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EVALUATION OF CONVOLUTION SUMS AS

Yty moy(m)o(n —m)

ABSTRACT. We calculate some special convolution sums related to the odd
divisors multiplied by the even divisors. Also according to the Ramanujan’s
functions implying o1(n), o3(n), and o5(n), we obtain various convolution for-
mulas.

1. INTRODUCTION

The study of arithmetical identities is classical in number theory and such in-
vestigations have been carried out by several mathematicians including the legend
Srinivasa Ramanujan.

Forn,m € N, s,7 € NU{0}, ¢ € C with |¢| < 1, we define some necessary divisor
functions for later use, which also appear in many areas of number theory:

oi(n)=>_d°, oo (mm)= Y  d

dln dzrdllgd m
oo oo
Alg) =Y r(n)g" =q ] (1 -q")*,
n=1 n=1

o=

D(q) == d(n)q" = (A(g)*A(¢*)A(g")?)5.

In general, it is satisfied that
(2) b(n) = —8b(3)

for even n (see [3, Remark 4.3]). We note that

(3) os(n) = 051(n;2) + 050(n; 2)

(4) 0s1(2n;2) = 051(n;2), 05,0(2n;2) = 2%0,4(n).
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We also follow the definition of the convolution sum Se s(n) (e, f,n € N) by

1

n

(5) Se,f(n) :

oe(m)os(n —m),
1

which is found in [1, p. 39]. Ramanujan [8] and Lahiri [5], [6] have shown that
Se,r can be expressed as :

3
I

S11(n) = 503(n) o),
$1.50) = cosm) + gy ) — (),
$1.50) = poor(m) + 2oy 1 o),
Sz 3(n) = 1;—007(71) — %ag(n),
Sy (n) = %Ug(n) + %m(n) - 4%Oal(n),
S5.8() = g p500(n) — 5r505() + z50s(),
Suon) = oy (m) + OO ) 4 S m) - e,
Syr(n) = %oll(n) - ﬁm(n) - Eloag(n) + 2;247(71),
Ss.5(n) = %all(n) + %05(71) - %T(n),
S111(n) = %Uls(n) + a 2_471) 1(n) — % (n),
Syo(n) = Wzoam(n) - gloag(n) + ﬁag(n),
Ss.7(n) = 10(1)80013(71) + sor(n) - &05(71).
For e, f,m,n € N we set
(6) Te,f(n) := Z oe(m)og(n —2m)
m<3
and
n—1
(7) Ines(n) = Z moe(m)os(n —m).
m=1
And in [9, p. 45-54] we can see that
Tia(n) = T1203(n) + éag(g) + %01(71) %01(2)7
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Ty n) = gasosn) + sos(m) + E oy - o)

Tyan) = o) + geos(m) + 22 o) — o (D),

T5,1(n) = T14207(n) + 521 07(3) + u ;4271) o5(=) + 51401(71) = 4(1)—81)(71)
Tya(n) = 5507 () + 55=07(5) — 5503(n) - ﬁas(ﬁ) + bl
Tu5(n) = 1550700 + pozgon(3) + Mo + ci00(2) — 1obin),
Tra(n) = @agw taton(M)+ B0 ) - o)

1
+ 1966 + 31d( n),

1 1
Tsa(n) = 3124809(”) t16570(2) 2075
1
—@C( n) — 31d( n),
n 1 1

00 () + Toe=on(5) — 5 os(n) +
744072V T 195379V T 24075\
1 4
+%C( n) + ﬁd(n)v
17 8 n, (4—3n) R

T375(’I’L) =

n
B = ) ag ) e )
1
- @C( n) — 3*1‘1( n),
1 31 (5G-6n) n. 1
Ty1(n) = —— 1
910 = g ou ) + semonG) + g (G) + 5
21 282 m
~ 5508 " " 357 ()
17 n 1 n 1
T = [ R R T
73(0) = 33768071 (M + 30730711 (3) ~ 25577(3) T 75573 (™)
23 91 n
* Tioss” " 13827 (2
1 n 1 1 n
Tys(n) = —— nyo L I
5500 = s W+ 5531 (5) + 51750 + 55775(5)
11 88 n
~ 5508 ~ 5017 (3)
1 8 n 1 1 n
Tyr(n) = =t — o1(2) = ——=0r(n) — —0o3(=
37(0) = 33768071 (M + 10365 11(3) ~ 25977 ~ g5 78(3)
91 368 n
512" F G017 (3)
31 256  n. (5 3n) 1
Ty o(n) = —— 256 o n, (5-3n)
Lo(n) = ggp o () + g3 71 (3) + g o9 + 501(5)

141 2688 n
~ 10" ™~ Bor (3



In addition, Lahiri [5] gave the value of the sum

Yoo ml e moy, (1) oy, (my) (> 3),

mi+--+m.=n

where the sum is over all positive integers my, - - - , m,. satisfying m; +---+m, = n,
a; € NU{0}, and b; € N. For some of the history of the subject, and for a selection
of these articles, we mention [1], [5] and [7], and especially [2] and [9].

In this paper, we obtain some formulas for the various convolution sums related
to 051(n;2),050(n;2) and I, ¢ r(n). For instance, we introduce a main theorem
as follows :

Theorem 1.1. Let n € N. Then we have

(a)

"z—:ll mo,1(m; 2)011(n —m; 2)
- 1;0 [ {os(n) +4805(5) = 503(n) + 4003(5) | + 4b(n) -
(b)
;Z_ll mos,o(m; 2)or,1(n —m; 2)
_ % [n {as(n) - 2205(%) - 1503(2)} _ b(n)} _
(c)
S sttt ) En - o)
(d)
:; mos,1(m; 2)o1,0(n —m; 2)
= = [ {5os(n) — 15205(5) — 3(6n — 5)s.(m:2)} — 26(m)]

2. THE CONVOLUTION SUMS RELATED TO ODD OR EVEN DIVISOR FUNCTION
Corollary 2.1. Let n € N. Then we have
(a)

n—1

Z 01,1(m;2)o39(n —m; 2)

m=1

_ % {o5(n) — 2205(3) ~ 1005(5) ~ on(m) +201(5) }.
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(b)
n—1
Z o1,1(m;2)os0(n —m;2)
m=1
4 n " .
= 1o — 3ddo7(3) — 35705(5) +11 —3401(5) — 21 :
1071 { or(n) = 34do7(3) = 35705(5) + 1701(n) — 3do1(3) b(n)}
(c)
n—1
Z Ul,l(m§ 2)07’0(77, —m; 2)
m=1
4 n n .
= 15 {o0(n) — 84204 (5) = 62007(3) — 3104 (n) + 6204 (5)
+30c(n) + 960d(n)} .
(d)
n—1
Z Ul,l(m§ 2)09’0(77, —m; 2)
m=1
_674{2 ( )—2732 (ﬁ)—7601 (B)+691 ( )
~ 22803 L7 o1ty 9(5 a1(n
138204 (%) — 6937(n) - 110887(%} :
2 2
(e)
n—1
Z 03,1(m;2)03,0(n —m;2)
m=1
1 n "
- {207(n) — 24007(5) — 1703(n) +25503(3) + 15b(n)} .
(f)
n—1
Z 03,1(m; 2)05,0(n —m;2)
m=1
2 n N ;
= o {500(n) - 239209(5) + 45570 (5) + 31003 (n) — 2480035
—315¢(n) — 10080d(n)} .
(8)
n—1
Z 03,1(m;2)o7,0(n —m;2)
m=1
4 n " .
= 10368 {Ju(n) - 1912011(5) + 967407(5) —69103(n) + 552803(5)

+6907(n) + 74407(3)} ,



n—1
ZO’ 5,1(m;2)os 0(n —m; 2)
m=1

4
43533

—6937(n) + 40327(3)} .

{2011() 4032011(2)+69105() 4353305(2)

Proof. For e, f € N and (4), we note that

n—1

ZaelmQ)crfon—mZ de1m2 ( m)

m=1

=2/ 3" 0e1(n—2m;2)0s(m)

n
m<§

=2f Z oe(n —2m)os(m) — Z Te,0(n —2m;2)os(m)

n n
m<z m<g

=2/ Z oe(n —2m)oy(m) —2° Z oe(% —m)og(m)

m< m<g

w3

o {1y -5, )

Remark 2.2. Finding the formula of an_:ll 01,1(m;2)o1 o(n —m; 2), it is similar to
Corollary 2.1 except for using S1,1(n) and T4 1(n). But here, we introduce another
method. Now, we can see that

in [9, Theorem 12.7]. And we expand the above equation as :
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n—1

=Y m{or1(m;2) + o1.0(m; 2)} {o1,1(n — m; 2) + 010(n — m;2)}

m=1
n—1 n—1
= Z mo11(m;2)o11(n—m;2) + Z mo1,1(m;2)o1 o(n —m; 2)
m=1 m=1
(9) n—1 n—1
+ Z mo1,0(m;2)o11(n—m;2) + Z mo1 o(m; 2)o1,0(n —m;2)
m=1 m=1
n—1 n—1
= mo11(m;2)o11(n—m;2) +n Z o1,1(m;2)o1 9(n —m; 2)
m=1 m=1
n—1 n—m
+4mZ:1m01(—)01( 5

where we use

n—1 n—1
Z mo11(m;2)o1,0(n —m;2) = Z (n—m)o11(n —m;2)o1 0(m; 2)
m=1 m=1

and o01,0(2n;2) = 201(n) for the last line. Proceeding the Eq. (9), we obtain

n—1 n—1
= mo1,1(m;2)or1(n—m;2) +n Z o1,1(m;2)o1 o(n — m; 2)
m=1
—m).

m=1
+8 Z moy(m)oy (

2

n
2

So we refer to the following equation

n—1
n
(10) Z moi11(m;2)o11(n—m;2) = @{110’3(7?,) —03(2n) — 2011(n;2)}
m=1
in [4, Lemma 3.5] and (8). Therefore, we obtain

n—1

Z lel(m; 2)01’0(7L — m; 2)

= {2 (0s() — 603(2)) — Bn — Doa(m) + 320~ Don(3)}
for n € N.

Corollary 2.3. Let n € N. Then we have



n—1
Z o1,0(m;2)o31(n —m;2)
m=1

! {505(71) - 15205(2) — 15n03(n) + 1003(n)

~ 120
n n
+40(3n — 2)3(5) + 701(5)} .
(b)
n—1
Z Ul,o(m;2)0'5’1(n — m; 2)
m=1
fi{szl (n) — 106240+ (=) — 357nos(n) + 35705(n) + 11424n05(=)
= 1984 arin (044 B) nos(n g5(N nos B)
n n
—1142405(5) — 52701(3) — 84b(n)} .

(c)

n—1

Z o1,0(m;2)o71(n —m;2)

m=1
1 n

n
= =100 {8509(71) — 4339209(5) — 465n07(n) + 62007 (n) + 59520n07( 2)

—7936007(3) + 393701(%) — 240¢(n) — 7680d(n)} .

(d)

n—1

Z o1,0(m;2)og1(n —m;2)

m=1

~—

{3410011(n) — 6978560011 (=) — 22803n09(n) + 3800509 (n)

n

2
n
(,

5) — 1945856075

= 456060

+ 11675136n00 ) — 176550501(3) — 186127 (n)

|3

+13178887(g)} .
(e)

n—1
Z o3,0(m;2)o51(n —m;2)
m=1

1 n n n
= 19530 {21ag(n) — 1059209(5) —651o5(n) + 2083205(5) — 961003(5)
+630c¢(n) +20160d(n)} .
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n—1

Z o3.0(m;2)o7,1(n —m;2)

m=1

1 N .
= a6 {17011(n) — 34688011 (5) — 138207(n) + 1768960+ ()

+8775703(g ) + 13657 (n) — 537607(%)} .

Proof. For e, f € N and (4), we note that

m
geo(m;2)opa(n—m;2) = 2°0e( )0 s (n—m;2)

Corollary 2.4. Let n € N. Then we have

(a)

i: leo(m; 2)0’370(77, — m; 2)

= = {2105(5) ~56n ~ Dos(3) ~ ()}
(b)

n—1

Z o1,0(m;2)os 0(n — m; 2)

- % {200—7(2) _2l(n— 1)05(3) + 01(%)} .
(c)

Z_: o1,0(m;2)o7,0(n — m; 2)

m=1

. % {Wos(5) = 56n — )o1(5) ~n(3)}



(d)

n—1
Z o1,0(m;2)og o(n —m; 2)
m=1
128 {13650 (Z) — 7601(3n — 5)og (=) + 345507 () — 9504 (”)}
g n— — — .
114015 a1ty 795 a1y ™y
(e)
Ti:lo (m;2)o3,0(n —m;2) 5 {0‘ (n) 1% (n)}
3,0(m;2)o3 0N —m;2) = -— 07(5)—03(5) -
Pt 15 2 2
(f)
n—1
Z 0'370(7’77,; 2)0570(71 —m; 2)
m=1
16
= o {1109( )72105(2)“003(2)}
(2)
n—1
Z 03,0(m;2)o70(n —m;2)
m=1
—£{2730 (2) = 138207(=) — 69103(=) + 18007 (= )}
~ 10365 D) 9 39 2
(h)
n—1
Z o5,0(m; 2)os 0(n — m; 2)
m=1
256 n
= e {65011( )+69105(2) 7567(5)}.

Proof. For e, f € N and (4), we note that

n—1 n—1
: — 2 — My of g (M
2 ocolm; Aopoln m2>—m2212@ae<2> 2oy (=)
_26+f o _2€+f
m; m)os(5 —m) Ser(3)-

Corollary 2.5. Let n € N. Then we have

(a)

Z 01,1(m;2)o31(n — m; 2)
m=1

1

~ 240 {3‘75( )“44"5(%)—1003( )+8003(2)+7m( )—1401(%)}.
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(b)
n—1
Z o1,1(m;2)os1(n —m;2)
m=1
1 " .
= s= {407 (n) + 1049607(3) — 35705 (n) + 1142405(5)
—52701(n) + 105401(5) + 840b(n)} .
(c)
n—1
Z o1,1(m;2)o71(n —m;2)
m=1
1 o .
- {4309(n) + 4326404 (5) — 62007 (n) + 7936007 (3)
+393701 (n) — T87do1 () — 3360c(n) — 107520d(n) }
(d)
n—1

Z o1,1(m;2)og1(n —m;2)

m=1
_ {342 (n) + 1394688011 () — 760100 (n) + 389171209( )
~ 182424 auin gty goln 795

3531010 (1) + 70620201(%) + 3603607 (n) + 70963207(%)} .
(e)

n—1

Z 03.1(m;2)o31(n —m;2)

m=1

— 5o {o7(n) + 83207(2) + 11903 (n) — 95205(5) — 120b(n) } .

n—1

Z 03.1(m;2)051(n —m; 2)

m=1

S {13 (n) + 7398409 (~) + 455705 (n) — 14582405 (~)
= 156240 L 070V! 799 s\ 754y

—961005(n) + 7688003(%) +5040¢(n) + 161280d(n)} .

n—1

Z 03,1(m;2)o71(n —m;2)

m=1

! {9 (n) + 242688011 () + 9674o7(n) — 123827207 (
~ 331680 UM 7119 o o7

)

|3

+8775703(n) — 70205603(3) — 974407 (n) — 23654407(%)} .

11



n—1

Z 05,1(m;2)o51(n — m; 2)

m=1
1
T 174132

+214207(n) + 6451207(%)} .

{011(n) + 6246401, (g) 2142105 (n) + 68547205(%)

Proof. For e, f € N, we have

n—1

Sej(n) = ) oe(m)os(n—m)
m=1
n—1
=D A{oea(m;2) +oeo(m;2)} {ora(n —m;2) + og0(n —m;2)}
m=1
(11) n—1 n—1
= Z Oe,1(m;2)op1(n —m;2) + Z Oe,1(m;2)0 7 0(n —m;2)
m=1 m=1
n—1 n—1
+ Z Oe0(m;2)op1(n—m;2) + Z Oe,0(m;2)opo(n —m;2).
m=1 m=1

Thus, applying the proofs of Corollary 2.1, Corollary 2.3, and Corollary 2.4 into
(11), we obtain

Sup(n) = 3 oen(m: 2)og (0 — m:2) 127 {Trem) —2°5;.(3)}

m=1

e _of n et f n
+2°{ Ty () =2 S0 s ()} + 277804 (5)
n—1

= oen(m;2)og(n—m;2) + 27Ty o (n) + 2°T. () — 2e+fse,f(g).

m=1

This leads to

n—1

Z Oe,1(Mm;2)0p1(n —m;2)

m=1

= Seg(n) ~ 2/ Tyen) 2T, () + 2450 4 ()

Corollary 2.6. Let n € N. Then we have
(a)

Z o1(2m — 1)o3(2n —2m + 1) = o5(n) — 05(%).

m=1
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n

> o1(2m = 1;2)05(2n — 2m + 1)

m=1

= = [32{or(m) — 1)} — 150m)]
(©)

i o1(2m — 1)o7(2n — 2m + 1)
_ 3% {8 {1709(n) - 1709(2) — 28d(2n) + 28d(n)} —7e(2n) + Te(n)] .

(d)
Zal (2m —1)og(2n — 2m + 1)
m=1
n
793601 (n) — 7936011(2) +105 {137(271) + 2437 (n) — 2567-(5)}] .

=01 |
(e)
m;ag(zm —)os(2n—2m £ 1) = %7 {807(n) ~ 807(5) + 90(n) }.
()
Zn: o3(2m — 1)os(2n —2m + 1)

m=1

= 3—11 {16 {09( ) — 09(2) +2d(2n) — 2d(n )} + ¢(2n) — c(nﬂ )

Z (2m — 1)o7 (2n — 2m + 1)

= [544011(@ - 544011(2) -7 {297(271) + 6757 (n) — 7047(2)}] .

3

Z o5(2m — 1)os(2n — 2m + 1)
m=1

. n
= =57 [ 256011 (n) — 256011 (§) + 857 (2n) + 24757(n) — 25607(3)]

Proof. Let us consider the case n — 2n in Corollary 2.5. Then we obtain



2n—1
Z Oe1(m;2)op1(2n —m;2)

m=1
2n—1 2n—1
= Z Oe1(m;2)op1(2n —m;2) + Z Oe1(m;2)of1(2n —m;2)
B B
n n—1
= Z Oe1(2m —1;2)051(2n —2m +1;2) + Z Oe1(m;2)op1(n—m;2)
m=1 m=1

by 0¢1(2n;2) = 0¢,1(n;2). Thus we conclude that
Z oe(2m —1)os(2n —2m + 1)
m=1

= Z Oe1(2m —1;2)051(2n — 2m + 1;2)

m=1
2n—1 n—1

= Z Oe1(m;2)op1(2n —m;2) — Z Oe1(m;2)op1(n —m;2).
m=1 m=1

Now note that o.1(0odd;2) = o.(odd). Especially, to complete the proof of
Corollary 2.6 (b) and (e), we refer to the Eq. (2).

O
Lemma 2.7. Let n € N. Then we have
(a)
Z (2m)os(2n — 2m)
1 n
= o {45305( ) — 43205(5) = 10(6n — 1)a3(2n) - 01(2n)} .
(b)
n—1
Z o1(2m)os(2n — 2m)
m=1
L {27732 (n) — 273920+( %) — 1428n075(2n) + 35705(2n)
- =) — n
8568 ar(n (04rd 9 nos(4sn (%1
+1701(2n) + 7560b(n) } .
(c)
n—1
> o1(2m)or(2n — 2m)
m=1

1 n
~ 14880 {10965309( ) — 10931209(5) — 1860n07(2n)

+ 62007(2n) — 3101 (2n) + 107520d(2n) — 107520d(n)
+3360c(2n) — 3360c(n)} .
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(d)
n—1
o1(2m)og(2n — 2m)
m=1
1 n
= 513136 [6 {2915555011(n) - 2913280011(5)} —7601(12n — 5)09(2n)
134550, (2n) — 792 {22877-(211) + 425257 (n) — 448007'(%)}} .
(e)
n—1
o3(2m)os(2n — 2m)
m=1
1 n
= 505 {123307( ) — 121607(5) — 1703(2n) - 1080b(n)} .
()
n—1
Z o3(2m)os(2n — 2m)
m=1
n
= 156210 {9429309 (n) — 9395209(5) — 65105(2n) + 31003(2n)
—161280d(2n) + 161280d(n) — 5040¢(2n) + 5040¢(n)} .
(g)

n—1

Z o3(2m)o7(2n — 2m)
m=1

_ 1
331680

+3{330807(2n) + 7560007 (n) — 7884807(5) }| -

[3 {99419011(71) - 99328011(g )} — 138207(2n) — 69103(2n)

n—1
Z o5(2m)os(2n — 2m)
m=1

- los(2n) — 221767(2
e { 68673011 (n) — 68608011 (5) + 691075 (2n) — 221767(2n)

—6237007(n) + 6451207(%)} .

Proof. From the definition of Se f(n) we deduce that



Ses(2n) = 3 ou(m)os(2n—m)

1
2n—1 2n—1

m=1 m=1

This shows that

n—1

Z oe(2m)or(2n —2m) = S. ;(2n) — Z oe(2m —1)os(2n — 2m + 1).

m=1

So we use Corollary 2.6.

Remark 2.8. Note that

2n
2031 m;2)os1(2n+1—m;2) —22031 (2m —1;2)031(2(n —m +1);2).
m=1 m=1

Hence we obtain

Z 03.1(2m —1;2)031(2(n —m + 1); 2)

m=1
1 2n
=3 Z o3,1(m;2)o31(2n+1—m;2)
m=1
4080 {o7(2n 4+ 1) + 11903(2n + 1) — 120b(2n + 1)}

by replacing n — 2n + 1 in Corollary 2.5 (e). Therefore we have

> 031(2m —1;2)051(2(n — m +1);2)

m=1

M {o7(2n + 1) + 11903(2n + 1) — 120b(2n + 1)} .

3. ABOUT THE CONVOLUTION SUM S " ma;(m)a;(n —m)

We can see that

(12) i moz(m)oi(n —m) = —nos(n) + (n — 1n2) os(n)

in [9, p. 157], which gives us inspiration to induce some convolution sums as
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Z mo;(m)oj(n —m) for some odd i, j.

In [1, p. 42], N. Cheng and K. S. Williams begin by recalling Ramanujan’s
functions as :

(13) Lig)=1-24) oi(n)q", gl <1,
(14) M(q)=1+240) o3(n)q", |l <1,
n=1
and
(15) N(g)=1-504) os(n)q", gl <1.

Also they show the following equations in Proposition 3.1 which is needed to
find some formulas of the various convolution sums.

Proposition 3.1. (See [1, p. 42-43])

(16) L(g)=1-2°. 3227101 n)g" +2*-3- 5203 ,
(17) M?(q)=1+2°-3-5) o7(n)q",
n=1

(18) L(q)M(q) =1+2*.32. Znag n)q" —2%.32. 7205 ,

(19) L(q)M?*(q) =1+2*-3%-5 Z no7(n)g™ —2%-3-11 Z o9(n)q",

n=1

(20) L(q)N(¢) =1—2*.3%. 7Zn05 n)g" +2°-3- 5207 .

n=1 n=1

(21) M(q)N(g) =1-2°-3-11)  a9(n)q",

n=1

Theorem 3.2. Let n € N. Then we have

L5 ( ZmUs m)oi(n —m) = %n{507(n)—(12n—7)a5(n)}.



Proof. By (13), (17), and (20), we obtain

ilm,&l Z (Z mos(m)oy(n — m)) q"
(22) = Zlag,(l)ql Z o1(m)q" = <M (q2)4_3L2(q;N(q>> (1 _2Z(q)>
=1 m=1
1

T 5191327 {M?(q) = M?(q)L(q) — L(a)N(q) + L*(¢)N(q) } -
Then, for the last term of (22), we can use (15) and (16) so that we deduce

(23)
L*(q)N(q)

{ —925. 32Zn01 n)g" +2*.3. 5203 }{1—504§:a5(m
m=1

n=1

=1-504 Z o5(m)g™ —2° -3 " noi(n)q
m=1

n=1

+2°.3%.504 Z Z noi(n)os(m)g" "

n=1m=1

+924.3.5 Z o3(n)g” —2*-3-5-504 Z Z o3(n)os(m)g™tm.
n=1

n=1m=1

Here the fourth term of (23) can be written as

Z Z noi(n)os(m)g" ™" = Z {z_: (K —m)oy (K — m)a5(m)} g

K=2 \m=1

K—-1
{ > (K —m)oy (K - m)US(m)} qK

K-1
{K Z o1(K —m)os(m) — Im,5-,1(K)} ",

so we refer to S15(n). And the last term of (23) is

oo 00 ] K-1
Z Z o3(n)os(m)g" ™™ = Z {Z o3(K — m)Js(m)} «
n=1m=1 K=2 \m=1
e’} K-1
= Z {Z o3(K —m)os(m )}QK,

=1 Um=1

thus we refer to S35 5(n). Therefore, (23) is equal to
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=1-24 Z {11log(n) — 240no7(n) + 252n(2n — 1)os(n) + 60481, 5.1(n)} ¢".
n=1

Finally, by applying (17), (19), (20), and (24), we can complete the Eq. (22).

U
Lemma 3.3. We have
L*(q)N(q) =1—25.33 Z n?os(n)q" +2°-3%-5 Z noz(n)q"
n=1 n=1
—2%.3-11) oo(n)q".
n=1
Proof. Tt is obvious by (24) and Theorem 3.2. O
Theorem 3.4. Let n € N. Then we have
n—1
I (n) = Z moi(m)os(n —m) = Ln {507(n) — 6nos(n) + o1(n)}
m,1,5 P 1 5 504 7 5 1 .

Proof. Since, by (14), (15), and (16),

o'} o0 n—1

Z I 15(n)g" = Z (Z moi(m)os(n — m)) q"

n=1 n=1 \m=1

- S M(q) ~ L*(9)\ (1~ N(a)
_ l mo_
—;lol(l)q 7712::105(7”” = ( 25 . 32 504
1
=————{M(qg) — M(q)N(q) — L* L*(q)N
Fo1 o5 32 (M (@) = M(a)N(9) = L*(a) + L*(@)N(9)}
we use (14), (16), (21), and Lemma 3.3.
U

Remark 3.5. From the definition of (7) let us investigate as follows :

m=1
=n X_: ge(n —m)os(m) — X_: moe(n —m)oy(m)
m=1 m=1

so this leads to



(25) Im,f.e(n) =nSge(n) = Im.c.f(n).
For example, Theorem 3.4 is obtained easily since
Ipa5( Z mo1(m)os(n —m) =nS15(n) — Ly s51(n)

by (25). So we use S; 5(n) and Theorem 3.2.

Lemma 3.6. We have

243211 & L 24325713 & "
Lg)M(g)N(g) =1 = =——— > nos(n)q" + ———— > ou(n)q
n=1 n=1
283411 & .
T 5691 ;T(n)q'

Proof. The formula of L(q)M (¢q)N(q) is found in [1, (2.12)] but it has a typo. So
we search the exact identity as follows :
By (13) and (21), we obtain

L(q)M(q)N(q)

= {1 - 24ial(n)q”} {1 —-923.3.11 i Ug(m)qm}

m=1

=1-2%3.11) og(m)g™ — 24 a1(n)g
m=1

n=1

+24-2%.3.11) > a1(n)og(m)g™ ™.

n=1m=1

Thus we use S1,9(n).

Theorem 3.7. Let n € N. Then we have

In7a( E moz(m)oi(n —m)

1800 {33n09(n) — 25n(4n — 3)o7(n) — 87(n)}.

Proof. From (13), (19), and (21), we have
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(26)
Z Im71(n)g" = Z (Z moz(m)oy(n — m)) q"
o0 e’} 2 _ _
=S torlta’ Y- or(myg = (D ORI (1= ) )
=1 m=1

Then, to calculate the second term of (26) we use (16) and (17) :

(27)
L*(q)M*(q)
= {1 —2°.3? inal(n)q" +2%.3. 5%03(71)(1”} {1 +95.3.5 i 07(m)qm}

oo oo
=1+2°-3-5 Z or(m)q™ —2° - 32 Znol(n)q"
n=1

m=1

—210.3%.5 Z Z noi(n)oz(m)g" ™

n=1m=1

L94.3.5 Zgg(n)qn +99.32.52 Z Z o3(n)or(m)g" .
n=1

n=1m=1

Here the fourth term of (27) can be written as

co oo ) K-1
>N noi(n)or(m)gttm =Y { > (K —m)oy (K - m)a7(m)} *

n=1m=1 K=2 (m=1
&S] K-1
=2 { > (K~ m)on (K - m)m(m)} o
K=1 \m=1
oo K-1
= Z {K Z o1(K —m)oz(m) — Im,7,1(K)} ",
K=1 m=1

so we refer to Sy 7(n). Similarly, the last term of (27) is

oo 00 o) K-1
> os(n)or(m)g"t™ = {Z o3(K — m)07(m)} ",

n=1m=1 K=1

m=1

thus we use S3,7(n). Therefore, (27) is equal to



L*(q)M?(q)

144
(28) =1+ Z {45501, (n) — 15202n09(n) + 13820n(3n — 2)o7(n)

n=1

30007 (n) + 6633601, 7.1(n)} ¢

Lastly, by applying (19), (21), (28), and Lemma 3.6, we can complete the Eq.
(26).

U
Lemma 3.8. We have
L*(q)M?*(q) =1+2°-3 5in20 (n) "—mino (n)g"
q q) = 2 7\n)q 5 2 a9ln)q
24.32.5.7-13 & . -3-97
+ 691 ;Uu(n) 5 691 ;
Proof. Tt is obvious by (28) and Theorem 3.7. O
Theorem 3.9. Let n € N. Then we have
I 5.3( Z mos(m m) = 8400 {11lnog(n) — 35n05(n) + 247(n)}.
Proof. Multiplying (20) with (14), we obtain
M (q)L(q)N(q)
= {1 + 240203(n)q"} {1 —2t.3%.7 Z mos(m)g™ +2°-3-5 Z 07(m)qm}
n=1 m=1 m=1
=1-2"32.7  mos(m)g™ +2°-3- 520—7 m)q" +24oza3
m=1 m=1 n=1
_ 240 . 24 . 32 Z Z mo_r )q7l+7n
+240'25'3'5ZZ gt
—9%.32. 7Zna5 n)g" +2°-3- 5207 n)q" —|—24OZc73
n=1 n=1
—240-2*.3%.7 Z Imsa(n)g" +240-2°-3-5% " S5 7(n)g
n=1 n=1

This leads to
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65520
M(q)L(a)N(g) =1+ == Z o11(n)q" — 1008 Z nos(n)q"
(29) n=1 n=1
432000 =
ool > 7(n)g" — 241920 > I 5.3(n)q".
n=1 n=1
Equating (29) with Lemma 3.6, we complete the proof.
|
Theorem 3.10. Let n € N. Then we have
(a)
Ima17(n Z mo1(m)oz(n —m)
7200 {33n09(n) — 50n°07(n) — 15001 (n) + 327(n)} .
(b)
Im,3,5( Z mos(m)os(n —m)
m=1
= 19600 {11nog(n) + 25n03(n) — 367(n)}.
Proof. Tt is obvious by (25). O

To prove some theorems ahead we need the following proposition and Corollary
3.12.

Proposition 3.11. (a) (See [1, Theorem 4.1.(i)])

L(q)M(q*) = 2L(¢*) M (¢*) + 1N()**N( 7).

2 21
(b) (See [1, Theorem 4.1.(ii)])

ML) = 5L@M() ~ 5 N@) + o N().
(¢) (See[l, Theorem 5.1.(i)])

1 86 504

L(g)N(¢*) = 2L(a*)N(¢°) + g2 M (q) = = M* (") = 7= Bla).
(d) (See [1, Theorem 5.1.(iii)])
N@L(@) = 3 L@N(g) ~ 1 M(q) + 2 M(e?) — 2120 Bla).
Corollary 3.12. We have
(a)
) ) 11 32,
L(¢") L(a)M(q) = 5L (9) M (a) — ;5 L(@)N(q) + 57 L(¢7) N (q%)
16 1376 5, 5. 384
+@ ( )—% (Q)_F (9)



(b)

1
L(q)L(¢*)M(¢°) = 2L*(¢*) M (¢°) + BN
64 29
% a2 - 22
M) 5
Proof. (a) From Proposition 3.11 (b) we have

43
- ——M?
35701 (@)
96

(@®)N(¢®) - B0

This leads

L(¢*)L(q)M (q)
11

L*(q)M(q) = 5 L(@)N(g)
16

+ 51 LN + M) - ) - Bl |
= SP@M() ~ HL@N(@) + 5 LN + g M (a)
384

- ?B(QL

by Proposition 3.11 (c).
(b) It is similar to Corollary 3.12 (a). That is, we note that

DO =

21 21
=2L%(¢*)M(¢*) + %L(qz)N(q) - % (@*)N(¢*),

by Proposition 3.11 (a). Again applying Proposition 3.11 (d) into the
above equation we have the proof.
O

Lemma 3.13. Let n € N. We have

Z mog(m)oy,1(n —m;2)

= 350 {n {1105(n) — 3205(%) - 1503(”)} + 4b(n)} .

Proof. First by (13), we have
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L(g)=1-24> o1(n)g" =1-24)  (011(n;2) + 01,0(n52)) ¢"

n=1

oo o0 n
=1-24> o11(n;2)q" —24 ) 201(5)4"
n=1 n=1

=1- 24201,1(71;2)(1" +2 {1 - 24201(n)q2”} - 2.

n=1 n=1

Thus we obtain

(30) 24> " o11(n;2)¢" = 2L(¢%) — 1 - L(g).

Second by (15) and (18) we have

(31) 2'.3%-5% nos(n)q" = L(g)M(q) — N(q).
n=1

Multiplying (30) by (31) we obtain

— L(q)M(q) + N(q) + 192B(q),

where we use Proposition 3.11 (d) and Corollary 3.12 (a) for the last line. There-
fore we refer to (1), (15), (17), (18), and (20) so that we complete the proof.
(]

Proof of the Theorem 1.1. (a) Now by (15) and (18), we have

L(g)M(q) = N(g) +2*-3°-5 " nos(n)q"

n=1

=N(g)+2"-3%-5> nosi(n;2)q" +2*-3>-5)  16n03(n)g>"

n=1 n=1
=N(g)+2*-3%-5> nos1(n;2)q" + 16 {L(¢*)M(¢*) — N(¢*)},
n=1

since



L(¢*)M(¢*) = N(¢°) +2" -3 -5 no(n)g™".

So we obtain

24.3%-5) nosq(n;2)q"

= H@)M(0) ~ N() ~ 16 {LE)M() - Na*)}.
Combining (30) and (32) we note that

27.3%.5 (ialan >(Zm031m2 )

= {2L(¢* —L(g)} {L(q) — N(q) — 16L(¢*)M (¢°) + 16N (¢°) }
= 2L(q2)L(q)M(Q) - 2L(q2)N(q) - 32L7(¢*) M (¢%) + 32L(¢°) N (¢°)
— L(¢)M(q) + N(q) + 16L(¢*) M (¢*) — 16N (¢*) — L*(q) M (q)
+ L(q)N(q) +16L(q)L(¢*)M (¢°) — 16 L(q) N (¢°)
1 9% 5 Ly 96 2, 2
= —-L(@N() - —L(q )N (¢°) + =M=(q) + — M*(q")
— L(g)M(q) + N(q) +16L(¢*)M(¢*) — 16N (¢*) + 576 B(q),
where we use Proposition 3.11 (c), (d), and Corollary 3.12 for the last

line. Finally, we refer to (1), (15), (17), (18), and (20).
(b) We note that

Z mos(m)oy,1(n —m;2)

n—1

= Z m{os1(m;2) + o30(m;2)} 01,1(n —m;2)

m=1

n—1 n—1
= Z mos1(m;2)or1(n—m;2) + Z moso(m;2)or 1(n —m;2).
m=1 m=1

So we use Lemma 3.13 and Theorem 1.1 (a).
(c) By (4), we have

n—1
n—m
Zmago(m2)010n7m2 Zm 203 ) - 201 ( 5 )
m=1
—32Zm03 m).
m<y

So we refer to (12).
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(d) Since

1

3
|

mos(m)oy(n —m)

i
3 =
L

Il
(]

m{os.1(m;2) +o30(m;2)} {o11(n —m;2) + 010(n —m;2)}

m=1
n—1 n—1
= mos1(m;2)or1(n—m;2) + z mos1(m;2)or,0(n —m;2)
m=1 m=1
n—1 n—1
+ Z moso(m;2)o11(n —m;2) + Z mos,o(m;2)o1 o(n —m;2),
m=1 m=1

we use Theorem 1.1 (a), (b), and (c).

Theorem 3.14. Let n € N. Then we have
(a)

i mo1,1(m;2)os1(n —m;2)
ﬁ [n {05(71) + 4805(%) +7o1(n) — 1401(%)} - 8b(n)] .
(b)
Z may,1(m;2)oso(n —m;2)
m=1
= % {n {05(71) - 2205(%) —301(n) + 601(3)} + 2b(n)} .
()
n—1
(d)
Z mo1,0(m;2)os1(n —m;2)
m=1
= ﬁ [n {505(n) — 15205(%) —9nos.1(n;2) + 2101(2)} + 4b(n)} .

Proof. Tt is the similar manner to (25). In other words, for i,5 € {0,1} we observe
that

n—1 n—1
Z mosi(m;2)o1,;(n —m;2) = Z (n—m)os(n —m;2)o1 ;(m;2)
m=1 m=1

and so we use Theorem 1.1 and Corollary 2.5 (a), Corollary 2.1 (a), Corollary
2.4 (a), and Corollary 2.3 (a), respectively.



4. APPENDIX

The first twenty values of b(n) are given in the Table 1,
n| bn) || n| bn) n | b(n) n b(n)

1 1 6 —-96 || 11| 1092 | 16 | 4096

2| -8 7 | 1016 || 12| 768 17| 14706
3| 12 8 | =512 || 13 | 1382 || 18 | 16344
4| 64 9 | —2043 || 14 | —8128 || 19 | —39940
5| —210 || 10 | 1680 || 15 | —2520 || 20 | —13440

TABLE 1. b(n) for n (1 <n < 20)
similarly the first twenty values of ¢(n) and d(n) are listed in the following tables.

n|cn) || n| cn) n c(n) n c(n)

1 1 6 2496 11| —38996 || 16 | —65536

2| —16 7 | —4536 || 12 | 39936 17| 311442

3| 100 8 | —4096 || 13 | 37806 18 | —74448

41 =256 9 | 23085 | 14| 15232 19 | 128244

5| —154 || 10 | —13920 || 15 | —146472 || 20 | —222720

TABLE 2. ¢(n) for n (1 <n < 20)
dn) || n | dn) || n| dn) || n| dn)
0 6 | —156 || 11 | —536 || 16 | 4096
1 7 112 || 12| —2496 || 17 | —17472
256 || 13| 4384 || 18 | 4653
16 9 | =576 | 14 | —952 || 19 | 5848
32 || 10| 870 || 15| 336 20 | 13920

TABLE 3. d(n) for n (1 <n < 20)

o oo =3
|
[0
[0
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