. Such a construction would be interesting
because it involves a gauge-fixing problem. Some time ago, such bases of exponentially

localized wavelets were constructed by Federbush and Williamson [10].

2 The Transformation

Our unitary transformation is induced by a nonlinear transformation in the momentum

coordinates. We define the homeomorphism I',, : R® — R" by
T, (k) = |k|*k. (2.1)

This formula is independent of dimension, but the important property is that the

analytic continuation of I';, is the transformation

In(2) = (Z z§> z. (2.2)



If h is an entire function on C", then so is ho I).
The Jacobian matrix of I',, will be denoted by G(k). Clearly this is the n x n matrix
such that
G (k) = 6,|k|> + 2k, k. (2.3)

The Jacobian determinant

J(k) = det G(k) (2.4)
is easy to calculate because the vth column of G (E) is just
g, (k) = |k|é, + 2k, k, (2.5)

where €, denotes the vth standard coordinate vector in R™. Indeed, since EAk = 0,
we have the determinant expansion
J(E) = §1(E) A Ga(k) A ... A Gu(E)
= k2@ Aéy A N e+ 20k 2 (kik A A N E
F L Nkk AN NGyt .+ EL AN o A k). (2.6)
Since
eiLNEN...Ne,=det], =1, (27)

the ¢th term is clearly

El NE1 ANkENE 11 NEs

n
= Z kokx@i A o NGt ABYACop1 A oo N G,
A=1

= k2N NC ANENC LN  NEy

= kZdet I, = k2. (2.8)
Hence

T(k) = [k[P"+ 20k 2> k7
=1

= 3|k|>" (2.9)

is the Jacobian determinant of I',.



We are interested in the covariant action of this coordinate transformation on the

Fourier transform of a function. Consider the mapping g — Ug defined by
Ug=+3§oTh. (2.10)

We establish below that U is a unitary transformation from ,(R,) to H,(R™) with
the relation

qg=3p+n. (2.11)

In particular, U is unitary from L?(R") to H,(R"). Indeed,
| Ug I, = (H /- dk) o) IR
_3 (H / dkb) 90 () PR
(=17v ">
n o) .
[T/ ar)anr
1=177"°

=l g 1I7-=1 g 172, (2.12)

where

k' =T,(k). (2.13)

More generally,

| Ug HHq (H/OO dk:) ‘ |k"2q
P (H | dka) G (B IR
=177
i (H /- di@) TR0 R
(H I dk) PRI (R P. (2.14)

On the other hand, the obvious mapping property
D) = |k (2.15)

implies

LR = k)3, (2.16)



so it follows that

| Ug I, = (H / dkz) GNP
=177
=l 9 I, (2.17)

with p = 1(¢ — n). the inversion of this relation yields (2.11). Note that the Hilbert
space Hf% ,, is special because it is fixed under U.

In the context of this paper, the important property of U is that if ¢ is a momentum-
entire function, then so is Ug. In particular, the application of U to a Daubechies

wavelet yields a momentum-entire function.

3 The Wavelet Basis for Order N

If we apply U to the wavelet basis D described in the Introduction, we obtain a wavelet

basis that is orthonormal in #,,(R"™). Moreover,

oyl

U () = V3,50 (T (F))

= 275 T, 5(275F), (3.1)
and so
(Utp5,)(Z) = 2775 (Ut 5)(258), 1€ (3.2)

The scale coherence is based on the scale factor /2 instead of 2.

What kind of coherence do we have on the unit scale? It we denote the translation

Yu(- — §) by ¥,,5, we have
U s(k') = exp(—is - k)b (k). (3.3)

Thus

= V3exp(—is- Tn(E))i/;u(Fn(E))

= exp(—i5 k|k]*) Uy, (k), (3.4)



and so

Uty s = exp(8- AU, §eZr

(3.5)

Now consider the unitary transformation |/|"~* from H,(R") to H1(R™). Clearly,

if we apply it to the orthonormal basis UD of H,,(R™) we obtain an orthonormal basis

of H1(R™) - namely,

B:{\Ilp,g,r 'T€Z7§€Zn7 /’L:]‘727"'72n_1}?

Uysr = V1" U
Now from (3.1) we see that

—

\Ilu,é’,r (E) = ‘E‘nilUwu,g,r(E)

= 2TE (R T, 5(275K)

— 2S5 R Ty, (275
=278, 5(275R),
where
Vo= V" Uz
Thus

On the unit scale we have the coherence

U, s=exp(3- VAW, Felm

\IIH = \ﬁ\n_lU%u

as an immediate consequence of (3.5).

(3.6)

(3.9)

(3.10)

(3.11)

(3.12)

We have yet to remark on the order of smoothness. The mother wavelets v, of the

Daubechies basis are class CV ¢ functions, but the spherically symmetric estimate in

momentum space is

(3.13)



This estimate implies

T ()] < ek 72N=3, Jk] > 1, (3.14)
and so
b, (R)] < B3N (R > 1. (3.15)

This insures that the smoothness of ¥,, has order 3N + 4 — 2n — € for arbitrarily small

€ > 0. This is the reason why we must choose

2
N> gn—1 (3.16)

if we expect to obtain C'! wavelets.
Finally, it is clear that n must be odd for ¥, to be a momentum-entire function.

Indeed,
W, (R) = [K" O
= <Z kf) Uipu(k), (3.17)

where we have already observed that U1, is momentum-entire.

4 The Propagator

It is worthwhile to examine the new type of coherence that has replaced the transla-

tional coherence. We are interested in
exp(5- v A) = exp(sdzl), (4.1)

where § = s now ranges over R” instead of just Z"™ and 0y is v-directional differenta-

tion. We fix the unit vector ¢ and consider the propagation
ul(#@, 5) = [exp(s0950) (@) (4.2)

for an arbitrary initial configuration f(Z).

Let f denote the v-directional Fourier transform of f. To fix our notation we write

f(k,9) = \/12? /_OO dz exp(—ikz) f(z¥ + 7) (4.3)



for i € 7. It follows from (4.2) that

u(Z, s) \/%/ dk exp(ik@ - T)[exp(—isk(k* + A)) f(k, )] (Z), (4.4)
7' =7 — (& 0)7, (4.5)
N =N 092 (4.6)
We can write
uw(Z, s) = \/%/ do (70— x,s)(Ts f) (20 + &), (4.7)
h(w,s) = \/12? /_O; dk exp(ikw) exp(—isk®), (4.8)

where T is the operator given by

(T1)(@) = j% / : dk exp(iki - exp(—isk ) F(k, ))(T). (4.9)

Note that h is essentially an Airy function:

h(w,s) = \/E/OOO dk cos(kw — sk?)
- \/Zf/f/ooo dk cos(ék?’ — f/fkw)
= \/ﬂi’/fAi(—i/fw). (4.10)

To describe T we insert the closed calculation

. N . SN (L . —n41 N _|CT/—?ﬂ2 ~ —
exp(—isk ) F(k, (@) = (2risk) 3+ [ aesp (<TI0 f gy,

where —%n + % is an integer for odd dimension n. If we define

nz(T, s) \/%/ dk exp(ikv - )k~ 5+s exp ( |;;]|:> , (4.12)
then
Tof = (2m) 5 (=is) "3 2na(, )+ f (4.13)
because
o) D@ = [ s [ dgwla—z0-gsGoen.  (41)
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Thus 7z is the function of interest in our study of 7.
An understanding of 7z is actually a problem in ordinary differential equations.
Indeed, if we introduce the change
|z

_ I 4.15
P=L (4.15)

of integration variable in (4.12), we see that

n_ 3
B 712 —3t3 3—3:/2_) .
ng(Z,s) = < 48‘ ) F<’43’ U-l‘), (4.16)

n 1
F(x) dp exp(ipx 5+3 ex (—z) 4.17
%/ p exp(ipr)p” pl=i) (4.17)

Since this integral diverges at p = 0, it is not immediately clear that F'(x) is defined —

even as a tempered distribution. We give a rigorous definition in Section 5. The point
here is that
d2

S F () = _r / K exp@px)pz;; [p P <‘M

= <—1n+ ) / dp exp(ipx) 553 ex (—11>
\/% p p PX)p p ?
n 1
4+ — dp exp(ipz)p~ 313 ex (—z) . 4.18
\/ﬂ/oopxp(zp)p p (4.18)

_%_,_

(SIS

b

Combining the factor ip with exp(ipz) in the first contribution, we obtain

2
di? (2F () (;n _ ;) F/(e) + F(x). (4.19)

This may be written as (1.9).

5 Appendix

Let Ky be the tempered distribution over R defined for each Schwartz function f by
RS i
Kotf) = [~ avitresn (1), (5.1
The tempered distributions
K (z) =2 Ko(x) (5.2)

are given by

Kl = (=" [

—00

dpf™ (p) exp (—;) . (5.3)
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How do we make sense of the tempered distribution H,, formally defined by the integral

Ho(z) = \/127 /_ Z dp exp(ipz)p~™ exp <—;> , (5.4)

which is obviously divergent at p = 07

Even with a test function f, the divergence is still in the integral formula

Hp(f) = /_Z dpf(p)p~" exp <—;> : (5.5)

However, we can define H,, inductively by using the distributions K,,. We first observe

L i d ( 1)
p “exp|— | =—t—exp|—|, 5.6
( p) dp p (5:6)

so we may regard the lhs as a distributional derivative. Accordingly, we define Hy by

that

the formula

m(f) =i [ dpf o) ex (—p)

—0o0

= —Ki(f), (5.7)

and simultaneously define H; by the formula

m =i [ i) e (—p)

—00

= /_Z dpJ" (p) exp (—;)
= iK1(f") = —iK{(f). (5.8)

Thus H1 = —ZK{ and H2 = —Kl.

To address the induction step we observe that

(Z) <pm+1 exp (—2)) = (—m+1)p "exp (—;) +ip~ " exp <—;> (5.9)

and therefore

p " Lexp (—2) =i(—m+ 1)p” ™ exp (—2) — z‘ai <pm+1 exp (—2)) . (5.10)

We can define H,,+1 by the formula

Huia(§) =iC-m+ 1) [~ dpfpip ™ exp (—p> i [ dd o e (‘p)
= i(—m+ 1) Hn(f) — /oo dpaf(@)(p)p~ ™ exp <—;>

—0o0

= i(=m+1)Hp(f) = Hpa(2f(2)). (5.11)
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The formal relation is
Hpt1(z) =i(—m+ 1)Hp(z) — 2Hpp—1 (). (5.12)

In the context of (4.17) we have
(5.13)

V|3
[

with n odd.
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