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Solving k-Fractional Hilfer Differential Equations via
Combined Fractional Integral Transform Methods

Abstract

In this paper, we introduce k-fractional Hilfer derivative given in [9]. A com-
bination of fractional Fourier transform method and Laplace transform method is
adopted to solve Cauchy-type problems involving k-fractional Hilfer derivatives and
an integral operator whose kernel contains k-Mittag-Leffler function similar to the
one given by [5]. The solutions to these problems are obtained in terms of Mittag-
Leffler function.
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1 Introduction

Generally, for the past three decades, fractional calculus has been considered with great
importance due to its various applications in fluild flow, control theory of dynamical sys-
tems, chemical physics, electrical networks, and so on. The quest of getting accurate
methods for solving resulted nonlinear model involving fractional order is of almost con-
cern of many researchers in this field today. In Caputo [3] and He [§], the approach used
to account for the effects of changing flux is to embody the effects of memory which has
to do with posing problem in terms of fractional calculus. Levy-flight type of transport
is a well known diffusion process which is described by a fractional system.

Fractional Fourier transform (FRFT) was introduced in [I5] to solve some classes
of ordinary and partial differential equations found in quantum mechanics and some
of its properties can be found in [I, 2, I3]. Several authors have introduced what we
called k-fractional derivatives such as a k-Riemann Liouville fractional derivative in [18],a
k-Riemann Liouville integral [I4], the k-Wright function in [I7] and a k-Mittag-Leffler
function in [5]. Due to the properties involved in Hilfer fractional type of derivatives (in-
troduced by Hilfer [9]) in the sense that it generalizes the Riemann-Liouville and Caputo
fractional derivatives, a lot of studies have been done on it, including the existence and
uniqueness of solutions to such differential equations involving Hilfer fractional deriva-
tives see [7]. Apart from the classical methods introduced to solve this class of differ-
ential equations, some numerical and analytical methods have also been applied as in
I8, (10, (1], 19, 20].
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Following the method of solution analogous to that of [4] and [6], this paper is con-
cerned with the solvability of Cauchy-type problems involving k-fractional Hilfer deriva-
tives and an integral operator with a k-Mittag-Leffler function appearing in the Kernel
using the combination of FRFT method and the classical Laplace transform method.

2 Preliminaries

In this section, we state some known results and some important definitions which will
be used in the sequel.

Definition 2.1 The Riemann-Liouville’s (RL) fractional integral operator of order av >
0, of a function f € L*(a,b) is given as

IS f(t) = ﬁ /Ot(t — 1) f(r)dr, t>0, a>0, (1)

where I' is the Gamma function and I3, f(t) = f(t).

Definition 2.2 The Riemann-Liouville’s (RL) fractional derivative of order 0 < a < 1,
of a function f is

Dgy f(t) = DI;Tf(1). (2)
provided the right-hand side exists where D = d/dt.

Definition 2.3 The fractional derivative in the Caputo’s sense is defined as [16],

CD () = D0 = o [ (=7 O 3

wheren —1 <a<n,néeN,t>0.

Definition 2.4 The fractional derivative of order 0 < o < 1 and the type 0 < § < 1 with
respect to t is defined as [0,

D) = (15 (170 75) ) o (@)

for any function for which the right hand side expression exists.

Observe that reduces to Riemann-Liouville fractional derivative when 8 = 0 and
also reduces to Caputo fractional derivative (3)) when 5 = 1.

Lemma 2.1 [16/ Let « >0, f >0 and f € CL(a,b). Then
110, 1) = 122 (1) (5)
for allt € (a,b).

Lemma 2.2 [16] Let t € (a,b]. Then

[ o (t— a)ﬁ} (t) = - r'g+1)

DSt azo ga0 @
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Remark 2.1 [t is easy to see from the definitions given above that the Riemann-Liouville
fractional derivative of a constant function is not equal to zero while that of Caputo frac-
tional derivative of constant function is zero.

Definition 2.5 The k-gamma function Ty in the half-plane is defined as
oo tk
k() :—/ t*~lem ® dt, Re(z) >0, t>0. (7)
0

When k£ = 1, we obtain the usual gamma function.

Lemma 2.3 LetO<a <1 and k > 0. Then

* o 1
/ tr e sdt = T <g> : s > 0. (8)
0 Sk k

Proof. Taking m = st as a change of variable, we have the result.
Lemma 2.4 Let 0 < a <1 and k> 0. Then

r (%) — K@), s> 0. 9)

. k
Proof. The result also follows by change of variable say y = %

Definition 2.6 The Mittag-Leffler function with parameter « is given as

TL

. 1
Zfom—i— Re(a) >0 zeC (10)

n=0

Observe that E,(z) = e* for a = 1.
The generalization of Mittag-Leffler function in two parameters o and 3, we have

TL

Z Tlant 7) z,6€C and Re(a)>0. (11)

n=0

Definition 2.7 [5] The k-Mittag-Leffier function with parameters o, B € C and k € R is
given as

Bl 5(2) = f: F(LZ_ Re(o) >0, Re(a) >0 ze€C, (12)

where (N)nk is the Pochhammer symbol defined by

(Mg =0+ E)n+2k)---(n+(n—-1k); n=12,---. (13)
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3 Method of Solution

We shall introduce the so called the k-fractional Hilfer derivative as given in [6, O], FRFT
as given in [12] and an integral operator 62’0’)\(1). Some of their properties will be stated
in form of lemmas.

Definition 3.1 Let f be sufficiently well-bahaved function which have its support in R
and let a > 0 be a real number. The k-Riemann-Liouville fractional integral is given as

1@ = i [ 0

where T'y () denotes the k-Gamma function given in ([7)).
Equivalently, we can write the above k-Riemann-Liouville fractional integral as a con-
volution

|0

“Lf(t)dt, (14)

1
ka(a)

where g(x) = 2%~ depending on both k and a.

I f(x) =

lg() * f ()], (15)

Definition 3.2 Let f be sufficiently well-bahaved function which have its support in R
and let o > 0 be a real number. The k-Riemann-Liouuville fractional derivative is given as

Dif(x) = DI " f(x). (16)

_d
where operator D = 2.

Lemma 3.1 Let f be sufficiently well-bahaved function and let « be a real number,
0 < a < 1. The Laplace transform of the k-Riemann-Liouville fractional integral of
the function f is given by

LI f(x);s} = (ks) FL{f(x); s} (17)

Proof. Using the properties of Laplace transform of convolution, we have that

CURfe)sh = s Clale) s (o) s}

- [ / “xz—le—stdx] L{f(x):s)

T (%) ,
- kSka(a)ﬁ{f() s} (using lemma (2.3)))

= L{IFf(x);s} = (ks) kL{f(x);s} (using lemma (2.4))) . (18)

Therefore the result follows.

Lemma 3.2 Let f be sufficiently well-bahaved function and let o be a real number, 0 <
a < 1. The Laplace transform of the k-Riemann-Liouville fractional derivative of the
function f is given by

a+k— 1

LADY f(x);sy =54 k"% L{f(x);s} = [ F(07). (19)
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Proof. The proof of this lemma is straight-forward by using the Laplace transform of
classical derivative and the result obtained in (3.1]), given below

LD f(z);s} = L{DI"f(x);s}
— Sﬁ{jl af } Il afo-‘r
_ M_ | o
 (ks)® I 07)

a+k1 a—1

= kv L{f(x); s} — I, f(0). (20)
Therefore the result follows.

Definition 3.3 Let o, € R such that 0 < a <1 and 0 < B < 1. We define

Do) = (1705 (10008 ) (21)
where
B0 = g | =0 (22)

When § = 0 and k = 1, we obtain the Riemann-Liouville fractional derivative and for
B =k =1, we get Caputo fractional derivative.

Lemma 3.3 [6/ Using definitions, we have the followings

P T l—a+p—k
D [(t N “>r1] (@) =1 —’jpl psii o (23)
B lfazpfk 1 .
008 (¢ - @)t g it - )P (1) = T g - P (20
Lemma 3.4 [6]
LLf(); 4= 0+
L {kDaﬁf 8} _ S (ii)(lias} 1 (k8>(1 k££ )’ (25)
for0<a<land < g <1,
Definition 3.4 Let o, \,n,v € C, Re (%“) > 1. Define
Loa®t) = [ (¢ =B, (0l = E)R(r)ar (26)

Lemma 3.5 [6] The operator 827(7,)\(1) defined above in is bounded on the space of
Lebesgue integrable functions, L(a,b).

Lemma 3.6 [0/ Let o,\,n,v € C, Re(c) > 0, Re(\) > 0, Re(n) > 0, Re(s) > 0, and
|k'"%us®| < 1. Then we have
st kl=%

E{eh (05} = e ARk 27)

=I>
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Definition 3.5 Let function f be of the class S of a rapidly decreasing test functions on
R. The Fourier transform of f is defined as

+oo
Fifapn) =@ = [ efadn pek (28)
and the inverse Fourier transform is given as
1 1o
FUSWia) = f@) =5 [ oo aek (29)
Definition 3.6 We define FRFT of a function, f:, of order 0 < a <1 as
+oo
Folflaha) = fi0) = [ elpa)f@in  peR (30)
where
) ={ (31)
eilvle, p > 0.

Remark 3.1 We can obtain the relationship between the FRFT and the classical Fourier
transform as

falp) = Fa{f(z);a} = Fi {f(z);w} = f*(w), (32)
where
{ —ilpls,  p<0
w= (33)
ilpl=, p>0.
So if
Folf(@);p} = Fi {f(2);w} = p(w), (34)
then
fla) = FH{falp)s o} = FrH {o(w); o} (35)
Lemma 3.7 Let 0 < a < 1 and f™(x) € ¢(R). Then
Fo{f (@) 0} = (~isignklk|>)"fi(p),  pER (36)
Lemma 3.8 [72] Let 0 < a < 1, any value of 5 and a function f(x) € ¢(R). Then
Fo{D§f(x);p} = (—iCuk) Fa{ f(x)ip)}, pER, (37)
where
C, = sin (%) + isignk(1l — 2p3)cos (a;r) (38)



UNDER PEER REVI EV

4 Main Result

In this section, we present an application of FRFT and Laplace transform to solving
Cauchy-type problems, involving k-fractional Hilfer derivative and an integral operator
given in that contain in its kernel the k-Mittag-Leffler function.

Theorem 4.1 Let f € ¢(R), 0 < a<1,0< <1 and 0 <y < 1. The Cauchy type
problem

kDf"Bu(x,t) = 5DZ+152,07,\9<$775)7

(39)
18y (0% = f(a).

where kD is the k-fractional Hilfer derivative and D'YJr1 1s the space fractional derivative
m ., is solvable for all values of p € R and its solutzon u(z,t) is given by

u(w,t) = kIS f (1) —iokCLpth U] (0tF) x I8 g (2 t).  (40)

Proof. Using lemma (3.8), we apply the FRFT, f, 11, in = to the equations in and
obtain

DRt (pyt) = —i8Csap (€1, 005 11) (0, 1), (41)

and the corresponding initial condition in FRE'T transform gives

18000 (p,0%) = [ (). (42)

We can proceed to apply Laplace transform in ¢ to equations and , having in
mind the results of lemma (3.4)) and lemma (3.6)), to get

sC{wi (pt);sh  fra(p) i6C, 1psid k1~
— = = — -~ — L{g: (p,t);s}. 43
(kS)lT (/{78)(1 k),B 8%(,9? . k‘lfﬁl})% { ’y-i-l( ) } ( )
This gives
sC{u* 1) s * 6C! Bl
Wonlpthod _ Saln)  0CwpsBh7 oy sy @49)
(ks) & (ks)—* sk(sk — k'7ko)*
Hence,
) Froa)(ks) = 50, st kL% (ks) %"
‘C{u'erl(pa t),S} = r (1—a)B - V—; el 1—2 n ‘C{g’erl(p?t);S}' (45>
s(ks) ® ssk (st — k' wu)w
Making some re-arrangement, we get
) kf* ., (p) i6kC. 1psi? k1% )
L{w 4 (p 1) s} = - = L4951 (0. 1); 5}

(ks)(ks)*® (ks) ® (ks)sxe( F— k' E0)n (ks) T

o kf,y+1 (p) iékc’y—l—lpsgkl_z ﬁ{gf;ﬂ(p, t)a S}
o A-)(=B)+k A, o _o \1n atk—1 : (46)
(ks) & 8% (s — K FU)E (ks) »
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Using lemma (i3.1]), we obtain

Llugpt)ish = ke {0 e ()5}
—i0kCapl {1E VB (0tF) s} L{IE g (o0} (47)

Taking the inverse Laplace transform of and using the property of Laplace transform
of convolution, we have

* —a)(1- * . A z atk—1 x
Wi (pt) = kI~ B)Jrkfwl(P) — 10kCyp1p [t’“ VB g (0tF) I () t)] :
Due to the fact from (32)) and , the above latest quantity becomes
u(w, t) = kl,gl_a)(l_ﬁ)+kf*(w) — 10kCy1p [t%_lE,Z,U,A (vth) I,?M*lg*(w,t)} .

Then we apply inverse Fourier transform and observing that the first component of the
convolution in the above latest quantity does not depend on w to obtain

u(z,t) = kf,gl_a)(l_ﬁ)+kf(:v) — iékC',YHpt%*lEZ,U,A (vth) * I[P g(a, ).
The above can be computed using and then we have the desired solution.

Theorem 4.2 Let f be sufficiently well-behaved function which have its support in RT,
O0<a<land0< B <1. The Cauchy type problem

D Pu(e) = pDgu(z) + f(x),
(48)
Iél_a)(l_ﬁ)u(OJr) = and I,gl_a)u(Oﬂ =y

where ¥ D P s the k-fractional Hilfer derivative and Dy} is k-Riemann-Liouville fractional
derivative in (L6)), is solvable for all values of p € R—{0,1} and its solution u(x) is given
by
k —a)(1— _ _
u(w) = 1= IR gt Gy I f ()] (49)

Proof. We apply Laplace transform to equations , using the results of lemma ([3.2])
and lemma (3.4, to get

sL{u(x);s 4 a1
T oy~ Holke) F Lu(@)is} — Gt LU @3s}. - (50)
This gives .
—— 5} = —— T);St.
(k;s)l%“ﬁ{“(x)’ } 03] O uCs + L{f(x); s} (51)
Hence,
KCu(ks)'®  pkCo(ks)'®*  k(ks)'®

L{f(x);s}.  (52)

L{u(x); s} =

0 (k) (k)2 )1 —p) | (ks)(L— 1)
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Making some re-arrangement, we get

k Cl /,LCQ 1
L st = — — — + —L ; . 53
{u(z); s} 1—p [(ks)( SIEE: (ks) I (ks) E: {f(x) 5}] (53)
Applying lemma (3.1]), we obtain
L Lk £ A==tk L, f patk=10 . [ ] potk-1 .

{U(QJ),S}— 1_/1/ k 1598 M { k 278}+ { k f(x)75} .
(54)

The inverse Laplace transform of then gives

k —a)(1- a+k— a+k—

u@) = 7 OO, = Iy 4 I ()] (55)

The above can be computed using and then we have the desired solution.

References

[1] A. Abe and J. Sheridan; Optical operations on wave functions as the Abelian sub-
groups of the special affine Fourier transformation, Opt. Lett., 19, 1801-1803, 1994.

[2] C. Candan, A. Kutay and M. Ozaktas; The discrete fractional Fourier transform,
IEEE Trans. Signal Processing, 48, 4062-4066, 2000.

[3] M. Caputo; Diffusion of fluids in porous media with memory, Geothermics 28, 113-
130, 1999.

[4] V. B. L. Chaurasia and J. Singh; Solution of a Time-Space Fractional Diffusion
Equation by Integral Transform Method, Tamsui Oxford J. of Info. and Math. Science,
28(2), 153-164, 2012.

[5] G. Dorrego and R. Cerutti; The k-Mittag-Leffler function, Journal of Applied Math.
Int. J. Contemp. Math. Science, vol. 7, no. 15, 2012.

[6] G. Dorrego and R. Cerutti; The k-Fractional Hilfer Derivative, Int. Journal of Math.
Analysis, vol. 7, no. 11, 543-550, 2013.

[7] K. M. Furati, M. D. Kassim and N. E. Tater; Existence and Uniqueness for a problem
wnwolving Hilfer fractional derivative, Comput. and Math. with Applications, vol 64,
Tssue 6, 1616-1626, 2012.

[8] J.-H. He; Approzimate analytical solution for seepage flow with fractional derivatives
in porous media, Comput. Methods Appl. Mech. Engrg. 167, 57-68, 1998.

[9] R. Hilfer; Applications of Fractional Calculus in Physics, World Scientific Publishing
Co. Pte Ltd, 2000.

[10] O. S. Iyiola; A Numerical Study of Ito Equation and Sawada-Kotera Equation both
of Time-fractional Type, Adv. Math: Sci Journal, 2(2) (2013), 71-79.



UNDER PEER REVI EV

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

O. S. Iyiola, M. E. Soh and C. D. Enyi; Generalised homotopy analysis method (gq-
HAM) for solving foam drainage equation of time fractional type, Math. in Engr,
Science and Aerospace, 4(4) (2013), 105-116.

Y. F. Luchko, H. Martines and J. J. Trujillo; Fractional Fourier transform and some
of its applications, Fract. Calc. Appl. Anal, 11, no 4, 1-14, 2008.

A. McBride and F. Kerr; On Namias’s fractional Fourier transforms, IMA J. Appl.
Math., 39, 159-175, 1987.

S. Mubeen and G. Habibullah; k-Fractional Integrals and Application, Int. J.
Comtemp. Math, Science, vol. 7, no. 2, 2012.

V. Namias; The fractional order Fourier and its application to quantum mechanics,
J. Inst. Math. Appl., 25, 180-191, 1980.

I. Podlubny; Fractional Differential Equations, Vol. 198 of Mathematics in Science
and Engineering, Academic Press, San Diego, Calif, USA, 1999.

G. Romero and R. Cerutti; Fractional Calculus of a k-Wright type function, Int.
Jounal Contemp. Math. Sciences, vol. 7, no. 31, 2012.

G. Romero, L. Luque, G. Dorrego and R. Cerutti; On the k-Riemann-Liouville Frac-
tional Derivative, to appear.

Z. Odibat and S. Momani; Application of variational iteration method to monlinear
differential equations of fractional order, International Journal of Nonlinear Science
and Numerical Simulation, vol. 7, no. 1, pp. 27-34, 2006.

Z. Odibat and S. Momani; Numerical comparison of methods for solving linear dif-
ferential equations of fractional order, Chaos, Solitons and Fractals, vol. 31, no. 5,
pp. 1248-1255, 2007.

10



	Introduction
	Preliminaries
	Method of Solution
	Main Result

