UNDER PEER REVI EV

TUBA’S REPRESENATTION OF THE PURE BRAID GROUP ON
THREE STRANDS

ABSTRACT. We consider Tuba’s representation of the pure braid group, Ps,
defined by the map v : P — GL (3,V), where V is an algebraically closed
field. We then specialize the indeterminates used in defining the representation
to non- zero complex numbers. Our objective is to find necessary and sufficient
conditions that guarantee the irreducibility of Tuba’s representations of the
pure braid group P3 with dimensions d =2 and d = 3.

1. INTRODUCTION

Emil Artin, in 1920’s, pointed out that the braids with n strings form the nth
braid group, denoted by B,. There exists an obvious surjective group homomor-
phism 7 : B,, — S,,. The kernel of 7 is referred to as the pure braid group P,
with n generators. In 2001, I.Tuba and H.Wenzl defined a representation of Bj,
namely p : B3 — GL (V'), which is simple on the dimensional vector space V over
an algebraically closed field F. The generators of Bs (oiand o2) have lower and
upper triangular forms respectively. Tuba and Wenzl gave a complete classification
of simple representations of the braid group Bs, for dimensions d < 5 (see [2]). This
was done by assuming a certain triangular form of the matrices of the generators
of Bs. The matrix coeflicients of the generators ¢; and oy are determined by
the eigenvalues Aj, A2, A3 and possibly some scalar, up to certain renormaliza-
tion. The representation of B3 with dimension d = 2 is irreducible if and only if
—A2 4+ A1 X2 — A2 # 0. For dimension d = 3 , the representation is irreducible if and
only if (A2, + MeAn) (A2 + MeA) # 0, where k#m #n € {1,2,3}.

Our main results in this work are Theorem 8 and Theorem 11, where we deter-
mine necessary and sufficient conditions for the irreducibility of Tuba’s representa-
tions of the normal subgroup of the braid group with n strings, namely the pure
braid group P, with dimensions 2 and 3.

2. PRELIMINARIES

Definition 1. [1] The braid group on n strings, By, , is the abstract group with
presentation B, = {01,...,0n-1; 0i0,410; = 0i410:0+1 for i = 1,2,..n —
2 ,0i05 = 005 Zf‘Z*]| > 1}

The generators o1, ..., op—1 are called the standard generators of B,,.
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Definition 2. [1] The pure braid group,P,, is defined as the kernel of the homo-
morphism B, — S, defined by 0; — (i,i+1), 1 < i < n—1. It has the
following generators:

2 _—1 -1 -1 -
Aij:aj—laj—2---Ui+10-i0-1'+1~--0-'720'j717 1SZ,]<’R

Definition 3. A representation is a map v : G — GL(V'), where G is a group
and GL(V') is the group of n X n invertible matrices over the algebraically closed
field V.

Definition 4. A representation v : G — GL(V) is said to be irreducible if it has
no non trivial proper invariant subspaces.

3. TUuBA’S REPRESENTATION OF Bg

Imre Tuba and Hans Wenzl gave a complete classification of all simple resen-
tations of B3 with dimensions d < 5 by assuming a certain triangular form for
the invertible d x d matrices A and B of the generators of B3 that satisfy
ABA = BAB. In particular, they proved that a simple d— dimensional repre-
sentation ¢ : By — GL(V) is determined, up to isomorphism, by the eigenvalues
Al,...,Aq ofthe images of the generators o1 and o2. For more details, see [2].

Below,we write the explicit matrices in the cases d = 2 and d = 3.

Proposition 5. [2,p.4/99] Tuba’s representation of Bs is defined as follows:

For d=2
Al A DY
w8 e (X))
For d=3
DYRED YD 9 P I PR W A3 0 0
g1 — 0 )\2 )\2 5 g9 — —)\2 )\2 0
0 0 A3 PUSEES UP ¥9 Sl VD V1

Here A, Ao and A3 are indeterminates.

We then specialize the indeterminates to non- zero complex numbers. Hence, we
have the following proposition.

Proposition 6. [2,p.503] Tuba’s representation of Bs is irreducible if and only if
(i) =A3 4+ Mo — A3 # 0 for dimension d = 2,

(i) (A2, + XeAn) (A2 + MeAm) # O for dimension d = 3.

Here k#m#n € {1,2,3}.
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4. TuBA’S REPRESENTATION OF Pj3

Let P3 be the pure braid group on three strings. Applying Tuba’s representation
on the normal subgroup of the braid group, namely the pure braid group, we get
the following representations of dimensions d =2 and d = 3.

Definition 7. Tuba’s representation of the pure braid group Ps is defined as follows.

For dimension d =2

AT AT M A2 0
A12 = y A23 =
0 % A2 Ahg A
and
A3+ AT+ A A2+ Ao
Az =
AT = A —A1 s

For dimensiond = 3

)\% (/\1+>\2)()\§+>\1>\3) ()\1 + )\2) (N2 + A3)

A2
Aip=1 0 ¥ Az (A2 + A3) '
0 0 A3
% 0 0
Ags = —A2 (A2 + A3) ¥ 0
—(A1F22)(AZ+000
()\1 +)\2) ()\2 + )\3) (M + 2)A(2 2t+A1 3) )\%
and
K _L_ A3(A1+22)(Aa+2A3)
)\2 )\1)\% )\1
Az = _/\1(/\2+/\3,)\g/\2+/\3+/\1) _)\]:I =2 (A2 + A3)
M OLHA) Aot ds) Qu2)(A3+hds) 22
X3 e 2

Here the constants K, L and M are given by
K =2 (Ao +A3) + M Oz +XA3)" + Ao (A3 + Ads +A2),
L=X3 (A1 +X2) (A2 + A3+ M) (A3 + M As),

and

M =23+ 23 2+ A3) + M1 (2 + A3)°.
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5. IRREDUCIBILITY OF TUBA’S REPRESENTATION OF THE PURE
BRAID GROUP P; witt DIMENSION d =2

We find a sufficient condition for the irreducibility of the complex specialization
of Tuba’s representation of the pure braid group P; with dimension d = 2.

Theorem 8. Tuba’s representation ¢ : P3 — GLo(C) is irreducible if and only if
A # =X and A} — Mo+ A3 #0.

Proof. We show that if \; # —\s and /\? — A1 + /\g # 0 then ¢ is irreducible.
We consider two cases of whether or not A\; and A are equal.

e Assume that A; # As.

The images of the generators of P; under ¢ have distinct eigenvalues. Let us
diagonalize the matrix A;2 by an invertible matrix I given by

-
1 )\1—;\2
I =
0 1
So, we get
A0
I 1Al =
0 A

Suppose, to get contradiction, that this representation is reducible. That is,
there exists a non trivial proper invariant subspace S of dimension 1.

The subspace S has to be one of the following subspaces (e1) or (e2) .

Case 1 S = (e1). Since e; € S, it follows that

A2(A3+A7)

—A1+A2
(I7'Agsl) e = € S. This implies that (A\; + A2) = 0,
=2 (A1 + A2)

a contradiction.

Case 2 S = (e3) . Since e3 € S, it follows that

A (A3+A3)
(A1—A2)?

(I_1A23]) €y = es.

>\1(>\f+)\§)
(A1—=A2)
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This implies that (A} +A3) = 0. That is, Ay = —Az or Ay = A2 (1 £4V/3), which
lead to a contradiction. Therefore, there is no non-trivial proper invariant subspace
in the case A1 # Ag.

e Assume that A1 = A\y. Then,

A2 A0
A = ;A=
0 A —2X] X\
and
30 2\
Az =
—2)\7 X2

Suppose, to get contradiction, that this representation is reducible. That is,
there exists a proper non trivial invariant subspace S of dimension 1.

The subspace S has to be one of the following subspaces (e1), (e2) or < e; +
aes >, where o € C*.

3\3
Case 3 S = (ey). Since e; € S, it follows that Ajze; = €S, a
—2)\]
contradiction.
2)\2
Case 4 S = (e3). Since ex € S, it follows that Ajzes = €5, a
_ )\%
contradiction.

Case 5 S = (e; + aes). Since (e1 + aeq) € S, it follows that Aja(e; + aey) =
A+ 2007
€ S, a contradiction.
a?
We now show that if Ay = —Ay or )\% — A+ )\g = 0 then the representation
is reducible.
Assume that \; = —Xs. Then
AP0 A0
App = , Az =
0 A2 0 A

and
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A0
Az = ,
In this case, we have complete reducibility.

Assume that )\f — A+ )\g = 0, then the reducibility follows directly from that
on the braid group, Bj (see [2]).
O

6. IRREDUCIBILITY OF TUBA’S REPRESENTATION OFTHE PURE
BRAID GROUP P; with DIMENSION d=3

As for dimension d = 2, we find a sufficient condition that guarantees the irre-
ducibility of Tuba’s representation of P3 with dimension 3.

Proposition 9. Tuba’s representation ¢ : Ps — GL3(C) is irreducible if A\; # —\;
and (A2, + Medn) (A2 + MeA) #0 foralli #j andm #n#k € {1,2,3}.

Proof. We consider two cases of whether or not A\; # A; for all ¢ # j.

e Suppose that \; # A; for all i and j.

Let us diagonalize the matrix Aj3 by an invertible matrix T' given by

A3+HA1A —AAz—AoAs
1 >\2(—)\11+;2) (A =A3)(=A2+A3)
T =
-2
0 1 >\2—§3
0 0 1
So, we get
Moo o
(T7'ART)=(0 X 0
0 0 A3

Suppose, to get contradiction, that this representation P3 — GL3 (C) is re-
ducible. That is, there exists a proper non- zero invariant subspace, S, of dimension
1 or dimension 2.

Assume that the dimension of S is 1.
The subspace S has to be one of the following subspaces: (e1), (e2) or (es) .

Case 6 S = (e1) . Since e; € S, it follows that
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A2 As(Aa+23)+AT (A + A2 As+A3)
(A1—Az)(A1—A2)

(T7'AgsT) er = A2(A1+A3) (At As) €8s.
—Az+A2

This implies that (A1 + A2) (A2 + A3) = 0, a contradiction.
Case 7 S = (e2) . Since e; € 5, it follows that

—(A1HA3) Az +A3) A1 s +23) (A2 A3 +A7)
()\1—A2)2(A1—A3)A2

(T_1A23T) €y = Yy e s.

A1 23 +23) A1 +A3) A +A2)
A2 (=A1+A2)

This implies that (A Az 4+ A3) = 0 or (A; + A3) (A1 + X2) = 0, a contradiction.

—MAsHAZATHAT (A3 A2 A 423 ) +As A1 (A3 + A2 As+A3)

Here, y = a—22)(hz—s) '

Case 8 S = (e3) . Since eg € 5, it follows that

(A2 +A7) (A As+A3) (A1 +A2)
(A2=X3)(A1=23)* (A1 =A2) M1

(T7'A13T) e5 = | (M 4A)Matdo)Matds)ds | € S,
(A1=2A3)(Aa—X3)?

z

This implies that (A2As + A7) (A2A1 +A3) = 0 or (A1 + A2) = 0, a contradiction.

AP+ AIATHAT (A 2003423 )+ A0 A1 (AT + A2 As+A3)
(A =23)(A2—A3) )

Here, z =
Assume that the dimension of S is 2.

The subspace S has to be one of the following subspaces (ej,es), (e1,e3) or
<€2, €3> .

Case 9 S = (ej,ea). Since (e + fes) € S for every a,f, it follows that
(T~ AgsT) (cey + Beg) =
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(A223+23) (A2 21 +23) (A1 +23) (A2 +23)
—B (A2—A3)(A1=A2)* Az +ox

(AatA0) O +30)A
aLetddMtrolds gy €s.

A1 HFA2) A4 A3) (AZ4+21 A
& (A1 + 22) (A + Ag) + RGN 0 )

This implies that (A1 + A2) (A1+A3) (A§ + )\1)\3) =0and (A +X2) (A2 +XA3) =0, a

A1 A2 Az (Aa+A3)+AT (>\§+>\2 A3 +)\§)+>\2 A3 ()\§+>\2 A3 +)\§)

contradiction. Here, z = CYES S IevES )
and
- M3 +HAIATHAT (A A2 03423 )+ A3 A1 (A3 + A2 s +A3)

(A =X2)(A2—A3) )
Case 10 S = (e1,e3). Since (ae; + fes) € S for every a,f, it follows that
(T Aa3T) (cvey + PBeg) =

(A223427) (A X2 +23) (A1 +22) (A2 +23)
B (A2=2A3)(A1=X2)(A1—A3)?

a()\3+>\2)(>\1+>\3)>\2 +ﬁ(>‘1+>‘2)(>‘1+/\3)(/\§+A1A2)/\2 es.

A2—A3 (7}\34’)\1)(}\27}\3)2

a (A1 4+ A2) (A2 + A3) + Br

This 1mphes that ()\3 + )\2)()\1 + )\3))\2 =0 and ()\1 + )\2)()\1 + )\3)()\32 +
A1A2)A2 =0, a contradiction. The constants are given by

(aA2xs(e+As) AT (A3 A2 8423 ) F A2 ds (A3 + A2 A3 +A3))
- (A1=A2)(A1—As)

and

_ 22 4 QubaeAaQutde) | (AadstA3) Qutde)
[ T O Vi Y [CE ) (o—A3) .

Case 11 S = (ea,e3). Since (aes + Bes) € S, for every «, 3, it follows that

(T'AT) (aeq + Bez) =
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Bf —a (A1 2s+23) A1 +2As) A2 As+AT) (A2 +A3)
(A2=A3)(A1—=X2)% X2

(>\1+)\2)(>\1+)\3)(>\§+)\1)\2))\2

B (=A3+A1)(A2—A3)? —ah €5.

(>\1+)\2)()\1+)\3)()\§+>\1>\3)
ﬁ’l‘ +a A2(—=A1+A2)

This implies that (A2Az + A7) (M A2 + A3) (A1 +X2) (A2 +A3) =0
and
(MAs +A3) (A1 +2A3) QA + AT (A2 +A3) =0

Here, the constants are given by

A AT AT (A3 A2 A+ A3 )+ As A1 (A3 + A0 A3 +A3)

h (N x2) (%2 —As)
and
Q22D (A A2 +A3) (A +A2) (A2 +As)
f= BV v [ VEr By YR vy LA

Therefore, there is no non trivial invariant subspace of dimensions 1 and 2. This
implies that, the representation is irreducible for \; # A; for all distinct integers
i,j,k € {1,2,3}.

e Suppose that )\, = \; for some i and j.

Case 12 \; = A\3. Then

Copw0ER) (4 )

)\% A2
Arp = 0 ¥ A2 (A2 + A1) |
0 0 A
A 0 0
Agy = | —r2(A2+ A1) A3 0
2 2
(A2 + /\1)2 ——()\2+)\1;(2A2+)\1) /\%

and
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2>\§’+4,\2>\§i\42r2>\1>\§+>\§ (/\2+z\1)(2/\1/\g/\2)(/\§+/\?) o + A1)
A13 = - ()\2 + )\1) ()\2 + 2)\1) — ()\?+(>\2+)\1)(A>\§+)\2)\1+)\§)) —)\2()\2 + )\1)
2
2 2
e sy

Suppose that there exists a non trivial invariant subspace S, in which (ae; 4+ Ses +
ves) € S, «,B,v # 0. It follows that

2 2
ax2 4 REAIREEN) o, 2
(1) Aia(aes + Bes +ye3) = BAZ 4+ A2 (Mg + A1) €s
2
and
]
(2) M(cer + Bea +ves3) = | BAT| €S.
AT

Let us subtract equation (2) from equation (1). Then Ajs(ae; + Bes + ves) —
A(aer + fes +ves) =

FIESZRIC D NN W
®) BOZ =23 + 9% (o + A1) | €5
0
For simplicity, we let u = ﬂ% + (A2 +)\1)2 and w = ﬂ()\g — )\f) +

’}/)\2 ()\2 + )\1) .

Again, we have
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Aa+A1)(A2422
)\2u+(2 1)(A5 Qw
1 o

12(e1u + eqw) = g es
(4) Axa( ) wA
0
and
A,
(5) A3(e1u + epw) = A €s.
0

Now, we subtract equation (5) from equation (4) to get

(A2 + A1) (A3 + A7)

S,
" ) €

e1(u(Af = \3) +w

Here, we consider the following two cases.

2 2
(1) If u(A] — A3) —&—ww #0thenes €S. So ex € Sandes € S.
This implies that the invariant subspace S is the whole space, that is S =
C3.
2 2 2 2
(2) 1u(x ) 4w e u(xf - 3) = o CrLEND

This implies that —yAz (A2 + A1)? (2A2) = 0, a contradiction.
Therefore, there is no non trivial proper invariant subspace in the case A\ = A3.

Case 13 \; = Xo. Then

21 ()\1 + )\3) 21 ()\1 =+ /\3)

A
Ag = 0 )\f A1 ()\1 + )\3) ,
0 0 A3
2
A 0 0
Az = | —A1 (A1 +A3) A7 0

201 ()\1 + )\3) -2\ ()\1 + )\3) )\%
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and
B A+ 2] 2NN g (4 4 )
Ay = —Al()\1+>;\33)(2)\1+>\3) —2X\2 — 4 Mg — A =21 (A1 +A3)
20uts) 21 (A1 + As) A

Suppose that there exists an invariant subspace S, then ae; + Bes + ves € S,
a, B,y # 0. It follows that Aj2(ae; + Bea +ves) € S and Asgz(aer + Pea +yes) € S.
Let us take the case where Aqo(ae; + Beg + ves) € S. That is

A} + 2801 (A1 +A3) + 2901 (A1 + A3)

(6)  Aw(aer + PBex +ves) = BAT +7A1 (A1 + Aa) €S
7A3
and
a3
(7) )\g(ael + Bea + yes) = ﬁ)\g es.
A3

Subtracting equation (7) from equation (6), we get :

eit +eaq € S, where t = (A — \3) 4+ 2601 (A1 + A3) + 29\ (A1 + A3) and
q =B —23) + A1 (M1 + A3).

Then
Mt 420 (A 4+ A3) g
(8) Apa(ert + exq) = It €S
0

and
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N2t
(9) Meit+exq) = | N2q| €8S,
0

Let us subtract equation (9) from equation (8). Then we have the following
equation

A12(€1t + 62(])* A%(elt =+ 62q) =2e1)\ ()\1 + )\3)2 (,3()\1 — )\3) + ")/) €s.

Let us consider the following two cases:

(1) If 201 (A 4+ A3)? (B(A1 — A3) +7) # 0, then the invariant subpace S will be
the whole space.

(2) If 201 (A1 + A3)® (B(A\1—A3)+7) = 0, this implies that 8 (A1 — As) = —7A;.

On the other hand, we have Ass3(ce; + Bes + yez) € S. Then

s

(10) Ags(ae; + Bey + vyes) = —aX; (AL 4 A3) 4+ BAD) es

201 (M + Az) — 261 (A1 + Ag) + A2

and
a2
(11) A3 (ceq + Beg +ve3) = | BAZ es.

TS
Now, after subtracting equation (11) from equation (10), we have

ean +e3p € S.
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Here the constants n and p are given by

n=—ak (A1 + A3) + B(AT — \2),

p=2aX (A1 + A3) — 2801 (A 4 A3) + (A2 — A2).

Then
0
2
(12) Agz(ean + ezp) = Ain €S
—2X\1 (A1 4 A3)n+ \p
and
0
(13) M (egn4esp) = | Ain| €8S.
Ap

We subtract equation (13) from equation (12). We then have that e3(—2XA; (A1 + A3)n) €
S. Now, we consider the following two cases

—2X1 (M1 +A3)n then es € S. So es € S, and e; € S. This implies
(1) If =2X; (A1 + A3)n #0, then eg € S. S S, and S. This impli
that the invariant subspace S will be the whole space, that is S = C3.

(2) If -2\ ()\1 + )\3) n = 0, then ,3()\1 — )\3) = a).

Under direct computations, we get & = —v. Let us substitute @« = —~ in the
following vector ex(n) +ez(p). It follows that e3[y(A\] +\3)] € S. Then ez € S, ey €
S, and e; € S and so the invariant subspace S is the whole space, that is S = C3.

Case 14 )y = A3. Then

(A2 +\)? 2X2 (A2 + A1)
A= A2 272 ’
0 0 ¥
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AQ
2 0 0
2 2
Ass = —2A2 A2 0

22 Mo+ M) —(Aa+A)> A2

and
222 + 4o\ + 372 Qathn) Bhatha) 21 (A2 + A1)
Az =1 —2X\ (2X2+\1) “\2 —4Xo) —2)3 —2)3
221 (A2 + A1) (A2 + A1) o

Suppose that there exists an invariant subspace S. Then e; € S or eo +veg € S
for some v € C*. Assume that e; € 5, it follows that Asze; € S and Ajze; € S.
Now, we consider the case where Asse; € S. Then

(14) Aszer = —2)3 es

2X2 (A2 + A1)

and
,)é
(15) ~Xep =] 0 €8s.
0

Add equation (14) and equation (15) to get
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(16) —2\2e5 4+ 2X5 (Mo + A1) e3 = —2X2 €s.
2X2 (A2 + A1)
Now, we consider the case where Aj3e; € S, that is
X2+ AXo )y + 3X2
(17) Aize; = —2)\ (2)\2 + )\1) es

21 ()\2 + )\1)

and

—2A7 —4X )\ — 303

(18) (—2X\] — 4\ —3)\3)e; = 0 €8s

Now add equation (17) and equation (18) to get

(19) -2\ (2)\2 + )\1) es + 2\ ()\2 + )\1) e3 = | =2\ (2)\2 + )\1) € s.

21 ()\2 =+ )\1)

Let us multiply equation (19) by Ay and equation (16) by A;. Then, by simple
calculations, we get that (A2 + A1) ez € S.

On the other hand, we have
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0
(20) Aszeq = )\g es
— (A2 + )\1)2
and

0

(21) “Nea=|-X2| €8s
0

By adding the equations (20) and (21), we get that — (Ay + A1)°es € S. Then
e3 € S. In this case, the invariant subspace is S = C3.

We now assume that es + ves € S. Then Az (ea 4+ ves) € S, where v # 0. So,

we have
0

(22) Ay (e + ves) = ¥ €S

— (A1 + X2)? +oN?
and

0

(23) “N(ea+es) = -A3 | €8S

—v\2

By adding equation (22) and equation (23), we have ()\f - )\g) v=(+ )2
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Let us substitute (A; — A3) v = (A1 + A2)” in the vector (e + ves). This implies
that (A} — \3) ez + (A1 + o)’ ez € S.
Then we have
()\1 + )\2)4

24)  Ai((A =) e+ +X)’es) = | A2+ +30) | €8S

A2 (A1 +A2)?

and

(25) A=A e+ +X)’es] = | AT =A3) | es.

“AT (A1 + )

Adding the equations (24) and (25), we get the vector (A, + X2)> €1 — 2A%ey € S.

Then
A2+ N)?

(26) Ara[(M + A2)? er — 2X eo] = —2\I\3 €.

Also we have

A2 (M1 + A9)?

(27) M= (A1 +A2)% er + 2\ eo] = 272 )\2 €s.
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We add equation (26) and equation (27) to get that — (Ay + A2)? A2+ A]e; € S.
This implies that e; € S, e2 € S and es € S. Then the invariant subspace will
be the whole space, that is S = C3. So, there is no non trivial proper invariant
subspace in the case Ay = A3.

[l

Next, we find a necessary condition that guarantees the irreducibility of Tuba’s
representation P3 with dimension 3.

Proposition 10. Tuba’s representation ¢ : Ps — GL3(C) is reducible if \; = —\;
or (A2, + AeAn) (A2 + XeAm) =0 for somei #j or m#n#k € {1,2,3}.

Proof. Suppose A\; = —\; for some 7 # j.

Case 15 \;{ = —)\y. Then

A0 0 A2 0 0
A =10 XA XQe+Xx) |, A= —X(a+Xs) A2 0
0 0 A2 0 0 A
and
n 0 0
A= =X(e+Xd) Dol + e+ A3) — Ao+ XA)°] —Xa(A2+Ag)
0 0 ¥

Here, 7 = A2 (A2 + A3) + (A2 + A3)” + (A3 + A3 + A3). In this case, there exists
an invariant subspace of dimension 1 and it is generated by es.

Case 16 A\ = —\3. Then

)\% ()\2 + )\1) ()\2 — )\1)

0
A12 = 0 )‘g 0 )
0 0 %
¥ 0 0
A= ¥ 0

0 —(a4+A)a—A) A
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and
)\g A2+ A1) (A2 — A1) 0

A7 0

0 (Ma4+2)a—X) A3

In this case, there exists an invariant subspace of dimension 1 that is generated by

€.
Case 17 A\; = —A3. Then
2T (A1 +A2) (A2 — Aq)
1
A = 0 A3 A2 (A2 — A1) ’
0 0 A7
2
Al 0 0
Ag = —A2 (A2 — A1) X
M +X) e —N)  —1 A3
and
p¥: —T A — A2
Az =1| Xa(Aa—X\1) 202 — A3 (A2 = A1)
(AT =23) T A2
2 42
Here 7 = W Let us consider the following assumptions.
(1) Assume that Ay = Ay, then A2 = —\3. The invariant subspace is of dimen-

sion d =1 and is generated by e; (see Case 16).

(2) Assume that Ay = A3, then A2 = —)\;. The invariant subspace is of dimen-
sion d = 1 and is generated by es (see Case 15).

(3) Assume that Ay # A; and Ay # A3. Now we can diagonalize A1 by the
invertible matrix x given by
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0 1 —>\§\2—>\1
_ A
X = _>\2+2)\1 0 1
0 0 0
So, we get

M0 0
(M) =(0 Af 0
0 0 M

Now, we conjugate Asz and A3 by the matrix y, it follows that

22 AN,
(x 'Azx) = 0 A% 0
0 0 A2
and
Y, M- 0
(¢ MA1x) = | M(=de + A (1+A2) A2 _,\1(—A§+A1,/\\§;+,\§(1+A§))
0 0 A

In this case, there exists an invariant subspace of dimension 2 that is generated by
< e1,ez > . Therefore, this representation is reducible for A\; = —\;.
O

Therefore, we have determined a necessary and sufficient condition for the irre-
ducibility of the pure braid group P; for dimension d = 3. Hence, we have the
following theorem.

Theorem 11. Tuba’s representation ¢ : P3 — GL3(C) is irreducible if and only if
N # =N and (N2 4+ Nedn) (Ao + Nedm) £ 0 forall i#jandm#n#k €
{1,2,3}.
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