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ABSTRACT10

11
Parameter estimation is an important part of computational systems biology – especially in
studies on biological networks. Numerous stochastic search methods have been applied in
parameter estimation in biological networks. In this paper, a constrained stochastic space
search (CSSS) method for parameter estimation is proposed and evaluated for estimating
the parameters of a genetic network described by differential equations. Both linear and
nonlinear model formalisms were used for the data evaluation. The performance of the
CSSS method was compared to the Integrated Controlled Random Search for Dynamic
Systems (ICRS/DS) stochastic optimization algorithm. Compared to the ICRS/DS, the CSSS
algorithm is faster with at least a 7-fold shorter convergence time.Independent replicates
were run and identification performed. For the same initialization conditions prior to
optimization, the CSSS had on average smaller relative mean errors than the ICRS/DS.
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1. INTRODUCTION16

There is growing interest in parameter estimation and understanding the dynamics of17
biological networks. Numerous methods have been used so far to gain insight into various18
aspects of biological networks, e.g. (probabilistic) Bayesian networks, regression methods,19
Boolean methods, and differential equations. The ordinary differential equation (ODE)20
formalism is a popular method to model biological networks[1][2][3][4][5]. This formalism is21
used to model the regulatory status of genes,hence, rendering ODEssuitable for describing22
gene regulation activity [6]. Generally, a number of parameters are required in ODEs to23
describe the dynamics and regulatory roles of various components of a biological network. In24
principle, the number of parameters increases with the level of details required to describe25
the regulatory mechanisms involved in a particular biological network. There is currently26
numerous global parameter estimation methods proposed in computational systems biology27
[7][8][9][10][11]. Most space search methods focus on parameter estimation problems in28
biological networks[12].29

Although much progress has been madein developing powerful and accurate parameter30
estimation methods, such as that in [13][14], there is still need for improvement in the31
computational robustness and speed of existing methods. Many genetic network inverse32
modeling problems require robust parameter estimation routines to ensure that the33
parameters are obtained with high precision. The classical way to do this is by least squares34
estimation or maximum likelihood estimation is used [15]. Similarly, stochastic search based35
methods can be used – in which case a specified set of parameter constraints and heuristics36
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for initializations on some parameters for optimizationare required [7][11][14]. The37
optimization is based on minimization of goal function to fit a given model to a dataset.38

In this work the constrained stochastic space search (CSSS) method is proposed and its39
performance is compared to the Integrated Controlled Random Search for Dynamic Systems40
(ICRS/DS) which can be found in [16]. The ICRS/DS is a modification of the ICRS41
algorithm[17]. Much as the ICRS/DS is robust, it comes with weaknesses, e.g.: (i) it requires42
making heuristic guesses for the direction search tuning parameters, and (ii) it takes a long43
time to converge to an optimum solution, if a solution exists in the search space and the44
optimization tolerance level is sufficiently stringent. The CSSS method addresses these45
issues by using a technique of variance scaling on the parameters during optimization. The46
performances of these methods were validated on two test case networks through in silico47
experiments and optimization.The CSSS algorithm aims to get the best parameter estimates48
by optimizing the sum of squared errors (SSE) goal function. Just like the ICRS/DS, the49
CSSS algorithm requires prespecification of constraints on the parameter for initialization.50
The parameter precision and accuracy levels were found to be influenced by network51
topology and the existence of a feedback and/or feedforward loop. For instance, the52
existence of edges (which represents: genes, proteins, metabolites, etc) in a network being53
significantly stronger than others may cause a drastic shift in the system condition number -54
ultimately affecting the parameter estimates.55

2. METHODS56

2.1 Network representation57

Consider a genetic network system that is represented by the differential equation58 ̇ = ( , ;Ω); = ( , ) (1)59

where = [ , … , ] ∈ ℜ × represents the state of the system which details the gene60
activities. Here = [ , … , ] ∈ ℜ × is the measured activity of gene in time, -61
number of time points; the matrix of measured data is = [ , … , ] ∈ ℜ × , Ω - parameter62
space, - Gaussian measurement error term and - external perturbation vector. The63
transition function (∙) captures the network dynamics and (∙) is the output or mRNA64
measurement function which can be obtained by transcriptomics experiments.65

2.1.1 Linear representation66

Let us consider the linear system representation:67 Ẋ = + (2)68

Here, A is the network connectivity matrix with typical attributes of real biological networks69
like activation, repression, auto–regulation (which is also often referred to as self-regulation)70
and feedback. The network is triggered using an external perturbation function:71 ( ) = (0)[1 ( + )⁄ ] (3)72

and are nonnegative constants and (0) is the initial concentration of the triggering73
compound. The nature of ( ) is based on many physical and biological systems in which74
the concentrations of an inducing compound is consumed[18][19].75
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Fig. 1. A synthetic genetic network. The sharp headed () and flat headed () arrows77
represent activation and repression, respectively. The nodes represent genes and is78

the perturbation (input) signal, which can be nutrient uptake, glucose uptake etc79
depending the biological network under consideration.80

Consider a system of ODEs represented with the connectivity matrix constructed from the81
network in Figure 1. The fully connected matrix A ∈ ℜ × that corresponds to this network82
has a total of = 36 parameters. However, not all the parameters need to be considered83
given that sparseness is a common attribute of biological networks [20][21]. Let A(Ω) denote84
the parameterized connectivity matrix which, in this case, is a sparse network with 1685
parameters – including the input vector coefficient . The diagonal entries in (4) are the86
auto–regulation effects. The parameterized connectivity matrix is87

88

A(Ω) =
⎝⎜
⎜⎛
− 00 − 00

00−0
0 00 0− 0 0− 0 00 0 0 − 0− 0 0 − ⎠⎟

⎟⎞ (4)89

and the input vector90 = [ , 0,0,0,0,0] (5)91

The network is triggered by the signaling function in (3)as an external perturbation,92
therefore, enhancing the gene activities. For the ease of notations, let the parameter from (4)93
are represented by:94 = [ , , , … , , ] (6)95

Several sets with different parameter values were assigned to the connectivity matrix to96
enable synthetic data generation. The initial parameters are depicted as:97

( ) = ( ), ( ), ( ), … , ( ), ( ) (7)98

The vector dimension ( ) = depends on the number of unknown parameters.99

2.1.2Boundary constraints on parameters100

The restrictions imposed on the lower (L) and upper (U) parameter bounds are:101
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Ω = ≤ ≤ for all ,≤ ≤ (8)102

These constraints ensure that nonrealistic parameter values are avoided[22][23]. Once the103
model structure is known and the constraints on the parameters in (8)specified, then104
optimization of the goal function is initiated. The parameter values are updated during105
optimization until convergence at some optimal goal function value is obtained.106

2.2 Nonlinear network representation107

Consider the nonlinear model representation of a genetic network of three genes as in[24].108
With a slight change of notation, the model is given by109

Γ (Ω ) = ⎩⎪⎨
⎪⎧ = −= −= − (9)110

The term represents the state for gene . A popular form of function used in modeling111
biological networks is the Hill function[25][26]. The parameter vector for this nonlinear112
system (nls) representation is given by113 = [ , , , , , , , , , ] (10)114

In(9), the mRNA degradation is modeled as a first-order reaction and is represented by the115
constants , and ; The terms , and are the synthesis parameters and is116
the effective affinity constant for gene activating . The expression for the measured117
system outputs are as described in subsection 2.1.The constraints on the parameters in (9)118
were specified as:119

Ω , = ≤ < (11)120

The dots in the parameter subscripts in (11) denote the corresponding indices in (10). This121
restriction and the initial guess ( ) were used for the optimization.122

2.3 Data generation and parameter estimation123

The synthetic data was generated prior to parameter estimation. A comparison of the “true”124
and the estimated parameters was done. In the simulation, measurement noise was added125
to the data. The expression for gene at time is ( ) = ( ) + ( ), where = ‖ ‖ is126
the relative data measurement error, is the measurement noise. A value of = 0.05 was127
considered at sampling moments in the in silico data simulations. The notation ‖∙‖128
represents the City Block Distance in the space. The SSE goal function is expressed as129

Ω = arg |Ω |Ω for = 1, . . . , (12)130

where |Ω = ( ) − |Ω - residual vector and |Ω - estimated expression131
for gene conditioned on the parameter space.132
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2.4 Performance evaluation133

Relative errors were used on the individual parameters as a precision measure. The134
expression for computing the relative error on a parameter is given by135

, = | − | | |⁄ (13)136

where and represent the considerably ”true” and estimated parameter values,137
respectively. Overall, two measures of goodness-of-fit on the parameter estimates were138
used, i.e. the goal function and the relative error in parameter estimates.The mean and139
standard deviations of the relative errors in the vector are given by (14) and(15),140
respectively.141 ̂ = ∑ , ( ) (14)142

= ∑ , ( ) − (15)143

Here is the number of independent identifications performed. Twenty different in silico144
experiments were performed (i.e. = 20). Firstly, performing different experiments involved145
making a nonnegative change in the parameter vector (i.e. by setting ≔ ± )146
and then simulating the data - this was repeated times. Secondly, independent147
identifications were performed using both the CSSS and ICRS/Ds methods. In each in silico148
experiment, a random number of parameters was kept constant while the others were varied149
around at most 20% of their starting values – this was repeated times.The above different150
cases in data simulation and identification help to specify reliability of the optimization151
methods with respect to . Low values of ̅ are associated with a good performance,152
and low values of the mean relative standard errors represent a high consistency in153
estimating . To assess the performance of the method over the parameter space, the154
average values, ̅ were computed using155 ̂ = ∑ ̂ , (16)156

This statistic is an unbiased estimator since ̅ ≈ 0. Similarly, the total variations in the157
estimate were calculated using the expression158

= ∑ , − E (17)159

The mean standard deviation was calculated from160 = ∑ , (18)161

where E(∙) is the expectation operator. Equation(16) and(18) provide additional information162
on the accuracy and consistency of the computed parameter estimates. A small confidence163
bound in(18) indicates replicable experiments with respect to the identification method used.164
The closer (16) gets to zero, the better the identification.165

166
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2.5 CSSS algorithm pseudo-code167

The specifications of the subsequent steps in the CSSS algorithm are given in Table 1. The168
implementation and systems identification was done in MATLAB version 7.4.0.169

Table 1. Pseudo-code for the CSSS algorithm. where: , : iteration indices, : number170
of successful iterations satisfying the specified criterion, : a definite integral171

domain, ‖∙‖ : the city block distance (or norm), (∙) : is the expectation operator.172
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Setting an infinitesimal tolerance value = 1 − 5 (a relative deviation in goal functions)174
reduces the likelihood of the optimization getting stuck at a local minimum. This low175
tolerance value ensures that the error in the goal function is negligible, hence, increasing the176
accuracy in parameter estimation.177

2.6 Pre-conditioner verification178

The condition number, just like correlation coefficients, can be used to explain any179
anomalies in parameter estimates. If the condition number is large (i.e. deviates significantly180
from the value 1), then the gene expression values have similar time trajectories. This is an181
attribute that may lead to biased parameter estimates. Let the measured gene expression182
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(mRNA levels) data be × , then the condition number for this matrix is defined as ( ) ≔183 ‖ ‖‖ ‖if [ ]is a nonsingular matrix. If is a non-square matrix, then the analogous184
definition for the condition number is:185 ( ) ≔ ( ) = ‖( )‖‖( ) ‖ (19)186

3. RESULTS AND DISCUSSIONS187

3.1 Model goodness-of-fit to data188

On performing the identification, the results for the linear, the non-linear both for the CSSS189
and ICRD/DS methods all showed good model fits to the data. See, for instance Figure 2,190
which concerns results of the CSSS method for the non-linear case. The condition number191
for the linear and nonlinear network cases was found to be in the order of magnitude192 (∙) = 1.7 + 4 and (∙) = 1.2 + 4, respectively. This order of magnitude in this number193
may compromise the accuracy of parameter estimates. It should be noted that by invoking a194
network by a single trigger most of the gene transcription profiles turn out to be correlated.195

196
Fig. 2. Model fit to data using the CSSS method to the nonlinear example in section197
2.2. The data points are indicated by points and the model fit by lines (measurement198

noise = . , = data points and sampling step size of ∆ = . units).199

3.2 Identification from the linear model formalism200

Parameter estimation with the CSSS and ICRS/DS algorithms is done for a 20 sets of201
parameters for the linear model formalism. The SSE (or goal function value) using the202
ICRS/DS algorithm was found to be /( ) = 0.0191, and ( ) = 0.0170 for the CSSS203
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method. Table 2 provides an example of the parameter estimates and the true parameters of204
one of the sets. For both methods there is a deviation from the true values. The main reason205
is that a large number of parameters are estimated from a dataset with correlated response206
variables resulting in a high condition number. Identification with reduced system dimension207
(e.g. with gene 5 and 6 knocked out) shows that the CSSS method still yields results with208
lower variances on the relative errors. The overall relative error rates for the reduced system209
(with 9 parameters) were also lowered.210

Table 2. Parameter estimates obtained by using the CSSS and ICRS/DS algorithm.211
Estimations were done using time course data from the linear network formalism212

(subsection 2.1) with measurement noise level of = . and = data points.213

ICRS/DS CSSS
“true” value ,( ) ,( )

2.0
1.0
2.1
1.2
2.5
2.6
1.6
1.4
2.9
1.2
1.1
1.0
2.6
2.1
2.1
1.0

0.6922
0.1398
2.0944
1.1965
2.7175
2.8466
1.7097
1.1515
2.3845
1.2235
1.1193
0.2683
2.4020
0.9770
1.5236
0.5854

1.6589
0.6760
1.6817
0.9581
1.0710
1.1614
0.6087
0.6307
1.2947
0.9866
0.8993
0.3777
1.1511
1.6007
1.7599
1.0011

214
Fig. 3. Mean relative error (MRE) for the linear model formalism by the ICRS/DS and215

CSSS method, respectively. Analysis was done using data with = . .216

Figure 3 gives the mean relative error (MRE) for each parameter as estimated by both217
methods. Overall, the MRE for the CSSS method ( ̅ = 0.4072) is below that of the218
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ICRS/DS ( ̅ = 0.6001). Moreover, an important property of the CSSS method is that the219
MRE for an individual parameter is nearly constant while the MRE for the ICRS/DS shows a220
large variation (compare corresponding error bars). In other words the CSSS method is221
consistent in its results. The lower variation is a result of the variance scaling in step 11 of222
the algorithm. To estimate in the linear model set up, parameter estimation a choice of223 ( ) ∈ {−1, +1}was made. Hereby, −1 was chosen for the auto-regulation effects, −1 for the224
repressing and +1 for the activating effects of the transcription factors to a particular target225
gene. With this initial parameter choice, the CSSS algorithm needs a significantly lower226
amount of iterations to achieve the convergence than ICRS/DS (Figure 3). If the initial227
parameters were not chosen according the above strategy, the convergence rate of both228
algorithms becomes worse.229

230
Fig.1. Plot of goal function convergence values using the CSSS and ICRS/DS231

algorithms. The figure axis narrowed for easy visibility – the final successful iteration232
number at which the goal function converges is about 150 and 900 for the ICRS/DS233

and CSSS, respectively.234

3.3 Identification from the nonlinear model formalism235

The ODE nonlinear model formalism is known to be prone to having correlated parameters.236
This is problematic for network identification since it leads to reduced accuracy and precision237
in parameter estimates. Parameters were estimated for 20 different datasets. SSE values for238
the goal functions using the nonlinear identification problem were /( ) = 0.0017 and239 ( ) = 0.0014. The parameters estimated for one of the datasets are shown in Table 3.240
Despite the correlation between parameters, for all these sets the parameters estimated are241
much closer to the true values compared to the linear model formalism. As expected, for the242
linear case with reduced number of parameters, better parameter estimates were observed.243

Table 3. Parameter estimates obtained by using the CSSS and ICRS/DS algorithm. The244
estimations were performed using with data having measurement noise = . ,245 = data points and sampling step size of ∆ = . units.246
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“true” value ,( ) ,( )
2.0
2.0
1.0
2.0
1.0
1.0
2.0
1.0
1.0
1.0

2.0221
1.4011
1.1755
1.4067
1.8981
1.7361
3.1916
0.2739
4.0543
0.8022

2.2348
0.9060
1.5165
1.8152
2.0154
1.8558
2.0154
0.9287
1.6019
0.7271

Figure 4 gives the MRE for the individual parameters. The average MRE for the CSSS is247
0.1670 with a deviation of 1.4 − 4 and for the ICRS/DS method 0.2274 with a deviation of248 1.5 − 3. Again the CSSS is more consistent in finding the parameters. In contrast to the249
linear case no rules could be applied for the parameters initial guess, therefore initial values250
were randomly chosen from the interval [0,5].251

252
Fig. 5. Mean relative error (MRE) for the non-linear model formalism by the ICRS/DS253

and CSSS method, respectively. Analysis using data with a = . noise level.254

3.4 Comparison of algorithm performance: ICRS/DS versus CSSS255

To assess the performance of the convergence times for the two identification methods256
under consideration, the optimization times to convergence were computed. For the same257
model and dataset, the CSSS algorithm converges faster than the ICRS/DS algorithm258
(Figure 7 and 8). This holds true even for a highly connected network (with = 16259
parameters) used in the linear network as opposed to the nonlinear network with only three260
genes (with = 10). During the optimization process, an iteration run was either rejected as261
unsuccessful or accepted as successful by checking if ( ) and ( )satisfies the conditions in262
steps 12 and 17, respectively (Table 1). A distinguishing feature of stochastic optimization263
methods is that much computational time is wasted on unsuccessful iterations. Compared to264
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the ICRS/DS; steps 12 and 17 in the CSSS method ensure that the number of unsuccessful265
iterations is reduced.266

267
Fig. 6. Comparison of relative deviations in goal functions to convergence time268

for the CSSS algorithm versus with the ICRS/DS algorithm for the linear model269
formalism.270

271
Fig. 7. Comparison of relative deviations in goal function to convergence time for272

the CSSS algorithm versus with the ICRS/DS algorithm for the non-linear model273
formalism.274
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An assessment on the parameter accuracy was performed with five times the number of275
time points for all the cases considered. A total of 100 time points (i.e. data points) were276
used for both the linear and nonlinear network representation problems. The results do not277
deviate much from those observed earlier-on in which the CSSS turned out to be superior to278
the ICRS/DS method. Relative error analysis was performed with noise-free data and the279
results indicated that the standard deviations on the parameters are again lower for280
identification with the CSSS as compared to the ICRS/DS method. Therefore, irrespective of281
the measurement noise level in the dataset, the CSSS method is consistent and reliable in282
the parameter estimates – as seen from the low mean relative error and standard deviation283
values. This analysis indicates that the errors in the parameters are not caused by the noise284
level but are associated with the high condition number.285

286
Fig. 2. Mean relative error (MRE) for the linear model formalism by respectively the287

ICRS/DS and CSSS method, analysis with the noise-free dataset = . .288

Using the CSSS method, the averaged relative errors on the estimated parameters were289
less than those obtained using the ICRS/DS method (Figure 3 and 4). The CSSS method290
achieves the best accuracy results and is faster in convergence. The advantage of using the291
CSSS method over the ICRS/DS method is that the CSSS method does not require heuristic292
tuning of the parameters. In step 6: Table 1, the variance of the parameters is estimated and293
the minimum deviation from the two terms is used for updating the next parameter estimate.294
Scaling the variance term by the iteration index + 1 (step 11: Table 1) ensures that the295
variance decreases during optimization, leading to faster convergence (Figure 6 and 7). This296
increased speed of convergence is associated with less function rejection during the space297
search in the optimization process.In the presence of correlated parameters in a model, the298
likelihood of obtaining good parameter estimates is reduced because a change in one299
parameter value proportionally causes a shift in the other parameter value – this is a300
challenge in systems identification. In essence, applying a method to a parameter estimation301
problem for larger network dimensions may yield a model with good fits to the data, but with302
fading degrees of parameter accuracy. Quicker convergence and better parameter303
estimates can be achieved by good parameter initialization since this increases the304
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likelihood of obtaining optimal solutions [27]. This statement seems relevant for the ICRS/DS305
method, but this work shows that with the fast converging CSSS algorithm the initial choice306
is not that important.307

4. CONCLUSIONS308

The results presented in this paper are based on two stochastic optimization methods309
addressing the parameter identification problem from time course datasets. The findings310
indicate that the performance of the CSSS is better than that of the ICRS/DS. The CSSS311
method shows lower variation on relative error on the parameter estimates. The mean312
relative errors on the parameters are also lower for the results obtained using the CSSS313
method as opposed to those obtained from the ICRS/DS method. The CSSS method can be314
used for parameter estimation in small sized networks. The CSSS method is computationally315
efficient and out-performs the ICRS/DS in the convergence speed. The performance of the316
proposed optimization method for both the linear and nonlinear model representation was317
better than that of the ICRS/DS.Achieving accurate parameter identification remains one that318
is crucial to address, especially with growing interests from understanding larger biological319
networks, thereby,up-scalingthe challenge. However, by decomposing networks into sub-320
units, it is easier to estimate the parameters with much better precision.321
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