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ABSTRACT

In the last decades cloud computing has been the focus of a lot of research in both
academic and industrial fields, however, implementation-related issues have been
developed and have received more attention than performance analysis which is an
important aspect of cloud computing and it is of crucial interest for both cloud providers and
cloud users. Successful development of cloud computing paradigm necessitates accurate
performance evaluation of cloud data centers. Because of the nature of cloud centers and
the diversity of user requests, an exact modeling of cloud centers is not practicable; in this
work we report an approximate analytical model based on an approximate Markov chain
model for performance evaluation of a cloud computing center. Due to the nature of the
cloud environment, we considered, based on queuing theory, a MMPP task arrivals, a
general service time for requests as well as large number of physical servers and a finite
capacity. This makes our model more flexible in terms of scalability and diversity of service
time. We used this model in order to evaluate the performance analysis of cloud server
farms and we solved it to obtain accurate estimation of the complete probability distribution
of the request response time and other important performance indicators such as: the Mean
number of Tasks in the System, the distribution of Waiting Time, the Probability of Immediate
Service, the Blocking Probability and Buffer Size...

Keywords: Cloud computing, performance analysis, waiting and response times, queuing
theory, embedded Markov chain. MMPP processes

1. INTRODUCTION

In 1969, Leonard Kleinrock said: “As of now, computer networks are still in their infancy, but
as they grow up and become sophisticated, we will probably see the spread of ‘computer
utilities’ which, like present electric and telephone utilities, will service individual homes and
offices across the country” [1]. Innovations are necessary to ride the inevitable tide of
change. Most of enterprises are striving to reduce their computing cost through the means of
virtualization. This demand of reducing the computing cost has led to the innovation of Cloud
Computing.

Cloud computing is a technology that uses the internet and central remote servers to
maintain data and applications. This technology allows consumers and businesses to use
applications without installation and access their personal files at any computer with internet
access. It allows for much more efficient computing by centralizing storage, memory,
processing and bandwidth.
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The analogy of cloud computing is, “If you need milk, would you buy a cow?”. All the users or
consumers need is to get the benefits of using the software or hardware of the computer like
sending emails etc. Just to get this benefit (milk) why should a consumer buy a (cow)
software and/or hardware? [2]

There is no single definition for cloud computing. The US National Institute of Standards and
Technology (NIST) defines cloud computing as “a model for user convenience, on-demand
network access contributes the computing resources (e.g. networks, storage, applications,
servers, and services) that can be rapidly implemented with minimal management effort or
service provider interference” [3]. We can also define the cloud, or a "computing on
demand" as a "new" computer model which provides IT services on-demand, affordable and
accessible from anywhere at any time and by any user. Cloud Computing offers better
computing through improved utilization and reduced administration and infrastructure costs.
Cloud Computing has become one of the most talked about technologies in recent times and
has got lots of attention from media as well as analysts because of the opportunities it is
offering.

Cloud Computing encompasses different types of services. The cloud has a service-oriented
architecture, and there are three classes of technology capabilities that are being offered as
a service: Infrastructure -as-a -Service (laaS), where equipment such as hardware, storage,
servers and network components are accessible via the Internet, the platform -as-a -Service
(PaaS), which is a central component of the Cloud: the Paa$ is responsible for developing
applications for the cloud. It includes hardware with operating systems, virtualized servers,
etc; and finally the Software-as- a-Service (SaaS) (resources software), which includes
applications and other hosted services [4].

Due to benefits offered by Cloud computing, Quality of Service (QoS) is a broad topic in this
technology and is most often referred as the mechanisms in place to guarantee a certain
level of performance and availability of a service [5]. QoS includes availability, throughput,
reliability, security, and many other parameters, but also performance indicators such as
response time, task blocking probability, probability of immediate service, and mean number
of tasks in the system [6]. To model networks and estimate its QoS parameters, the queuing
theory models are classic and powerful tool [7].

In this paper, and in order to analyze QoS in cloud computing, we model a cloud center as a
MMPP/G/m/m+r queuing system which indicates that the arrival process is a Markov
Modulated Poisson Process (MMPP), while task service times are independent and
identically distributed random variables that follow a general distribution. The system under
consideration contains m servers which render service in a first in first out (FIFO) manner.
Because of the nature of the cloud environment, our mathematical assumptions make the
proposed model more flexible in terms of conformance with reality, scalability and diversity of
service time. Due to the introduction of the finite capacity, the system may experience
blocking of task requests. In other words, the necessary assumptions that are required for a
true performance model of a center of cloud computing are integrated.

We used this model in order to evaluate the performance analysis of cloud server farms in
order to get the complete probability distribution of the request response time and other
important performance indicators such as: the mean number of tasks in the system, the
distribution of waiting time, the probability of immediate service, the blocking probability and
buffer size.

The remainder of the paper is organized as follows: in section 2 we give a brief overview of
related work on cloud performance evaluation and performance characterization of queuing
systems. Section 3 discusses our analytical model in details. In Section 4, we solve our
model in order to obtain analytically desired performance metrics. Our findings are
summarized in Section 5.



83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135

2. RELATED WORK

Cloud computing is the subject of several research, but only few are the works that are
interested in QoS problems in this technology, and rigorous analytical approach has been
adopted by only a handful among them.

Xiong et al. [8] suggest a queuing network based model for analyzing the working level and
throughput of cloud resources, and Laplace transformation is used to determine the
response time distribution with particular reference to resource utilization in a cloud.

Yang et al. [9] modeled the cloud center as a M/M/m/m+r queuing system from which the
distribution of response time was determined. Inter-arrival and service times were both
assumed to be exponentially distributed, and the system had a finite buffer of size m+r. The
response time was decomposed into three independent periods: waiting period, service
period, and execution period.

A large queuing system (number of servers is large, e.g., more than 100) that is assumed to
have Poisson arrival process and generally distributed service time can be a proper model
for performance evaluation of a cloud center. However analyzing queuing system with
generally distributed service time is not an easy task;

Theoretical analyses have mostly relied on extensive research in performance evaluation of
M/G/m queuing systems, as outlined in [10, 11, 12, 13, 14, 15]. As solutions for mean
response time and queue length in M/G/m systems cannot be obtained in closed form,
suitable approximations were sought.

An approximate solution for steady-state queue length distribution in a M/G/m system with
finite waiting space was described in [20].

A similar approach in the context of M/G/m queues, but extended so as to approximate the
blocking probability and, thus, to determine the smallest buffer capacity such that the rate of
lost tasks remains under predefined level, was described in [21]. An interesting finding is that
the optimal buffer size depends on the order of convexity for the service time; the higher this
order is, the larger the buffer size should be.

An approximation for the average queuing delay in a M/G/m/m+r queue, based on the
relationship of joint distribution of remaining service time to the equilibrium service
distribution, was proposed in [13].

However, most of these provide reasonably accurate estimations of the performances only
when number of servers is comparatively small, (say, less than ten or so), but fail for large
number of servers [16, 17, 18, 19].

Recently Khazaei et al. [22] modeled the cloud center as a M/G/m/m +r queuing system with
single task arrivals and a task buffer of finite capacity. They evaluated its performance using
a combination of a transform-based analytical model and an approximate Markov chain
model, which allows them to obtain a complete probability distribution of response time and
number of tasks in the system. They also discussed the probability of immediate service
(i.e., no waiting in the input buffer) and blocking probability, and determine the size of the
buffer needed for the blocking probability to remain below a predefined value. Analytical
results are validated through discrete-event simulation.

However, in cloud computing and because of the diversity of cloud users, analysis in the
case where inter-arrival is not exponential is a more relevant model, but its analysis is more
complex.

In [23] authors developed and employed a cloud computing model for allocation of resources
to the jobs that enter into the cloud by using queuing models. They considered that arrival of
jobs follows non-homogeneous Poisson process; the service time is assumed to be
exponential. They studied the transient analysis of the model by using various performance
measures such as Mean number of job requests, Utilization, Throughput and Mean Delay.

In this work we report an approximate analytical model based on an approximate Markov
chain model for performance evaluation of a cloud computing center. Due to the nature of
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the cloud environment, especially the nature of arrivals, we consider, based on queuing
theory, a MMPP task arrivals which is more realistic in modeling networks, a general service
time for requests as well as large number of physical servers and a finite capacity. This
makes our model more flexible in term of depiction of cloud computing reality.

3. PROPOSED ANALYTICAL MODEL

3.1 Arrivals and service time in a MMPP/G/m/m+r queuing system

Cloud computing technology is designed to support a wide range of users. One major
feature is that the arrivals are usually highly bursty, and there is usually a correlation
between arrivals. Thus, the traditional Poisson traffic arrival model cannot be applied
because the presence of correlation between arrivals violates the independence assumption
associated with the Poisson processes. Markov modulated Poisson Process (MMPP), that
are a subclass of the doubly stochastic Poisson processes, can be used to model time-
varying arrival rates and important correlations between inter-arrival times [24]. Despite
these abiliies MMPP processes are still tractable by analytical methods [25]. Hence the
opportunities using of MMPP processes for the modeling of arrivals in cloud computing is
considered in this paper.

In MMPP model, the arrivals follow a Poisson process with an arrival rate A [J(t)] where

J(t) is an irreducible Markov process with finite states. In other words, the intensity of the
Poisson process depends only of the Markov process state. When the Markov chain is in
state i the arrival rate is /1i [26].

In general, a m-state MMPP (MMPP-m) process is parameterized by the infinitesimal
generator Q of the Markov process and the m Poisson arrival rates: A, A, ... A, with:

-0, ... O .
Q= : . i |whereo :ZJ‘J'
Uml —O'mm 1=l

— Represent the rate of the transition between the states i and j for the Markov process.
g

I
The steady-state probability distribution 1 can be gained by the solution of the linear

m
equation 77Q =0 when the additional normalization condition z 71(i) =1 is imposed.

i=1
In this work, we model a center of cloud computing using MMPP/G/m/m+r queuing
system in which the time of arrival follows a MMPP process, service time generally
distributed with a mean value p , the system contains m servers and had a finite capacity of
size m + r ( buffer size is r).
We can analyze this queue by exploiting the embedded Markov chain technique discussed
in the next.
The task arrival in the system follows a MMPP process, the distribution function of the inter-

arrival time A is given by: A( X) = pI’Ob[A< X] , its density function is denoted by a(x) and

its Laplace transform is: AD(S) = J? e‘s‘a(x) dx
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The service time of tasks B are identically and independently distributed according to a

-1
general distribution with an average service time b =—, its distribution function is given by

U
B(X) = pI’Ob[ B< X] , its density function is denoted by: b(X) and the Laplace transform of

the service time is BD(S) = J.: e_sxb(x) dx.

Residual task service time is the time from a random point in task execution until task
completion. We will denote it as B+. This time is necessary for our model since it represents
time distribution between a MMPP task arrival and departure of the task which was in
service when task arrival occurred. It can be shown as well that probability distribution of
elapsed service time (between start of the task execution and next arrival of task request B-)
has the same probability distribution [27]. The Laplace transform of residual and elapsed
task service times have the same probability distribution as it was calculated in [27] as
O
B(s)=8°(s) == 2. (8)
sb
Results should be clearly described in a concise manner. Results for different parameters

should be described under subheadings or in separate paragraph. Table or figure nhumbers
should be mentioned in parentheses for better understanding.

The discussion should not repeat the results, but provide detailed interpretation of data. This
should interpret the significance of the findings of the work. Citations should be given in
support of the findings. The results and discussion part can also be described as separate, if
appropriate.

3.2 Embedded Markov Chain

MMPP/G/m/m+r queuing system may be considered as a non-Markov process which can be
analyzed by applying the embedded Markov chain technique which requires selection of
Markov points in which the state of the system is observed. Therefore we model the number
of the tasks in the system (both in service and queued) at the moments immediately before
the task request arrival. This Markov chain is ergodic because it is irreducible (that is to say
all states communicate with each other) and has a finite number of states, so the chain is
recurrent non-nil, hence it is ergodic; thus, this chain admits a steady state probability. To
get the latter we need to calculate the departure probabilities in the system:

P.PR, and P, .

The arrival times of tasks are selected as points of Markov (Fig. 1). Note that the number of
departures may be anywhere between 0 and . When the system is in the steady state,
there will be on the average a single departure between every two successive arrivals.

Ay Aot

inter arrival time

gystem

L) -
slate g, l l
-] ] a '

V.1 lask requests serviced

Bred time

Fig. 1. Embedded Markov chain
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Let A, and A,.1 the moments of nth and (n+1)th arrivals to the system respectively, while g,
and g,.; indicate the number of tasks found in the system immediately before these arrivals.
If v+ indicates the number of tasks which depart from the system between A, and A,.1, then
we need to calculate the transition probabilities associated with the embedded Markov chain

defined as: Q,,; =0, —V,,, +1. We need to calculate the transition probabilities associated

with the embedded Markov chain defined as: p; = pI’Ob[anr1 =j/q, =i]which is the

probability that i +1- j tasks are served during the inter-arrival time between the arrivals of
two successive tasks. Itis obvious that for j >i+1, p; = 0.

Since the Markov chain is ergodic, a steady state probability distribution exists
=y, 1, 10,,...... /T, | with 7, =lim prob[qg, =k], O<k<m+r which is the

N +oo

probability that k tasks exist in the system immediately before the new arrival. To obtain this
distribution it is required to solve the equation /7= 71P , where P is the matrix whose elements
are the transition probabilities p.

To find the elements of the transition probability matrix P, we need to count the number of
tasks departing from the system between two successive arrivals, as shown in Fig.2.

task Aq Aqi
arrivals

gystem g, Qi time

state remaining e ' .

service time service time
P (Py)

) server #1

SEIVENS

Y ¥

r ¥

tasks
serviced Dy Diz

Fig. 2. System behavior between two MMPP arrivals

3.3 Departure Probabilities

First consider the case of a two-state process MMPP (MMPP-2), P is the transition matrix of
the Markov chain associated with the MMPP-2 defined as follows:

P:(@1 mﬂ
le p22
A is the arrival rate of the MMPP-2: A = (A,,A,). For a task to be served and leaves the

system during the inter-arrival time, its remaining duration (residual service time B+) must be
shorter than the task inter-arrival time, which results in the probability Px. This probability
can be calculated as:



B, =Prob[B, <A
=Py & 4 3= PRI AT (A
Py &1 o=, PRI R4 R
sert <7 30)=4,3¢.)=A [P 6 A I G A
+Pr°b_B+ <%(tn)=A2,J(tm1)=A2]’<Pf0b[J¢n)=Az,J t)=2]

) pﬂf Pt B =A== B OF pﬂf P )= = B

+F&1Tpr°b[8+ =1, ) =AB |00 pzzTPr"b[a =30, =x B

- pllje”“XoB 09+ j € B, 09+ paf [ev (x)+p22j &"B, ()
27 =REWPREM*PENP BN

238 Fig. 3 shows the evolution of P, as a function of A, and fixed A, values (A, = 2, 10, 20 and

239 50). Fig. 4 shows the evolution of P, as a function of A; and A,. The two figures illustrate the
240 decrease of P, when A; and A, increase.

08 T T T

T
lambda2=2
+  lambda2=10
*  lambda2=20
07 *  lambda2=50 H

0 1 | | | | | | |
1 2 3 4 8 6 7 8 9 10

241 lambda1
242 Fig. 3. Evolution of Px as a function of A, with fixed values of A, .
243
N N .
244 p, =Prob[B, <A|=>'>"p,B. ()

i=1 j=1
245 Physically this result presents the probability of no task arrivals during residual task service
246 time.

247 In the case when arriving task can be accommodated immediately by an idle server (and
248  therefore queue length is zero) we have to evaluate the probability that such task will depart
249 before next task arrival.
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We will denote this probability as P, and it is defined for MMPP-2, as follows:
p, =Prob[B< A
Using the same analysis in computing P, we can show that:
P, = PuB (A)+ P B (1) +pB (A)+p,B(A)
Similarly, we can give the general expression for MMPP-N as follows:

p, =Prob[B< A :ii ;B ()

i=1 j=1

ga—""
o=

07"
o=

P

05—
0.4 =

o3 =

e s . P

0.1 = 3
0o . 50
B0 40 o0

o a

lambda2 lambdal

Fig. 4. Tridimensional view of the evolution of P, as a function of Aand A,

For the case of a MMPP-N we can generalize this probability as follows:
The probability that k tasks depart from a server before the arrival of a new task is derived

from the two previous expressions p,and p, .

Let A and B be two events such as:

A: "The task in service is complete and leaves the system during the inter-arrival"

B: "The task which is waiting enters the service, completes its service and leaves the system
during the inter-arrival”

,, =Prob[ An B** |
=Prob(A)x (Prob B )J* "
=p,x(p,)*™

=[PB )+ P B.A)+p BN+ p B X[PBU+PBA)+p B)#p B())

(k-1)

The general expression for this probability is given by:
N

N N N (k=1)
P, {ZZ P, Bi(/li)}{zz p,B (/h)} with p,; = p, .

i=1 j=1 i=1 j=1
Using these values we can compute the transition probabilities matrix.
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Fig. 5 shows the evolution of P,y as a function of A, and A,. This figure shows the

decrease of P, when increasing A, and A,

Pz

B0

lambdaz

i
"":{"‘ S

e

40 40

20 20

100
B0

lambda

Fig. 5. Evolution of Pz,k (for k =3) as a function of A, and A,

3.4 Transition Matrix

After calculating the departure probabilities Py, P, and Py, in the embedded Markov chain,
we may identify four different regions of operation for which different conditions hold; these
regions are schematically shown in Fig. 6, where the numbers on horizontal and vertical
axes correspond to the number of tasks in the system immediately before a task request
arrival (i) and immediately upon the next task request arrival (j), respectively.

=0

i=0

i=m+r

1-Fori+l<j, p;=0

N\,
\\\
N
\\
P \ Py
‘\g/" ‘\\ I\l/
\\‘
N,
\\\
\\
\\
\\
- \\
4) N\,

/

Fig. 6. Range of validity for pij

j;m+r

(m+r x m+r)
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2 —For i<m and j <M (no waiting), between two successive arrivals the probability that
i — j +1tasks are served is:
PN ‘ . g i
P =GP d-p) p+Cyyp T A-p) A py)
3 — For iZmand j=m, ie. all servers are busy during the inter-arrival time. Let

w=i+1-] represents the number of tasks that leave the system between two successive

Markov points. This humber can be between 0 and infinity, but it is often close to 1. In this
model it is assumed that w does not exceed 3 i.e. there are no more than three tasks served
between two successive arrivals.

min(w,m) min(w-s;,s;)
— m- Sy 1~ S S-S W=S{S,~W-S{$S 25 sW+S
pu - z C;l p)?(l_px) %X z [Csl2 pz,22(1_pz,2) ! ZXCSZ ' sz,B ' 2(1_ pz,B) : 1]
s =min(w,1) s,=min(w-s, ,1)

4 - Finally for i =2mand j <m, i.e. all the servers are busy at the time of first arrival and

I —m tasks are in the queue, while after the arrival of the next task, there are exactly j tasks
in the system, no one will be in the queue. The transition probability is expressed by:

min(w,m) min(w-s;.,s;)
= 2 Capt@-p )™ x> [Crpn(-p, )T xCopy (A p, o]
s =m-j s,=min(w-s, m-j )

4. ANALYTICAL PERFORMANCES EVALUATION AT STEADY STATE

4.1 Equilibrium balance equations

Once we find the matrix P, the steady state probabilities can be computed by solving the
system of the balance equations (the average flow outgoing of each state is equal to the
average flow go into this state) and adding the normalization equation (the sum of all state
probabilities equal to 1).
The balance equations are:

o mer

T = Zﬂ] pji O<i<m+r towhich we add the normalization equation Z m=1.

j:O i=0
But it is still difficult to solve the equation of balance of the steady state and therefore a
numerical solution is required.

4.2 Distribution of the number of tasks in the system

Once the steady-state probabilities are found, we can establish the generating function of

the number of tasks () = mir 7,z » and therefore we can deduce the average number of
k=0

tasks in the system by deriving the above expression, we thus find T) =MN'Q@

proof:
m+r

we have[] ¢ > mz“=E (# ) Then{] 4 ¥E ¢,z
this leads to:p=] _(l)= Eq, )

4.3 Distribution of waiting and response times
Using Little's Law, the response time average is given by:
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f= P — P

/](1 M) ( MvPp AT)(l M)
MMPP process.
Let W denotes the waiting time in the steady state, W(x) the distribution function and W*(x)
its Laplace transform. It has been demonstrated in [28] that the length of the queue Q has
the same distribution as W and therefore the number of tasks that arrive during the waiting
time is expressed as: Q(z) =W (A(1-2)) .
Similarly we can assert that Q and W have the same distribution for a MMPP-2 process.
Proof:
Let U

where A is the intensity average of the

+ denotes the number of task arrivals during the waiting time, we have:

Q(2) =E(Z™)
= i ProbU,., =k)z“

:i[PrOanﬂ = k"Jt =1)+ Prob Un+1 =k NAS 2}2k
k=0

i[Prob(Jnﬂ =% _)Prob @, = 1)+ Pob Y Zy _,)Pob g, =
k=0 t t

i{”ij. A" 1) e dw(t) + 7z, J‘ (/] t) /]thw(t):| .

_ Tm A zt) Haw(t) + ﬂTi(A 2)" i gut)

0 . .

=7 I e’ e M dw(t) + 7, j e”? e dw(t)
0 0

= [ &M dw(t) + 7z, [ & ¢ dwit)
0 0

=W (A (1= 2))+ W (A,(1-2))
with 7P =m;, m+1m, =

We can easily generalize this expression for MMPP-N as follows:

E(z’)=> ProbU,,, =k)z“
k=0

= W (A(@1-2) with: 7P=m and > 7 =
k=0 k=0
Q(2) could also be written as follows:

m+r

Q(2) = Zm+2m
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Proof :

QA2 :'Zprob(w: K)Z
=Probw= o>+'z Pob (v=k ¥*
=§m +§mkzk

m-1 mr i
=+ g+ Y, ™ with:k=k'-m
k=0 k'=m+1
m-1 mr
=AY+ D A2
k=0 k=m+1
m-1 I
=2 A+ AT
k=0 k=m
As we have a finite capacity system (i.e., there may exist blocking), we shall use effective
arrival rate as:
Ae =A' Thavpp (1- Tl )
Hence we have:

W (=@ ,=Q1--)=QU-

A

S
A e (1= 7T, )

Moreover, the Laplace transform of response time is: T (S) =W (S)B (S), in which the

W*(s) and B*(s) are the Laplace transform of waiting time and the service time, respectively.
Proof:

)

e

T (s)= Te‘s‘dT (t)

=E(e™)
= E(e™™) becausd =W +B
=E(e™)* E(e”™®) asW and Bare indépenda
=W (9)*B(9
The ith central moment, (i), of the response time distribution is given by:

T'(2) = Te‘” f(t)dt

- E(e—zT)
Then:T '@)=-E{e ™)

This leads to T ¢ ¥ £ 1E T'e”
E(T)=(-)'T"(0)
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4.4 Probability of immediate service

Here we are interested in the probability that tasks will get into service immediately upon
arrival, without any queuing, so there is at least an idle server and thus the response time

m-1
would be equal to the service time: an = Z T
i=0

4.5 Blocking probability

Since MMPP arrivals are independent of buffer state and the distribution of number of tasks
in the system was obtained, we are able to directly calculate the blocking probability of a
system with buffer size of r:

Ph

r

=TT

m+r

4. CONCLUSION

In this paper, we proposed an approximate model based on a Markov chain to evaluate the
performance of a center of cloud computing using the queue MMPP/G/m/m+r. Due to the
nature of the environment of cloud computing and the diverse needs and demands of users,
we considered a MMPP arrival process that reflects the nature of arrivals in the cloud, a
general service time, a number of servers and a finite buffer capacity. We described this new
analytical approximation for performance evaluation of a center of cloud computing and
resolved it to get a very decent estimate. In this proposed model we calculated analytically
the performance indicators such as the average number of tasks in the system, blocking
probability, probability of immediate service and the average of response time.
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