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THE BINOMIAL COMBINATORIAL CONVOLUTION SUMS

ABSTRACT. In [7] we can find some formulas of binomial combinatorial convo-
lution sums. Starting from these formulas, we obtain various binomial combi-
natorial convolution sums.

1. INTRODUCTION

Let N denote the set of positive integers. Further, let N,d € N and s,r, k €
NU {0}. Throughout this paper, we define

US(N)::ZdS, o5 (N3 k) = Z &*,  og(N) = Z .

d|N _anN d|N
d=rmod k N/d odd
We note that
(1) 0s(N) =051(N;2) + 05,0(N;2)
and
(2) 051(2N;2) = 051(N;2), 050(2N;2) =2%05(N).
Moreover we can deduce the property
(3) 05(2N) =2%%5(N) and 0i(2N)=0,(2N) —04(N).
For a,b,n € N, let us define the convolution sum
n—1
Sap(n) == Z oa(m)op(n —m).
m=1

Ramanujan showed that the sum S, ;(n) can be evaluated in terms of

Tarbi1(n), 0arp—1(n), ...,03(n),o1(n) for the nine pairs (a,b) € N? satisfying
a+b=246,812 a<b a=b=1(mod?2). For example, explicitly, we
know (see [6]) that

@) Si11(n) = 62230013@) + (214 _ 214n> o11(n) — %Ul(n)
and (see [3, p. 35])
(5) Si0(n) = ——or15(n) — ——a0(n) + ——as(n).
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From [4], we note that for any integer n > 3, we have

Z m1m201(m1)01(m2)01(m3)
mi,ms,m N3
(6) (7n11+m22 +T§l)36:’n
1
= %8 (n®os(n) + (n® — 4n®)o3(n) — (n® — 3n*)o1(n)) .

For an elementary proof of (4) and (5), we refer to [7]. An another interesting
arithmetical identity (which was stated by Ramanujan) see [6, p. 146], for some
analytical proofs of this identity, one may refer to [1, p. 329], [2, p. 136] and [5],
also [7] is ; for n € N, we have

n—1
1 1
(7) §01(2k+1)‘73(”_k) %05(2714- )—%03(271—&- 1).

We introduce the very important Proposition 1.1, which is the starting point of
our paper.

Proposition 1.1. (See [7, Theorem 12.3]) Let k, N € N. Then

k—1

Z <25 + 1) (:Z: Oak—2s-1(m)02s41(N — m))

S§=

k
2k + 3 k 1 2k +1

= — N —— N _1(N B _9:(N).
4k+20’2k+1( )+(6 )Uzk 1( )+2k+1j—22( 9 ) 2j02k+1—25 (V)

In Section 2 we obtain some results about the binomial combinatorial convolution
sums similar to Proposition 1.1. For instance we have

k—1
2228+1 (2S+1> Z 092k —25— 1 —2m)0'25+1(m)
s=0

m<&
and
k—
2s+1 .
Z() <2S + 1) ZN 02k—23—1,1(N - 2m, 2)0’234,_1(771)
= m< ¥

(see (14) and (15)).

Theorem 1.2. Let k, N € N. Then we have
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k-
2€+1 .
Z(:) (23+ 1) > oak-as-1.1(N = m; 2)o9541(m)

m<N
1

T 24k + 12
~3 {22<k+1> (k + Doapi1(N) — (2k + 3)oop 1 (2N)

k k
2k +1 2k +1
+ 22k+1 ;:2 ( 2]_ )B2j02k+1—2j(N) — 2j:5 - ( 2j )BQjUQk—i-l—Qj (QN)

[(2k + 1)(k — 12N)o2,_1(2N) — 4%(2k + 1)(k — 6N)oai_1(N)

2k 2k+1—j

) %+ 1\ (2% —j+ 1
+Z Z 1)+ 233( i )( . )U2k+1—j—r,1(N;2)

Finally, in Section 3 we consider the convolution sums

k—1

2k
; (25 N 1> ;V Ook—2s—1(N — 2m)oast1,1(m; 2)
m<sy

and
ook
(25—1—1) Z O2k—2s—1(N — 2m)ogst1(2m)
s=0 m<%
for odd N.

2. THE BINOMIAL COMBINATORIAL CONVOLUTION SUMS
To prove Lemma 2.2 we need Proposition 2.1.

Proposition 2.1. (See [7, p. 112]) Let f : Z — C be an even function. Let N € N.
Then we obtain

> (fla=b) = fla+D)

(a,b,:c,y)EN4
az+by=N
a,b odd
* * 1

= O @I N) ~os(V) 5 3 -2 Y ()
deN deN  teN
d|N d|N 1<t<d
d even d oddl even

Lemma 2.2. Let k, N € N. Then we have
(a)

N N
; (23 n 1) Z O2k—25—1,1(M;2)02541,1(N —m;2) = 2%_102“1(5)

2k 2k+1—j

L2k 1N (26115
4k:+2Z Z ﬁ( ' )( r ]>2]Bj02k+1_j_“(]v;2)'

J



(b)

k—1 N-1

3 - N
;) (25 + 1> Z mozk—26-1,1(m;2) 025411 (N —m;2) = 2°* 1)N02,€+1(§)
2k 2k+1—j ‘
2k + 1\ (2 41— 5\,
Sk; +4 Z Z 7 ( j ) ( ’ >2JBj02k+1_j_r71(N; 2).

Proof. (a) We apply f(x) = 22* in Proposition 2.1. Then the left hand side is

Y (fla=b)—fla+b)= > (@a=b*—(a+b™)

(a,b,z,y)eN* (a,b,z,y)eN?
ax+by=N az+by=N
a,b odd a,b odd
2k 2k
_ § <§ (2k> (71)ra2k7rbr o § : <2k> a2krbr>
r r
(a,b,z,y)eN® \r=0 r=0
ax+by=N
a,b odd
(8) 2%k

Y S (B

(a,b,x,y)EN* 7 0

ax+by=N odd
a,b odd
— § : § : a2k72sflb2s+1'
25s+1
(a,b,z,y)EN*
ax+by=N
a,b odd

Here we can observe that

§ a2k—25—1b25+1 _ § E a2k—25—1 E b25+1
(a,b,z,y)EN* m=1 \ a|lm b|N—m
ar+by=N a odd b odd
a,b odd
N-1
= 02k—23—1,1(m;2)023+1,1(N - m§2)-
m=1

So (8) becomes

N-1

(9) - Z (28 + 1) mzz:l U2k—2s—1,1(m; 2)025+171(N —-m; 2)

And the right hand side of Proposition 2.1 is

(10) 7% Z d2k+172 Z Z 2k

d|N d|N 1<t<d
d even d odd t even

Then we have
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1 2k+1 __ 1 2k+1 2k 2k‘+1 2 N
-3 S d _—52(21 —2 Zl 2% o2141(5)

d|N 2l|N
d even

and

_9 Z Z 2k — 9 Z §(2l)2k — _92k+1 Z ilzk

dIN 1<t<d dN 1=1 dIN =1
d odd T even d odd d odd
o Z 2% +1 d—1\**
2k + 1 2
dodd
2k
_ Z(l)j+1(2k+ 1) 1)2k 1=
=0
(11) ! d0]<\i]d
2k 2k+1—j
1 (2k+1\ 2B, 2% +1—j .
_ +1 r 12k+1 r
=Sy (N 2Ry () e
7=0 dIN r=0
d odd
2k ; 2k+1—j .
1 (2k+1\ 2B, 2% +1—j i
= Z(—l)ﬂ+1( .7 )%_’_Jl Z < r )(—1) 0’2k}+1—j—7‘71(N;2)
§=0 r=0
_i’“:%i’j(il)mﬂ 2 1) (2T 2B
7]':0 =0 J r 2% + 1 2RHImImnit 2

Therefore (10) becomes

(12)
2%k 2k+1—j N
oy (2641 (2k+1— 5\ 2B,
—2% oo (= +Z Z 1)+ +1( ; )( ; j> o +J102k+1—j—r,1(N?2)'
Equating (9) and (12), we obtain
(13)
k—1 N-1

N
SE: (23—!— 1) Z Ook—2s—1.1(m;2)025111 (N —m;2) = 22K oy, g (& 5 )

2k 2k+1—j .
(21 2k 41— 5
4k +2 Z Z o ( j ) ( r J>2]ng%+l_j_"l<N;2)'

(b) We have



k=1 N-1
<23 N 1) mz::lma%—zs—1,1(m; 2)o2s11,1(N —m;2)

S§=

k—1 N-1

= — Z Ook—25—1,1(N —m;2)o9s41,1(m; 2),
2 = 2s+1 =

since

2
L

mUQk—Zs—l,l (m;2)o2541,1(N —m; 2)

3
i

,_.

(N —m)oog—2s—1,1(N —m;2)o2511,1(m; 2).

1M

Therefore, we use Lemma 2.2 (a).

Lemma 2.3. Let k, N € N. Then we have

(a)
k=1, op V-l
SE:O (25 N 1> m§:1 Ook—25—1,0(m;2)02511,0(N —m;2)
2k +3 N k. N N
_ g2 N r N (N
{4k+202’““( o) T (6 2)02’“ 1(3)
k
1 2k +1 N
Bo- (2
+2k+ . jEZQ ( Y ) 2502k +1—2;( 5 )
(b)

H

E=1 o gp M=
Z Z Mook—2s—1,0(M; 2)02541,0(N —m;2)
= (25 + 1)

2k +3 N k N N
_ 0o2k-—1 o o _
=92 N{4k+202k+1(2)+(6 2>ng1(2)
k
1 2k +1 N
E B
+2k+1j—2( 2-7 ) ik 2j( 2)

Proof. (a) From (2) we obtain
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S

—1 2% N-—1
(28 + 1) mz::l 72k-20-1,0(M5 2)02041,0(N = m3 2)

k-1 N-1
2k s m s N —-m
= (23_|_ 1) E 22h=2 1021#2571(5) 22 g ( )
—0

@
Il
=)

2
s= =1
k-1 N
_ o2k
7 sz—:0<25+1> ZU% 25— 1 0’254_1(2 m)
So we use Proposition 1.1.
(b) We obtain
k—1 N-1
Z <2s N 1) Z MOak—25—1,0(M; 2)02541,0(N — m;2)
s= m=1
k-1 N-1
N 2k
= — _9s-1.0(N —m;2)og ;2),
5 ; (2S+1>n;0'2k 25—1,0( m;2)oasy1,0(m;2)
since
N-1
MOak—25—1,0(M; 2)02541,0(N — m;2)
m=1
N-1
= (N —m)oag—2s—1,0(N —m;2)o2541,0(m;2).
m=1

Therefore, we refer to Lemma 2.3 (a).

Corollary 2.4. Let k,N € N. Then we have

(a)
k1
Z (2s+ 1> Z O2k—25—1(mM)02541,0(N — m; 2)

= m [(% +1)(k — 6N)ooe_1(N) + 4% (2k + 1) (k — 3N)02k,1(g)

N
+3 {22k+102k+1(2) + (2k + 3)ook+1(N)

L k
2% + 1 N 2k+1
4 92k+1 E < % )sza2k+1—2j(2) +2 E < Y >BZjU2k+1—2J'(N)
J=2 =2
2k 2k+1—j

2k +1 2k—7+1
—Z Z j+72]B< i )( Tj >02k+1jr,1(N;2)



-1 2 N-1
— (28 1 ) Z Ook—25—1,1(M;2)02541,0(N —m;2)

m=1

N-1

Z 2k—25—1,0(M; 2)02541,1(N —m;2)
(25 + 1) =

U:M??‘
[ay
—_

=i 12 [(2k +1)(k — 6N)oar—1(N) — 4" (2k + 1) (k — 3N)02k_1(g)

N
3 {22<k+l><k FDomen(5) — 2k + Boaa (V)

k
2k +1 N 2k +1
4 22k H1 Z ( 9 )sz02k+12j(2) - 22 ( 9 >B2jo2k+1 2j(N)

j=2 Jj=2
2k 2k+1— .
+Z TZ i i+, <2k]+ 1) <2k frj + 1> ot a (N 2)
Proof. (a) From (1), we can write
F=l g\ Nl
;) (25 N 1) Z Ook—2s—1,1(M;2)02511,1(N —m;2)
k—1

i(Zs—l—l) Z{O’Qk 25—1(Mm) — oak_2s—1,0(m;2)}

S

=0
X {0'25+1(N m) — 02541, o(N m; 2)}
k—1

- g (25 + ]_> Z 02k —2s— 1 0'25+1(N — m)

N-1

i
Z (23+1> Z Oak—25—1(M)02s41,0(N —m;2)

=0
1
+ <28+ 1) Z O02k—2s— 10(m 2)02s+1 O(N m; 2)

S§=

since
k—1 -
SZ: (23+ 1) Z O2k—2s-1(M)02541,0(N — m;2)
N—1
= g 12)02s01(N —m).
SZO (28+1> mz=102k 2 1,0(m )02 +1( m)

Thus we use Proposition 1.1, Lemma 2.2 (a), and Lemma 2.3 (a).
(b) Since
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x>

N-1

—1
2k
<25 + 1) Z O2k—2s—1,1(m; 2)02541,0(N —m;2)

@
Il
o

k—1
- (25+1> ZU% 2s-1(m)o2s41,0(N —m; 2)

S=

N-1

a ; <25 + 1) Z O2k—25—1,0(M; 2)02511,0(N —m;2),

m=1

therefore we refer to Lemma 2.3 (a) and Corollary 2.4 (a).

Remark 2.5. We can rewrite Corollary 2.4 (a) and (b) as follows :

= < 2% ) !
Z Z Ook—2s—1(M)02541,0(N — m; 2)
= 2s+1 -
k—1 N-1
2k 2s5+1 N —m
(14) = Z ( ) Z Ook—25—1(m) - 2 o2s41( )
= 25+ 1 — 2
- 2%
= 228+1 (2 N 1> Z U2k—2s—1(N — 2m)0'25+1(m),
s=0 & m<%
Similarly,
k—1 N-1
Z (25 + 1) Z O2k—25-1,1(M; 2)02511,0(N —m;2)
s=0 m=1
(15) el

2k
225+1<2 N 1> Z Ook—25—1,1(N —2m;2)0o2541(m).
s=0 5 m<%

Corollary 2.6. Let k, N € N. Then we have
(a)

k—
2s+1 .
Zo <23 n 1) Z O2k—25—1,0(N — 2m; 2)09541(m)

N
m<g
22k—1

RECTE) {(Qk +1)(k - 3N)0'2k—1(%) 6k + 9o (o

5)
k
2% + 1 N
+6Z< 9 >B2j0’2k+12j(2)

j=2



(b)

k-1
222‘“+1(25+1> Z Oak—25-1,0(N — 2m;2)02541,0(m; 2)
s=0

4k N 3 N
=— 2k +1)(k = 3N)ogp_1(=) +4*2k + 1)(k — =N)oop_1(—
24k + 12 [( +1)(k = 3N)oar1(5) +4%(2k + 1) (k = SN)ozk1 ()
N N
+3 {22’”10%“(4) + (2k + 3)02k+1(5)
k k
2k +1 N 2k +1 N
2k+1 ) N , N
+ 2 jz_;( 2] >B2]O'2k+1—2]( 4 ) +2JE_2< 2] >B2j02k+1—2]( 2)

2% 2k+1—j ,
2k + 1\ [2k — 1 N
_Z Z ]+72]B< ;— )( Tj+ )02k+1jr,1(252)

(¢)

k—1

2s+1 . .
;:0 2 (25 N 1) E 02k —2s—1 o —2my 2)025+171(m, 2)
=—— |16* {2k(3N — 1)+ 3N — 4k*} a%_l(ﬁ)
48k + 24 4

N N N
92k {(2k +1)(k = 3N)os-1(5) = 8- 2% oo () + 3(2k + 3)oania (5)

k k

2k +1 N 2k +1 N

— 3. 2%+l E < 9 )sz02k+12j(4) +6 E < 2 >32j02k+12j(2)
Jj=2 j=2

2k 2k+1— ] .
i % + 1\ (2% —j+1 N
+3 E E 17+ B; < ; )( . >02k+1—j—7-,1(2§2)

Proof. (a) We can see that

k—1
Z225+1 <25 N 1) Z O2k—25—1,0(N — 2m;2)02541(m)
s=0

:222s+1 (28+ > Z 02k —25— 1 72m)023+1(m)

s=0
k—

25+1 )
Z <2S + 1) ZN 0'2k—25—171(N — 2m; 2)0’25+1(m).
m<7

=0

Thus we refer to (14) and (15).
(b) Since
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k—
23+1 . )
ZO <25 + 1) ZN 02]@72371,0(]\[ —2my; 2)023+1’0(m, 2)

2
k—1

s N m
_ 92k Z 92s+1 (25 ) ZN 0’2]672871(? —m)oasi1(—=)
m<g

2

N
__ o2k 25-‘,—1
=2 Z (25 ) ZN 021@72571(? — 2m)oasy1(m),
m<<T

therefore we use (14).
(¢) We note that

k-1
2s+1 . .
ZO (2$+1> Z Oak—25—1,0(N = 2m; 2)02541,1(m; 2)
k-1

= Z22S+1 (28+ 1) Z 092k —25— 10(N 2m 2)025+1( )

S=
2

k—1
B Z225+1 <2$ N 1) Z O2k—25—1,0(N — 2m; 2)02541,0(m; 2).
s=0

So we apply Corollary 2.6 (a) and (b).

Proof of Theorem 1.2. Let N = 2L in (15). Then, by (2), we have

2s+1
ZO (23+1> Z O2k—2s—1,1(2L — 2m;2)03511(m)
k-

2s+1 .
Z( <25 + 1) Z 0-21672371,1(1/ — m; 2)025+1(m).

m<L

So we refer to Corollary 2.4 (b).

Corollary 2.7. Let k, N € N. Then we have

11



(a)

k—1

2s+1 2k =
22 9 n 1 Z ng_gs_l(Qm — 1)0’25+1(N — m)

s=0 m=1
1
= 5irrqa [(2k+1) (k= 62N — 1)) 021 (2N —1)

2k +1
+3 (2]€+3)02k+1(2N -1 +2Z( 2] )BQJ02k+1 2j(2N— 1)
j=2

2k 2k+1—j

2k+1\ (2k—7+1
_Z Z 1)7t729 B; ( * )( a >02k+1jr(2N—1)
— J

r

(b)

o1 o \ V-l
Z 225+1< ) Z Ook—25—1(2m)02s 11 (N —m)
~ 2s+1) =

= m [(2k + 1)(k — 12N)o2e—1(2N) + 4%(2k + 1)(k — 6N) o1 (N)

+3{2% o9y 1(N) + (2k + 3)02p41(2N)

k k
2k +1 2k +1
4 92k+1 g ( 2 )sz02k+1—2j(N)+2 g ( 2 )sz02k+1—2j(2N)
j:

=2
2k 2k+1—j .
e (21N (2k—j+1
= > 2733‘( i )( 7,] >02k+1—j—r,1(N%2)
=0 =0

Proof. (a) Let N =2L — 1 in Corollary 2.4 (a). Then we have

Uzk_23_1(2m — ].) . 223+1025+1(L — m)

(b) Let N =2L in Corollary 2.4 (a). Then we have
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k-1 ok 2L—1
Z <25 I 1) Z Ook—2s—1(M)T2s11,0(2L — m;2)

s=0 m=1
k—1 ok L1
=> 96+ 1 O2k—25-1(2m)02541,0(2L — 2m; 2)
s=0 m=1
k—1 L1
2k
B (23 + 1) Ta—2s-1(2m) - 22 age 1 (L —m).
s=0 m=

3. CONVOLUTION SUMS FOR ODD N
In this Section we find some convolution sum formulas for odd N € N.

Theorem 3.1. Let N be a odd positive integer. Then we have

k-1

Z <252—]|€- 1) Z Ook—25—1(N — 2m)0o2s41,1(m;2)

2
2k 2k+1—j

J r

2% +1\ /2k+1— 4
b () (4o

Proof. For odd N, we have

> (fla=1b) = fla+b))
(a,b,z,y)eN
ax+by=N
a,b odd

= > (fla=b)—fla+b)+2 > (fla—=b)—fla+b)
(asb,a,y)EN* (a;b,,y)EN*
ax+by=N ax+by=N
a,b odd a,b odd
z,y odd x odd

y even
+ 0D (fla=0b) = fla+b))
(a.b,z,y)EN
ax+by=N
a,b odd
T,y even

=2 Y (fla=b) - fla+D),
(a,b,z,y)eN*
ax+by=N
a,b odd

x odd
Yy even

since there are no elements in A(N) and B(N) where

A(N) :={(a,b,2,y) € N*|az + by = N with odd a,b,z,y, and odd N}

and

13



B(N) :={(a,b,z,y) € N*|ax + by = N with odd a,b, and even z,y, and odd N}.

This concludes that

(16) 2 > (fla=b)—fla+b)= > (fla—b)—fla+D)),

ax+by=N ax+by=N
a,b odd a,b odd
x odd N odd
y even
N odd

so we need Proposition 2.1 and let f(x) = 22* in (16). As the same manner in

(8), the left hand side of Eq. (16) becomes

2 S (fla—b)— fla+b) :_4z<25+) T ke

ar+by=N s=0 az+by=N
a,b odd a,b odd
z odd z odd
(17) Yy even y even
N odd N odd

=- Z (25+1) Z Oak—25—1(IN — 2m)oas11,1(m; 2),

m< 3
N odd

since

§ a2k—25—1b2s+1 _ § an—25—1b25+1

ax+by=N ax+2by=N
a,b odd a,b,x odd

z odd N odd
y even

N odd

— Z Z k=251 Z p2s+1

m<Z a|N—2m blm
N odd a odd b odd
N=2m oqq

= Z Ook—2s—1,1 (N — 2m; 2)02541,1(m; 2)
m<%
N odd

N —2m
= Z (02k2s1,1(N —2m;2) — 02k251,1(2;2)> O25+1,1(M;2)

where we use (3) and o, 1(0dd;2) = 05(odd). And by Proposition 2.1 and (11),
the right hand side of (16) becomes
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Z (fla—b)— fla+b)=-2 Z Z 12k

az+by=N d|IN 1<t<d
a,b odd d odd t even
(18) N odd N odd

2k 2k+1—j

2k +1\ (2k+1— 37\ 2/B;
2 : } : j+r+1 J )
= 2 -7 ( . ) ( )2k+102k+1_J_T(N).

J r

Equating (16) and (18), we obtain the proof.

Corollary 3.2. Let N be a odd positive integer. Then we have

k

Zl <2s2i 1> > k21 (N = 2m)a2e11 (2m)

=0 <N

u:

k—1

SZ: <2s + 1) E:N O9k—2s—1(2m — 1)ogs11(IN — 2m + 1)
m<

2

= m{(% +1)(k — 6N)og,_1(N) + 3(2k + 3)o2r41(N)

k
2k + 1
+6§< 9 >B2j02k+1—2j(N)}-

Proof. By (1) and (2), we can rewrite Theorem 3.1 as

~/ 2
<23+1> > oak-2s 1 (N = 2m)oaei11(m; 2)

s=0 ’H’L<7
k-1

= Z (2S+1> Z Ook—25—1(IN = 2m)02511,1(2m; 2)
k-1

-3 () +1> 3 7okt s (o) = (202
s=0

k—1 ok
= > Cos 1 (N — 2m) sy (2
0(25+1> N02k 25—1( m)oast1(2m)
m<7

5=

k—1
+ Z 225+1 (28 N 1) Z 02k —25— 1 — 2m)023+1(m).
s=0

Therefore we use (14).
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