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Algorithms for Solving Doubly Bordered
Tridiagonal Linear Systems

Abstract

The current paper focus on solving doubly bordered tridiagonal linear systems of equations via transformation. It
investigates numeric and symbolic algorithms for solving such systems. The computational cost of the algorithms

are given. A MAPLE procedure based on these algorithms is listed. Some illustrative examples are introduced.
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1. Introduction and Basic Definitions

We begin this section by giving the following definitions:

Definition 1.1 [4]. An n x n matrix A = (a;;);;—, is said to have upper bandwidth p if p
is the smallest integer such that:

aij = 07 j —1 2 b,
and similarly, to have lower bandwidth ¢ if ¢ is the smallest integer such that:
ai;j =0, 1—j=>q.

The bandwidth, w for the matrix A is defined to be w =p+ ¢ — 1.

Definition 1.2 [6]. The symmetric matrix A = (a;;);;—, is called positive definite if and
only if

2’ Az >0, forall zeR" x#0.

Definition 1.3 [6]. An n X n matrix A is called diagonally dominant if

n
la;;| > Z la;;|, holds for eachi=1,2,...,n,
j=1

,
J#i
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and strictly diagonally dominant if

;| > Z la;;|, holds for each i =1,2,...,n.
j=1

,
i

In many scientific and engineering applications, different special linear systems of equations arise.
For such systems the coefficient matrix has special structure. Sparse matrices which contain a
majority of zeros occur are often encountered. It is usually more efficient to solve these systems
using tailor-made algorithms, much faster and with less storage than a full matrix. This can
be achieved by taking advantage of the special structure of the coefficient matrix. Important
examples are band matrices, and the most common cases are the matrices of tridiagonal type

for which p = ¢ = w — 1 = 2. Tridiagonal systems of linear equations take the form:

Txz=f, (1)
where _ -
d1 aq 0 0
b1 dQ (05}
T — 0 t. . - . . . 0 9 (2)
bn—2 dn—l Ap—1
0O ... 0 by d,
T =[x, T, ..., xn]T and f= [f1, fa, ..\, fn]T. The superscript T corresponds to the transpose

operation. This type of matrices frequently appears in many applications. For example in
parallel computing, telecommunication system analysis, solving differential equations using finite
differences, heat conduction and fluid flow problems. A general n x n tridiagonal matrix of
the form (2) can be stored in 3n — 2 memory locations, rather than n* memory locations for
a full matrix, by using three vectors a = [aj,as,...,a,-1], b = [b1,b2,...,b,_1], and d =
[di,ds, ..., d,]. This is always a good habit in computation in order to save memory space. To

study tridiagonal matrices it is convenient to introduce vector ¢ defined by [12, 14]:
c=lc, oy Cnl, (3)

where

dy, fori =1

C;, = . . 4
di_%’ fori =2.,3,...,n. @

In [10] it is shown that the tridiagonal matrix (5) is positive definite if and only if ¢; >
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0, for all + = 1,2,...,n. This is an easy way to check weather a tridiagonal matrix is posi-
tive definite or not.

For some important results concerning tridiagonal matrix the reader may refer to [2, 5, 9, 10,
11, 13, 14, 15, 16, 17, 20, 21, 25, 26, 27, 29]. The motivation of the current paper is to derive

algorithms for solving doubly bordered tridiagonal linear systems of two types of the forms:

-dl a 0 ... 0 D1 Tr T T r fi )
by dy az - 5 D2 T2 f2
0 by d3 a3 : D3 Z3 VE
0 ) : _ : ’ (5)
bn-g dpn—2 An_2 Pp_2 Tn-2 Jn—2
0 ... ... 0 by dy1 an_1 Tpo1 Jn
@ e @ o G2 by dy | LT 1L fa
and ) -
di a1 pn2 ps P2 o | [ oay | [ g ]
by dy as 0 cee 0 Ty 9
qn—2 by d3 as : T3 93
0 = (6)
G - bpz dyy a2 0 Ty Gn—2
a2 : o e dpr Gp Tn—1 In—1
a0 0 bp1 dy | L Tn L In

respectively. The linear systems (5) and (6) frequently occur in engineering computation and
analysis, e.g. in computation of electric power system and in solution of partial differential equa-
tions, as referred in [1, 3, 7, 8, 18, 19, 22, 23, 24, 28, 30]. The linear systems defined by (5) and
(6) are called doubly bordered tridiagonal linear systems of type (A) and of type (B), respectively.

Throughout this paper, the word ’simplify’ means simplify the expression under consideration
to its simplest rational form.

The organization of the paper is as follows. The main results are given in Section 2 and Section
3. In Section 4, a MAPLE procedure is introduced. Some illustrative examples are given in

Section 5.

2. Algorithms for Solving Doubly Bordered Tridiagonal Linear
Systems of Type (A)



In this section, we are going to consider the construction of new algorithms for solving dou-
bly bordered tridiagonal linear systems of type (A) via transformation. For this purpose it is

convenient to introduce the vector ¢ = [¢y, ¢a, ..., ¢,] whose first (n — 1) components are given

by:

d, fori=1
Ci = a;_1bi_1 . (7)
d; — ===, fort=2,3,....,n— 1.

Ci—1

The system (5) can be completely described by the augmented matrix, G given by:

d a; 0 ... ... 0 P1 fi
by dy a9 ; D2 fo
0 by d3 a3 D3 I3
G = [T, f] = 0o : (8)
bz dpn2 an-2 Pn-2 fn—2
0 ... ... 0 byo dy1 an1 | foo
@ Q@ G - G2 by dy In

The matrix G' contains all the information about the system (5) that is necessary to determine
its solution, but in a compact form. Let R; denotes the i-th row of the matrix G. Performing
the following row operations on G, in the same order:
R;+— Ri/¢
Fori=23,...,n—1do
Ri+— R; —b1R;1
R, «— R;/¢
End do.
Forj=1,2,...,n—1do
R, <— R, - R,

End do.
R, +— R, /c,.
Then we have the resulting transformed linear system of the form:
[ 1 vy» 0 ... 0 vy 21 ]
0 1 y - () )
0




where

a Y4 i
¢ = di, hh=— Ui=— 21=——, hi = qi,
8] 8] &1

For:=2,3,...n—2 do

ci=d; —bi_1Yi_1,

a;

Y = C_i7

Uy = C_i(pi —biy Uzel),

Zi = C%(fz —bi12i1).

hi = qi — hi—1 Yi—1,

—_

End do.
Cp—1 = dn—l - bn—2 Yn—2, (1())
1
Up—1 = (anfl - bn72 Un72>7
Cn—1
1
Zn—1 = (fn—l - bn—2 zn—?)a
Cn—1

hnfl = bnfl - hn72 Yn—2,

n—1
Cn _dn_zhivh
1 = n—1
" i=1

It is well known that [4] the reduced system (9) has the same solution as the original linear
system (5). At this stage, the determinant of the coefficient matrix in (5) can be computed
using the following computational symbolic algorithm. It is an extension of the DETGTRI
algorithm in [12] and the PERTRI algorithm in [13]. The parameter ’s’ in the algorithm is just

a symbolic name. It is a dummy argument and its actual value is zero.

Algorithm 2.1. An algorithm for computing the determinant of doubly bordered tridiagonal
matrices of type (A).

To compute the determinant of the coefficient matrix in (5), we may proceed as follows:

INPUT: Order of the coefficient matrix n and the components, a;, d;, b;, p;, ¢;.
OUTPUT: The determinant of the coefficient matrix in (5).
Step 1: Set ¢; = d;. If ¢4 =0 then ¢; = s end if.
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Step 2: Fort:=2,3,...,.n—1do
Compute and simplify:
¢ =d; — azci_bf L If ¢; = 0 then ¢; = s end if.

End do.
Step 3: Compute ¢, using (10).
Step 4: Compute and simplify:

P(s) = ﬁ Cr.
Step 5: det(Tn)T:P(O).

The Algorithm 2.1, will be referred to as DETDBTRI-A algorithm.

The transformed system (9) is triangular and easy to solve by backward substitution. Con-

sequently, the linear system (5) can be solved using the following algorithm:

Algorithm 2.2. Numeric algorithm for solving doubly bordered tridiagonal linear system of

type (A).

To solve the linear system of the form (5), we may proceed as follows:

INPUT: Order of the coefficient matrix n and the components, a;, d;, b;, fi, pi, G-
OUTPUT: The determinant of the coefficient matrix in (5) and the solution vector
T = [T, 70, ..., 7)".
Step 1: Set ¢y =dy, y; = ‘;—11, v = %, 2 = j, and hy = q.
Step 2: Fori=2,3,....n—2 do
Compute and simplify:

¢ =di —bi_1Yi_1,

Yi = %,
%( _bz 1 Vi 1)
l( 121'—1),
hi =i — hi—1yi—1,
End do

Step 3: Set Cph—1 = dn—l - bn_g Yn—2,
Upn—1 = TL(an—l - bn—? 'Un—Z)a

Zn—1 = T{l(fn—l - bn—2 Zn—2)a



hn—l = bnfl - hn72yn72-
n—1
Step 4: Set ¢, =d,, — > h; v,
i=1

n—1
2y = %(fn - l; hi z;).
Step 5: Use the DETDBTRI-A algorithm to check the non-singularity of the coefficient
matrix of the system (5).
Step 6: If the determinant of the coefficient matrix in (5) equals zero, then Exiterror(’No
solutions’) end if.
Step 7: Compute the solution vector & = |21, 2o, ..., z,]’ using
Ty = Zn
Tp—1 = Zn—1 = Un—1Tn
Step 8 Fori=n—2n—-3,...,1do
Ti = Zi —YiTit1 — Viln

End do.

The Algorithm 2.2, will be refereed to as TRANSDBTRI-AI algorithm. The cost of the
algorithm is (11n — 16) multiplications/divisions and (8n — 13) addtions/subtractions.
Note that the algorithm TRANSDBTRI-ATI works properly only if ¢; # 0 for all: = 1,2, ..., n.

The following symbolic version algorithm is developed in order to remove the cases where the

numeric algorithm TRANSDBTRI-ATI fails.

Algorithm 2.3. Symbolic version algorithm for TRANSDBTRI-AT algorithm.

To solve the linear system of the form (5), we may proceed as follows:

INPUT: Order of the matrix n and the components, a;, d;, b;, fi, pi, ¢;-

OUTPUT: The determinant of the coefficient matrix in (5) and the solution vector
T = [T, T, ..., 7T
Step 1: Set ¢; =d;. lf c; =0 then ¢y = send if. y1 =&, vy =8, 2z = f—i, and hy = ¢.
Step 2: Fori=2,3,....n—2do
Compute and simplify:
¢ =d; —b;_1y;_1. If ¢; =0 then ¢; = s end if.

_ 4
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Step 3:

Step 4:

Step 5:

Step 6:

Step 7:

Step 8:

Step 9:

Vi = C%(pz —bi_1vi1),

Zi = Cll(fz —bi Zz'—l);

hi = q; — hi—1yi-1,
End do

Set ¢p_1 =dp_1—by_2Yyp_o. If ¢,_1 =0 then ¢,_; = s end if.

1
Up—1 = Cr (CLn,1 -

1 bn72 'Un72)7

Zn—1 = %(fnfl - bn72 an2)7
hn—l - bn—l - hn—Qyn—Q-

n—1
Set ¢, =d, — > hjv;. If ¢, =0 then ¢, = s end if.
i=1

Zn = %(fn - 721 hi z;).
Use the DETDB%i%I-A algorithm to check the non-singularity of the coefficient
matrix of the system (5).
If the determinant of the coefficient matrix in (5) equals zero, then Exiterror(’No
solutions’) end if.
Compute the solution vector = = [x1, 2o, ..., 2,]T using
Ty = Zn
Tn—1 = Zn—1 — Un—1Tn
Fori=n-2n-3,..,1do

Ti =% = YiTit1 — Vilp
End do.

Substitute s = 0 in all expressions of the solution vector x;,7 = 1,2, ..., n.

The Algorithm 2.3, will be refereed to as TRANSDBTRI-AII algorithm.

At this point it is worth mentioned that:



e The values z;, i = 1, 2,

e The solution vector, © = [z, za, ...

&1

0
hi

0 0
C2
ba  c3

bo-3 Cn-2

0 by,os ¢1 O
hay hy ... hpo hna cn

Hence using (11) and (12), we get

C1
by
0

h

0

Co

ho

C3

bn73
0
hs

1 U1 0
0 1 Y2
1
0
0 -

Cn—2

b2 cp1 0

hn—Q hn—l Cn |

...,n in (10) satisfy:

0 U1

U2

0 .

Yn—2 Up—2

Un—1

0 1
1 U1 0
01

0

X1

X2

21
22

z3

Zn—2

Zn—1

“n

,2n|T of the system (5) satisfies:

fi
f2
I3
f%—Q
jhfl
| fa
21
22
Zp—2
Zn—1
Zn
U1
(%)
Un—2
Un—1
1

X

T2

(11)

(12)

S
f2

jhfZ
fﬁ—l

fn |
(13)

From (5) and (13), we obtain the Crout LU factorization [4] of the matrix in (5) in the form:

T, = LUy



where

Ly

C1

h

Co

by

ha

C3

hs

bn—3 Cp—2

0

and U; =

bn—2 Cn—1 0

hn72 hnfl Cn,

Iy
01
0

Y2

The Doolittle LU factorization of the coefficient matrix in (5) is given by:

where

— o

Sk

e The values v;, i =1,2,...,n — 1 in (10) satisfy:

C1
by
0

j%::<L2LE
O _
€1 ap
0 Co
and U; =
1
bn—2 1 0
Cn—2 O
hn—2 hn—l L
Cn—2 Cn—1 1—
0 ... .0 "
cy - : Vg
by ¢z . V3
bn—3 Cn—2 0 Un—2
0 bn,Q Cn—1 L Un—1 ]

10

P1
P2
b3

Pn—2

Ap—1

Yn—2
1
0

U1
U2
Up—2
Un—1
1
(14)
C1U1
CoU2
Cn—2Un—2
Cn—1Un—1
Cn
(15)
(16)



e The values h;, i =1,2,...,n — 1 in (10) satisfy:

1

n
0

0

0
1

Y2

0

1
Yn—3 1 0
0 Yn—2 1

hy q1

hs q2

hs B qs
hn—Z dn—2
hn—l bn—l

Armed with (14)-(17) we may write the partitioned forms:

and

[ d a 0 0 P1 ]
by dy as D2
0 by d3 a3 D3
0 :
bn_z dp_o Ap—2 Pn—2
0 0 bpo dp1 | Gna
| &1 92 g3 Gn—2 bn1 dn |
a0 0 ol[1 yu 0 .. .. 0 vy
b ¢ 0 1 wu Cp)
0 by c3 1y U3
. 0 )
bn—3 Cp_2 0 1 yYno Up—_2
0 0 bpa cCna 0 0 1 Up—1
hy hs hs hp—o hpq cn || 0 1
[ d a 0 0 b1 |
by dy az b2
0 by d3 a3 D3
0 : =
b3 dyn_o2 ap_2 Pn—2
0 0 bpo dpy an—1
| @1 42 g3 Gn—2 bn1 dy, ]

11

(17)

(18)



1 0 0 0 cg ap O 0 U1
% 1 0 ¢ as Uy
0 i—i 1 C3 asg U3
= ' 0 (19)
1;::2 1 0 Cn—2 Gp—2 | Up—2
0 0 =2 1 |0 0 0 ot | Uno
| b1 he  hs hp—o hpq | 1] [ 0O 0 Cn

3. Algorithms for Solving Doubly Bordered Tridiagonal Linear
Systems of Type (B)

In this section, we are going to consider the construction of new algorithms for solving doubly
bordered tridiagonal linear systems of type (B) via transformation. For this purpose it is con-
venient to introduce the vector e = [eq, es, ..., €,] whose components e, e,_1, ..., eo components

are given by:

dn; fOl“ Z =N
€ = . . (20)
d; — 421 fori=n—1,n-—2,...,2.
€i4+1
The system (6) can be completely described by the augmented matrix, H given by:
[ di a1 pn p3 Y2 P1 g1 |
bl dQ a9 0 g2
qn—2 by d3 as g3
H = [Tn,g} = : 0 : (21)
as b3 dn2 Gn o 0 In—2
qz2 bna dn1 an1 In—1
L q1 0 0 bn—l dn 9n |

The matrix H contains all the information about the system (6) that is necessary to determine

its solution, but in a compact form. Let R; denotes the i-th row of the matrix H. Performing

the following row operations on H, in the same order:

R, <«— R, /e,

Fori=n—-1n-2,..

,2 do

12



R;«— Ri—aRina

End do.
For j=1,2,...n—1do

R, +—R; - ’UjRn,jJrl

End do.
R; +— R1/61.

Then we have the resulting transformed linear system of the form:

1

13

0

Zy
Z>

(22)



where

en:drn h1:27 Zn:g_n7 V1 = P1,
en en
Fori=n—1,n—-2,...,2 do
_ b
Y; - T«H’
e =d; —a;Y;,
Zi = eli(gi — Q; Zz‘+1)-
End do.
Fori=23,...n—2 do
_ 1
h; = en—it1 (Qi —hiy an—i—l—l); (23>

Vi =Pi — Yp_it1 Vi1,

End do.

1
hn—l = _(bl - hn—Z (1,2),

€2

Un-1 = a1 — Yo Up_o,
n—1

€1 = dl - E hrvra
r=1

n—1
1
Z1 = —(g1 — r Lp—rit1)-
1 61(91 ZU +1)

r=1
At this stage, the determinant of the coefficient matrix in (6) can be computed using the follow-

ing computational symbolic algorithm.

Algorithm 3.1. An algorithm for computing the determinant of doubly bordered tridiagonal
matrices of type (B).

To compute the determinant of the coefficient matrix in (6), we may proceed as follows:

INPUT: Order of the coefficient matrix n and the components, a;, d;, b;, p;, ¢;.
OUTPUT: The determinant of the coefficient matrix in (6).
Step 1: Set e, =d,,. If ¢,, = 0 then e, = s end if.
Step 2: Fori=n—1,n—2,...,2 do
Compute and simplify:

14



w bi 1t e; = 0 then e; = s end if.
1+1

e =d; —
End do.
Step 3: Compute e; from (23).
Step 4: Compute and simplify:
P(s) = ﬁl .

~

Step 5: det(7},) = P(0).
The Algorithm 3.1, will be referred to as DETDBTRI-B algorithm.

The reduced transformed system (22) is triangular and easy to solve by forward substitution.

Consequently, the linear system (6) can be solved using the following symbolic algorithm:

Algorithm 3.2. Symbolic version algorithm for solving doubly bordered tridiagonal linear

system of type (B).

To solve the linear system of the form (6), we may proceed as follows:

INPUT: Order of the matrix n and the components, a;, d;, b;, g;, pi, ¢;.

OUTPUT: The determinant of the coefficient matrix in (6) and the solution vector
T = [T, 70, ...,7)T.

Step 1: Set e, =d,. If e, =0 then e, = s end if. h; = g—i, 7 = ‘;—Z, and vy = p;.

Step 2: Fori=n—1,n—2,...,2 do

Compute and simplify:
bi
€11’
e; =d; —a;Y;. If e; =0 then e; = s end if.

Zi = 6%(91‘ — @ Zi-l—l)'
End do.
Step 3: Fori=2,3,....n—2do
Compute and simplify:

i —

h; = en_lm (Qi — Qp—i+1 hz‘—1),
Vi =pi — Yuip10i-1,
End do.
Step 4: Set h,_1 = é(bl —ag hy,_9),

Up—1 = a1 — Yo Up_o.

15



n—1
Step 5: Set e; = d; — h,v,. If ¢, =0 then e¢; = s end if.
=1

r

Zy = (g1 — tzivr Zp—r41)-
Step 6: Use the DETDBTRI-B algorithm to check the non-singularity of the coefficient
matrix of the system (6).
Step 7: If the determinant of the coefficient matrix in (6) equals zero, then Exiterror(’'No
solutions’) end if.
Step 8: Compute the solution vector = = [x1, 2o, ..., 2,]T using
T =2,
To =Ly — hp_1 71
Step 9: For i =3,4,....n do
Ty =2 = Yi 1T — hp_ip11y
End do.

Step 9: Substitute s = 0 in all expressions of the solution vector z;,7 = 1,2, ..., n.

The Algorithm 3.2, will be refereed to as TRANSDBTRI-BI algorithm. The cost of this
algorithm is exactly the same as the cost of the TRANSDBTRI-ATI algorithm.

Similar to the situation with the doubly bordered tridiagonal linear systems of type (A), the

following points are worth to mention:

e The solution vector, © =[xy, Ty, ..., x,]T of the system (6) satisfies:

10 .. 0T e T T 2T
hpoy 1 7+ : T Zs

hpo Yo 1 : T3 Zs3

: 0 : _ : (24)
hs ¢ . Y,.3 1 IR Tp—2 Zn_

hy . Y, 1 0 Tn—1 Zin—1

hi 0 0 Y,y 1|L & 1 L Zn |
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e The values Z;, i = 1,2,...,n in (23) satisfy:

€1

Un—1

€2

a9 0

Hence using (24) and (25), we get

€1

Un—1

€2

a2

€n—2

(%

Ap—2

€n—1

(%1

Ap—1

€n

Vg U1
0

ap—o 0O
€n_1 Qp_1
0 en
1 0

hpo1 1

hno Yy 1
: 0

hs

ho

hy 0

0

g1
g2
g3

Gn—2
In-1
gn

x
X2

€3

Tn—2

Tn—1

T

(25)

g1
g2
g3

9n—2
In-1
gn

(26)

From (6) and (26), we obtain the Doolittle UL factorization [4] of the matrix in (6) in the form:

where

Uy

€1 Up—1
0 €9
0

V2 0

a9 0 0
€n—2 Aap-2 0
€n—1 Ap—1

0 en

~

T, =Ul,

and L; =

The Crout UL factorization of the coefficient matrix in (6) is given by:

~

T, = UsLy
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where

Us

V2

€n—1 €n
0 0
1 2
€n—1
1 an—1
0 1

1 0
Yoo 1

0 }%—2

0

and L2 =

0
Y5 1 0
0 Y, 1

e The values h;, i =1,2,...,n — 1 in (23) satisfy:

en 0
Ap—-1 €n—1
0 Ap—2
0

0
as €3 0
0 as €9

18

€1
€2hn—1

e3hn72

enf2h3
en—1ha

6nhl

U1
V2

U3

Un—2

Up—1

h
ho

han
hnfl

0
€2
by e3
0
bn73 €n—2
bn—2
0 0
b1
D2
. b3
Pn—2
ai
q1
q2
o q3
gn—2
by

€n—1

bn—l

(29)

(30)



Armed with (27)-(30) we have the partitioned form:

and

dy a1 Pn—2 b3 D2 b1
by dy ay 0 0
qn—2 by ds as
0
a3 bn—S dn—Z Ap—2 0
q2 bn72 dn,1 Ap—1
q1 0 0 bn—l dn
—61 Un—1 Up—2 Up-3 V2 01 | -
0 0 0 ! y
e a
02 ? By 0
e a
’ ’ hn—2 YVQ
0 ' 0
€no Qp_
2 hy Y. 1 0
Cn-t fn- he | 0 0 Y, 1
i 0 0 0 €n | -
dy a1 Pn—2 D3 D2 b1 |
by dy ag 0 0
Gn—2 by ds as
: 0
qs3 bn—3 dn—2 Ap—2 0
q2 b2 dp—1 an—1
q1 0 0 bn—l dn ]
B 1 Un—1 Un—2 Un—3 v2 V1 T _ _
€2 €3 €4 €n—1 €n 61 0 O
0 Z—Q 0 0
N 62hn_1 €9 0 0
0 1 ‘;—3
,4 eshn_o by e3
0
1 =2
o en—1hs bp—2 en—1 O
1 n-t
én enhl 0 0 bn—l €n |
i 0 0 0 1

19
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4. Computer Program

In this section, we are going to introduce a MAPLE procedure for solving linear systems of doubly
bordered tridiagonal types (A) and (B) in (5) and (6), respectively. The procedure is based on the
algorithms DETDBTRI-A, TRANSDBTRI-AII, DETDBTRI-B and TRANSDBTRI-
BI.
ik ki i i i i i i i i i i e
restart:
doublytritrans:= proc(d::vector, a::vector, b::vector,q::vector,p::vector,f::vector,
n::posint,indic::nonnegint)
local i,r:
global x,T,e,detA:
x:= vector(n):
ik i i A A A A A A A A A AR A A A i A i AN i AR i AN i A i AR A i
#Apply TRANDBTRI-AII algorithm if indic =1#
if indic=1 then
if d[1] = 0 then d[1]:=t fi:
a[l]:=simplify(a[l]/d[1]): f[1]:=simplify(f[1]/d[1]): p[1]:=p[1]/d[1]:
for i from 2 to n-2 do
d[i] := simplify(d[i]-a[i-1]*b[i-1]);if d[i] = O then d[i] := t; fi:
afi] := simplify(al[i]/d[i]);
pli] := simplify((pi] - pli-1]*b[i-1])/di]);
f[i] := simplify ((f[i]-f[i-1]*b[i-1]) /d[i]);
qli] := simplify(q[i] - q[i-1]*a[i-1]);
od:
d[n-1] := simplify(d[n-1]-a[n-2]*b[n-2]);
if d[n-1] = 0 then d[n-1] := t; fi:
p[n-1] := simplify((a[n-1] - p[n-2]*b[n-2])/d[n-1]):
f[n-1] := simplify((f[n-1] - f[n-2]*b[n-2])/d[n-1]):
q[n-1] := simplify((b[n-1] - q[n-2]*a[n-2])):
d[n] := simplify(d[n]-sum(q[r]*p[r],r=1..n-1)):
f[n] := simplify ((f[n]-sum(q[r]*f[r],r=1..n-1))/d[n]):
if d[n] = 0 then d[n] := t; fi:
#To compute the determinant of the doubly bordered tridiagonal matrix#
T := simplify(subs(t =0,simplify(product(d[r],r= 1..n)))):
detA:= eval(T);
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if T = 0 then error(”Singular Matrix”); fi;
# To compute the Solution of the system X. #
x[n]:=simplify(f[n]);
x[n-1]:=simplify ((f[n-1]-p[n-1]*x[n]));
for i from n-2 by -1 to 1 do
x[i]:=simplify ((f[i]-a[i]*x[i+1]-p[i]*x[n]));
od;
eval(x);
A A A A AR A A A A A A AR A A0 A A A A A i A A i Ao i A i
#Apply TRANDBTRI-BI algorithm if indic = 2#
elif indic=2 then
if d[n] = 0 then d[n]:=t fi;
g[n]:=simplify(g[n]/d[n]): q[1]:=simplify(q[1]/d[n]):
for i from n-1 by -1 to 2 do
b[i] := simplify(b[i]/d[i+1]);
d[i] := simplify(d[i]-b[i]*a[i]);if d[i] = 0 then d[i] := t; fi:
gli] := simplify ((gli]-g[i+-1]*ali]) /d[i]);
od:
for i from 2 to n-2 do
q[i] := simplify((q[i] - q[i-1]*a[n-i+1])/d[n-i+1]);
p[i] := simplify(p[i] - p[i-1]*b[n-i+1]);
od:
q[n-1] := simplify((b[1] - q[n-2]*a[2])/d[2]):
p[n-1] := simplify(a[l] - p[n-2]*b[2]):
d[1] := simplify(d[1]-sum(q[r]*p[r],r=1..n-1)):
if d[1] = 0 then d[1] := t; fi:
g[1] := simplify((g[1]-sum(p[r]*f[n-r+1],r=1..n-1))/d[1]):
#To compute the determinant of the doubly bordered tridiagonal matrix#
T := simplify(subs(t =0,simplify(product(d[r],r= 1..n)))):
detA:= eval(T);
if T = 0 then error(”Singular Matrix”);fi;
# To compute the Solution of the system X. #
x[1]:=simplify(g[1]):
x[2]:=simplify ((g[2]-q[n-1]*x[1])):
for i from 3 to n do
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x[i]:=simplify ((g[i]-b[i-1]*x[i-1]-q[n-i+1]*x[1]));
od:
eval(x);
elif (indic<>1 and indic<>2) then
print(”Error. The value of indic is out of range”):
fi:
end proc:

A A 0 A 0 0 1 A A 0 0 A 1

5. Illustrative Examples

Example 5.1 [26]. Consider the singly bordered tridiagonal matrix

P
P2
p3
P4
Ps
Ps
pr
Pps

O O O = N = O O O O
S O = N =B O O O O O
S = N = O O O O O O
NN R O O O O O O O

o O O O O o o O = N
o O O O O o O = N o
o O O O O O = N = O
o O O O O = N = O O
o O O O = N = O O O

1
L 2 .
find det(A).

Solution: We have

n =10, indic =1, a = [1$(n — 1)], d = [2%$n], b= [1$(n — 1)], p = [p1, D2, P3, P4, D5, De> D7, Ps, 07
and g = [0$n — 2,0].

By applying the DETDBTRI-A algorithm , we obtain

— 3 45 6 7 8 9 10 11 4 7 3 1 2 3 1 1
© =255 05675 9010 TP ~ 1P+ 5P — 3Ps 5P — igPs + 5P2 — igPil-

10 8 .
o detA=]] ¢; = 11 + 8pg — Tp7 + 6pg — bps + 4ps — 3ps + 2ps — p1 = 11+ > (—1)"ip;.
=1 i=1

This result is in complete agreement with the result in [26].

Example 5.2. Solve the doubly bordered tridiagonal linear system
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5 2 0 0 0 0 000 4 7 5
21 1.0 0 0 000 12 2 -5
0 -2 5 2 0 0000 7 23 8
00 1 2 7 0000 2 4 12
00 0 3 10 2 000 5 zs || 13
00 0 0 1 15300 3 ze || 22
00 000 9 250 6 7 19
00 00 0 0117 2 g 24
00 0 0 0 0 034 2 T 16
(3 2 27 =6 1 451 1 || a 34 |

Solution: We have a doubly bordered tridiagonal linear systems of type (A) for which:

n =10, indic=1,a=1[2,1,2,7,2,3,5,7,2],d = [5,1,5,2,10,15,2,1,4,1], b= [2,-2,1,3,1,9,1,3, 1],
p=1[4,12,7,2,5,3,6,2,0]7, ¢g=[3,2,—2,7,—6,1,4,5, 0] and f = [5, —5,8,12,13,22,19, 24, 16, 34].
By applying the TRANSDBTRI-AII, we get

° 02[5 1715 28 —5 83 31 —384 729 7161620].

757 7Y1 157 4 0 57837 31 71287 567

10
o detA=]] ¢; = —4363740.

=1

e The solution vector is z=[1,2,3,2,1,1,3,2,3, —1]T.

By using TRANSDBTRI-AI, we obtained the same results.

Example 5.3. Solve the doubly bordered tridiagonal linear system

110 000 000 5 1 9
111200 0 000 3 9 19
09 2 50 0 000 2 T3 41
003 151 0 000 1 4 35
000 2 3 10000 5 v || 2
000 07 1 200 2 e | | 8
000 00 -5220 7 Ty 12
00 0 0 0 2 1 1 12 T8 15
00 0 0 0 052 4 o 10
(32 1 75 2421 5| |an]| |39

Solution: We have a doubly bordered tridiagonal linear systems of type (A) for which:
n =10, indic =1, a = [1,12,5,1,10,2,2,1,4],d = [1,1,2,15,3,1,2,1,2,5], b= [1,9,3,2,7,—5,2,5, 1],
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p=153,21,52712,0], g=[3,2,1,7,5,—2,4,2,0] and f= [6, 16,14, 35,2, 8,12, 15, 10, 33].

By applying the TRANSDBTRI-AII, we have

° C:[l, s, 2 s—54 15 s—108 1 41s—4644 _100957108756, 24 6757128

s 7 2 s=54715 s—108 41 s—4644

8 4035—43227 1 80797 878813606]
607 s—65988° 8  403s—43227 I1°

1009 s—108756’

10
o detA=(]] ¢i)s—o = (—323188 % 5 + 35254424),_ = 35254424
=1

e The solution vector is
x=11,0,1,2,1,-1,0,0,3, 1]T.

Example 5.4. Solve the doubly bordered tridiagonal linear system

(5 2 26 3 5 2712 4]|]
2 1 100 000 0 0
5 —252 0 000 0 0
4 0 127 000 0 0
1 0 0310 2 00 0 0
6 0 00 1 1530 0 0
7 0 000 9 25 0 0
2.0 00 0 0 11 7 0
0 000 003 4 2
'3 0000 000 1 1]]

X
X2
T3
Ly
Ty
Tg
T
xg
Ty

Z10

1 607 5—65988

6 67s—7128 7

34

18
32
3
10
4

Solution: We have a doubly bordered tridiagonal linear systems of type (B) for which:
n =10, indic =2,a=1[2,1,2,7,2,3,5,7,1],d = [5,1,5,2,10,15,2,1,1,1], b= [2,-2,1,3,1,9,1,3, 1],
p=1[4,12,7,2,5,3,6,2,0], = [3,2,—2,7,—6,1,4,5,0] and g = [34,5,4,3,0,18,32,3,9,4].

By applying the TRANSDBTRI-BI, we have

s+14)

® e:[? (32%5+43) V7 (88%s5+107)7 (d¥s+11) 7 2 © (17%s+13)° 3

10
o detT=(]] €;)so = (24024 s — 378147),_o = —378147.

i=1
e The solution vector is
x=11,2,1,-1,0,1,3,2,0, 1]T.

24

L1, (104%s—1637) o (32xs143) (88+s4107) —1, (destll) 14, (17+s+13)
(8*s+T7) 7

(8+s+T7)
3 (s+14) 0

B*E

s—21)°

(5721) s 1] )

S
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