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Common fixed point results of weakly
compatible maps on G-metric spaces *!

Abstract: We prove the existence of a unique common fixed point for two weakly
compatible maps satisfying ¢- conditions in G-metric spaces. Our result extends
and generalises the result of Aage and Salunke[1] in the literature.

Keywords and Phrase: weak contraction maps, weakly compatible maps, G-

metric spaces.

1 Introduction and Preliminary Definitions

Frechet[8] introduced the notion of metric spaces and are widely used in fixed
point theory and applications. Different authors generalized the concept of metric
spaces. Eke and Olaleru [7] introduced the concept of G-partial metric spaces
which generalized the G-metric spaces in the context of partial metric spaces.
Authors such as Gahler[8], Dhage[4. 5, 6], Matthew[12] and others in the literature
also generalized the notion of metric spaces. In this work we are concerned with
the generalization of the notion of the metric spaces by Mustafa and Sims[15] in
which a real number is assigned to every triplets of an arbitrary set. The following
definitions and motivations are found in [15]:

Definition 1.1: Let X be a nonempty set, and let G : X x X x X — R" be a
function satisfying:

(Gl) G(z,y,2) =0ifz =y = 2,
(G2) 0 < G(z,z,y) ¥V x,y € X with z # y,
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(G3) G(z,2,y) < G(2,y,2) YV 2,y,2 € X with 2 # g,
(G4) G(z,y,2) = G(z,z,y) = G(y, z,x) (symmmetry in all three varibles),
(Gh) G(z,y,2) < G(z,a,a) + G(a,y,2) ¥ a,x,y,z € X (rectangle inequality).

Then the function G is called a generalised metric, or more specifically a G-metric
on X, and the pair (X,G) is called G-metric spaces.

Proposition 1.1: Let (X,G) be G-metric space, then for a sequence {z,} C X
and point x € X the following are equivalent:

e {x,} is G-convergent to x.
o G(xy,rp,x) = 0asn— oo
o G(zy,z,x) > 0asn— oo
o G(xp,x,,x) — 0as m,n — oo
Proposition 1.2: In a G-metric space (X,G), the following are equivalent;
e The sequence {z,} is a G-Cauchy sequence
e Forevery e >0,3n € N > G(xy, Ty, Tm) <€, Y n,m>N.

Definition 1.2: A G-metric space (X,G) is said to be G-complete if every G-
Cauchy sequence in (X, G) is G-convergent in (X, G).

Banach contraction map is the basis of all other contractive maps. This map
is used to established the existence of unique fixed points for certain contraction
maps defined in metric spaces and its generalisations. The existence of the fixed
point for Banach contraction map was proved by Matthew [13] in partial metric
spaces. Mustafa et al.[14] proved the existence of unique fixed points and common
fixed points for certain contractive maps in G-metric spaces.

The concept of weak contraction was introduced by Alber and Guerre-Delabriere
2] in Hilbert space. Rhoades [19] gives a corresponding definition in metric spaces
as:

A mapping T : X — X, where (X, d) is a metric space is said to be weakly con-
tractive if

d(Tvaya) < d(I,y,)—gf)(d(l’,y,) (1)

where z,y € X and ¢ : [0,00) — [0, 00) is continuous and nondecreasing function
such that ¢(t) = 0 if and only if ¢t = 0.



Aage and Salunke [1] and Shatanawed[21] proved the existence of a unique fixed
point for weak contraction maps defined on G-metric spaces. The result of Aage
and Salunke[1] is stated as follows:

Theorem 1.1 [1]: Let (X,G) be a complete G-metric space and let T': X — X
be mappings satisfying:

G(Tf, Tyv TZ) < G(l’, Y, Z) - ¢(G<x7 Y, Z) (2)

for all z,y,z € X. If ¢ : [0,00) — [0,00) is a lower semicontinuos mapping.
¢~1(0) = 0 and lim inf (t — ¢(t)) > 0 for all ¢ € (0,00). Then T has a unique
fixed point in X.

For the fact that two maps have to commute at a point before their common fixed
points can be established led to the development of some commutative maps (see.3,
10, 11, 20 ) in which weakly compatible maps are not left out and is defined below
as:

Definition 1.3 [10]: A point x € X is called a coincidence point of a pair of
self maps S, T if there exist a point w (called a point of coincidence) in X such
that w = Sx = Tx. Self maps S and T are said to be weakly compatible if they
commute at their coincidence points, that is if Sx = Tx for some x € X, then
STx =TSx.

Some authors had used the concept of weakly compatibility in proving the com-
mon fixed points of two maps in metric spaces: see( 9 16,17,18 ).

In this work, we prove the common fixed point of two weakly compatible maps
satisfying some weak contractive conditions in G-metric spaces. Our result gener-
alizes the results of Aage and Salunke [1].

2 MAIN RESULTS

Theorem 2.1: Let (X, G) be G-metric spaces and Y a nonempty subset of X.
Let TS : Y — X be mappings satisfying:

G(Tz, Ty, Tz) < G(Sz, Sy, Sz) — ¢(G(Sx, Sy, S2)) (3)

for all z,y,z € X. If ¢ : [0,1) — [0,1) is a lower semicontinuous mapping
¢ 1(0) =0 and lim inf (t—¢(t)) > 0 for all t € (0,00). Suppose that T and S are
weakly compatible with 7(Y") C S(Y). If T(Y) or S(Y) is a complete subspace of
X, then the mappings T and S have a unique common fixed point in X.

Proof: Let o € X be arbitrary. choose x; € X such that Tzy = Sz;. Con-
tinuing this process, we can define the sequence {z,} by Tz, = Sz, for some



n € N. Suppose Tz, = Tx,_; for some n € N, then we have Tz, = Sx, .
Therefore {Tz,} is a Cauchy sequence. We assume that Ty = Tz in (3) and
Tz, #Tx,_1 V¥V ne N. From (3), we have:
G(Txp 1, Try, Tx,) < G(Sxp_1, ST, Sxy) — O(G(STYH_1, S0, Sh)) (4)
By property of ¢, (4) gives
G(Txp—1,Txn, Tx,) < G(STp_1, STy, STy) (5)
Similarly,
G(anfla any an) = G(Txnf% Tmnfh Txnfl)

é G(Smn—Zasmn—lasmn—l)- (6)

From (5) and (6), this shows that G(T'z,,—1, Tx,, Tz,) is monotone decreasing and
consequently there exists K > 0 such that

limy oo G(Txy 1, Txp, Tx,) — K as n — oc. (7)

Taking n — oo in (4), we obtain
K < K — ¢(K). (8)
This is a contradiction, unless K = 0. Hence

limp oo G(Txp—1, T2y, Tx,) = 0asn— oo . 9)

Now we show that {T'z,} is a Cauchy sequence. Suppose {T'z,} is not a Cauchy
sequence, then 3 € > 0 for which we can find subsequence {T@, )} and {T@,u }
of {T'z,} with m(k) > n(k) such that

G(T[En(k), Tl’m(k), Txm(k)) Z €. (10)
Now,

G(TTn)—1, TTrys TTrgy) = G(SThky, STr)+15 SThe)+1)-

This implies that,

G(STnw), STm), STm@)) < G(STpwys STy +1, STh(k)+1)
+G(S$n(k)+1, Sifn(k)w, an(k)+2)
+G(STa(k)+2, STk, STrm(k))-

Setting K — oo in the above inequalities and using (9) we have,

limk_moG(SZBn(k), Sﬁm(k), Sl‘m(k)) = 0. (11)



From (3) and (10) we obtain,

€ G(Txn(y, TTm), TTm)

G(STnky, STmk)s STm(ry) — O(G(STpky, STmk)s ST (k))

VANRVAN

Hence,
e <e—¢e) as k — o0.

Clearly it is a contradiction since € > 0. We must have ¢ = 0. This shows that
{Tz,} is a Cauchy sequence in X. Since T(Y) or S(Y) is a complete subspace of
X and for the fact that T(Y) C S(Y), there exists a z € T(Y') such that Sz, — z
and Tz, — z as n — 00, hence there is x € X such that Sz = z.

From (3) we get,

G(Tz,z, 2) G(Tz, Tx,,Tx,) + G(Tx,, 2, 2)
G(Sz, Sz, Sx,) — ¢(G(Sx, Sx,, Sx,)) + G(Tx,, 2, 2)

= 0.

<
<

But G(Tz, z,z) > 0. This implies that Tz = z. Thus Sz = Tz = z and we have
that z is a point of coincidence of S and T.
Next we show that the point of coincidence is unique. Suppose there is another

point of coincidence p, and there is a coincidence point ¢ € X such that p =Tq =
Sq. Then by (1) we have,

G(z,p,p)

G(Tz,Tq,Tq)
< G(Sz,5¢,Sq) — ¢(G(Sz, 5S¢, Sq)).

By property of ¢, we have
G(z,p,p) < G(z,p,p).

This is a contradiction if G(z,p,p) > 0. Hence we have a unique point of co-
incidence. Since S, T are weakly compatible, then T'Sx = STz and Tz = S=z.
Therefore z is a coincidence point of S, T and since the point of coincidence is
unique, that is z = p. Hence Sz = Tz = z, therefore z is the unique common fixed
point of S, T and the proof is complete.

Remark: If S = T in theorem 2.1 then we have corollary 2.2. Therefore the-
orem 2.1 is a generalisation of theorem 2.1 of Aage and Salunke[1].

Corollary 2.2 [1]: Let (X,G) be complete G-metric space and let 7 : X — X



be a mapping satisfying
G(T.CE, Ty7 TZ) < G(ﬂf, Y, Z) - QS(G(QL" Y, Z))

for all z,y,z € X. If ¢ : [0,00) — [0,00) is a lower semicontinuous mapping.
¢~ 10) =0 and lim inf; oo (t — ¢(t)) >0 V¢ € (0,00), then T has a unique fixed
point in X.

Example: Let X = [0,1] and G(z,y,2) = |z —y| + |y — 2| + |z — z| be a G-
metric on X. Define 5,7 : X — X by Tz = £ and Sz = %% with ¢(t) =L V¢ > 0.
Now,

x oy Yy oz z T
Tz, Ty, Tz) = |=—2|+]2 2|+ —-=

1
= §(Ix—y|+|y—ZI+|Z—xl)-

dr Oy oYy bz 5z  dx
G(Sx, Sy, S = |=—-—= —_— - — —_— -

)
= gle—yl+ly -zl +]z—a)).

Hence

The common fixed point of S and T is equal to zero and is unique.
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