UNDER PEER REVI EV

Original Research Article

2-tuple linguistic Bonferroni mean operators and
their application to multiple attribute group
decision making

Abstract

The Bonferroni Mean (BM) operator is a traditional mean type aggregation operator, which can capture the
expressed interrelationship of the individual arguments and which is only suitable to aggregate crisp data. In this
paper, we extend the BM operator to 2-tuple linguistic environments, i.e., develop the 2-tuple linguistic Bonferroni
mean and the weighted 2-tuple linguistic Bonferroni mean. Some desirable properties and special cases of the
developed operators are discussed. The geometric Bonferroni mean (GBM) is a generalization of the Bonferroni
mean and geometric mean. In this paper, we also investigate the GBM under 2-tuple linguistic environments. We
develop the 2-tuple linguistic geometric Bonferroni mean and the weighted 2-tuple linguistic geometric Bonferroni
mean. We investigate some fundamental properties and special cases of them. Furthermore, based on these
operators, we develop two approaches to multiple attribute group decision making with 2-tuple linguistic
information. Finally, two numerical examples are provided to illustrate the effectiveness and practicality of the
proposed approaches.
Keywords: Multiple attribute group decision making; 2-tuple linguistic information; 2-tuple linguistic Bonferroni mean; 2-tuple

linguistic geometric Bonferroni mean

1. Introduction

In many multiple attribute group decision making (MAGDM) problems, the decision information about
alternatives is usually uncertain or fuzzy due to the increasing complexity of the socio-economic environment and
the vagueness of inherent subjective nature of human thinking [3,9,21]; thus, it may be appropriate and sufficient to
assess the decision information in a qualitative form rather than a quantitative form. For example, when evaluating a
house’s cost, linguistic terms such as “*high’’, ““medium’’, and “‘low’’ are usually used, and when evaluating a
house’s design, linguistic terms like “‘good’’, “‘medium’’, and ‘‘bad’’ can be frequently used. To date, many
methods have been developed for dealing with linguistic information [5,7,19,22,32-37]. Herrera and Martinez [12]

introduced a 2-tuple fuzzy linguistic representation model that represents the linguistic information by means of
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2-tuples, which are composed by a linguistic term and a number [12,20]. The main advantage of this representation
is to allow a continuous representation of the linguistic information on its domain; therefore, it can represent any
counting of information obtained in a aggregation process without any loss of information [12,20]. In the past few
decades, a variety of 2-tuple linguistic aggregation operators [4,16,17,20,23-26,42,47] have been developed for
aggregating 2-tuple linguistic information. However, these 2-tuple linguistic aggregation operators only emphasize
the importance of each data or ordered position and they cannot reflect the interrelationships of individual data.

The Bonferroni mean, originally introduced by Bonferroni [1], is a mean-type aggregation operator and it can
provide for the aggregation lying between the max and min operators and the logical “or” and “and” operators [44].
The desirable characteristic of the BM is its capability to capture the interrelationship between input arguments [44].
Recently, Yager [46] gave a detailed studied of the BM and proposed some generalizations of the BM. However, the
BM [1] and its these generalizations [46] only can accommodate the situations where the input arguments take the
form of crisp numbers. In many group decision makings, the attribute values are given in the form of the other types
of domains which are not suitable to be aggregated by the BM, such as interval numbers [45], intuitionistic fuzzy
numbers [43], interval-valued intuitionistic fuzzy numbers [38], hesitant fuzzy elements [28], uncertain linguistic
variables [31], and trapezoid fuzzy linguistic variables [39]. To address this issue, some authors have suggested
some new generalizations of the BM, including the uncertain Bonferroni mean operator [40], the weighted uncertain
Bonferroni mean operator [40], the intuitionistic fuzzy BM (IFBM) [44], the weighted intuitionistic fuzzy
Bonferroni mean (WIFBM) [44], the Atanassov’s intuitionistic fuzzy geometric Bonferroni mean [30], the weighted
Atanassov’s intuitionistic fuzzy geometric Bonferroni mean [30], the interval-valued intuitionistic fuzzy Bonferroni
mean [41], the weighted interval-valued intuitionistic fuzzy Bonferroni mean [41], the hesitant fuzzy geometric
Bonferroni mean (HFGBM) [50], the hesitant fuzzy Choquet geometric Bonferroni mean (HFCGBM) [50], the
weighted hesitant fuzzy geometric Bonferroni mean (WHFGBM) [50], the weighted hesitant fuzzy Choquet
geometric Bonferroni mean (WHFCGBM) [50], the uncertain linguistic Bonferroni mean (ULBM) operator [27],
the uncertain linguistic weighted Bonferroni mean (ULWBM) operator [27], the uncertain linguistic geometric
Bonferroni mean (ULGBM) operator [27], the uncertain linguistic weighted geometric Bonferroni mean
(ULWGBM) operator [27], the trapezoid fuzzy linguistic Bonferroni mean (TFLBM) operator [18], the trapezoid
fuzzy linguistic weighted Bonferroni mean (TFLWBM) operator [18], the trapezoid fuzzy linguistic Bonferroni
OWA (TFLBOWA) operator [18], the trapezoid fuzzy linguistic weighted Bonferroni OWA (TFLWBOWA)
operator [18], the generalized intuitionistic fuzzy weighted Bonferroni mean (GIFWBM) [29], and the generalized
weighted Bonferroni geometric mean (GWBGM) [29]. However, these Bonferroni mean operators cannot
accommodate the situations where the input arguments take the form of 2-tuples.

Based on the aforementioned analysis, we can conclude that the existing 2-tuple linguistic aggregation operators
do not consider the interrelationship of the individual arguments, while the existing Bonferroni mean operators
cannot accommodate the situations in which the input arguments take the form of 2-tuples. To overcome this

drawback, it is therefore necessary to develop some new aggregation operators that not only accommaodate 2-tuple
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linguistic information but also consider the interrelationship of the individual arguments. To do this, we extend the
BM operator to 2-tuple linguistic environments and develop two 2-tuple linguistic aggregation operators, including
the 2-tuple linguistic Bonferroni mean and the weighted 2-tuple linguistic Bonferroni mean. The desirable
characteristic of these two operators is that they not only accommaodate the input arguments in the form of 2-tuples
but also reflect the interrelationship of the input arguments. Xia et al. [30] introduced a new Bonferroni mean called
the geometric Bonferroni mean based on the BM and the geometric mean (GM). We further extend the GBM
operator to 2-tuple linguistic environments and develop the 2-tuple linguistic geometric Bonferroni mean and the
weighted 2-tuple linguistic geometric Bonferroni mean. Finally, we utilize the proposed operators to develop two
approaches to multiple attribute group decision making with 2-tuple linguistic information and then apply both the
developed approaches to two practical examples.

The remainder of this paper is organized as follows. In Section 2, we briefly review some basic concepts and
operations related to the 2-tuple fuzzy linguistic representation model, the BM, and the GBM. In Section 3, the
2-tuple linguistic Bonferroni mean and the weighted 2-tuple linguistic Bonferroni mean are developed, some
desirable properties of these operators are studied, and some special cases are discussed. Section 4 develops the
2-tuple linguistic geometric Bonferroni mean and the weighted 2-tuple linguistic geometric Bonferroni mean.
Section 5 introduces two approaches based on these operators for multiple attribute group decision making with
2-tuple linguistic information. In Section 6, we give two practical examples to illustrate the group decision making

steps based on the proposed approaches. Section 7 ends this paper with some concluding remarks.

2. Preliminaries

In this section, we will introduce the basic notions of the 2-tuple fuzzy linguistic approach, Bonferroni mean, and
geometric Bonferroni mean.

2.1. The 2-tuple fuzzy linguistic representation model

Let S= {si|i =012, -, g} be a finite and totally ordered discrete linguistic term set with odd cardinality, where
s, represents a possible value for a linguistic variable, and it should satisfy the following characteristics [12,13,14].
(1) The setis ordered: s, >s; if i> j;

(2) There is the negation operator: neg(s;)=s; such that j=g—i;
(3) Max operator: max(s,.s;)=s, if 5, 2s;;

(4) Min operator: min(s;,s;)=s, if 5 <s;.
For example, a set of seven terms S could be given as follows [2,6,8,10,11]:
S ={s, =nothing, s, =verylow, s, =low, s, =medium, s, = high, s; =very high, s, = perfect} .

Based on the concept of symbolic translation, Herrera and Martinez [12,13] introduced a 2-tuple fuzzy linguistic
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representation model for dealing with linguistic information. This model represents the linguistic assessment

information by means of a 2-tuple (si ,a) , Where s, € S represents a linguistic label from the predefined linguistic

term set S and « €[-0.5,0.5) is the value of symbolic translation.
Definition 2.1 [12,13]. Let B be the result of an aggregation of the indexes of a set of labels assessed in a linguistic

term set S, i.e., the result of a symbolic aggregation operation. S e [O, g] , being g +1 the cardinality of S. Let
i=round(B) and =B —i be two values such that i €[0,g] and a €[-0.5,0.5) then « is called a symbolic
translation, where round(D) is the usual round operation.

Definition 2.2 [12,13]. Let S = {si|i =0,12,---, g} be a linguistic term setand S < [0, g] a value representing the

result of a symbolic aggregation operation. Then, the 2-tuple that expresses the equivalent information to S is

obtained with the following function:

A:[0,9]— Sx[-0.5,0.5) (1)

s, i=round(p)

AB)=(sva). With{oi:/}—i, o [-05,05) @

where s; has the closest index label to S and « is the value of the symbolic translation.

Theorem 2.1 [12,13]. Let S = {si|i =0,12,---, g} be a linguistic term set and (si ,a) be a 2-tuple. There is always

a A™ function such that from a 2-tuple it returns its equivalent numerical value 8 <[0,9]< R, where
A™:S$%[-0.5,05)—>[0,9] )

A’l(si,a)=i+a=ﬂ. (4)

It is obvious that the conversion of a linguistic term into a linguistic 2-tuple consist of adding a value zero as

symbolic translation

s, €S=(s,,0).
Definition 2.3 [12,13]. The comparison of linguistic information represented by 2-tuples is carried out according to
an ordinary lexicographic order. Let (s,, o, ) and (s, ) be two 2-tuples, with each one representing a counting
of information as follows.
(1) If k<1 then (s,, 0 ) is smaller than (s,c,).

(2) If k=1 then
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«if o, =q, then (s, ), (S, ) represents the same information;

«if o, <q; then (s, ) issmaller than (s, );

«if a, >a, then (s, ) is bigger than (s, ).
Theorem 2.2. Let (s.,o,) and (s, ) be two 2-tuples, B =A"(s., ), and B =A"(s,) . Then,
(s 04 ) <(s,o) ifandonlyif B, < B, and (s, e )=(S,. ¢, ) ifandonlyif B, =5,.
Proof. (1) We first prove that (s, ) <(S,, ) if and only if B, < f,. Assume that (s,,e, ) <(S,,¢; ). Then,
k<I,or k=l and a, <¢,. If k<I, then we have B, =k +a, <k+0.5<1-05<l+¢, =4 . If k=1 and
o, <o, ,thenwe have B, =k+o, <l+a, =4, .

Assume that S, <f3,. Then, k<I, or k=1 and e, <o . If k<I, then we have (s, e ) <(s;,et,). If k=1

and o, <q,, then we have (s,,a, ) <(s,,a, ).
(2) We next prove that (s, )=(S,,¢ ) if and only if B, = B,. If (., )=(s,,a,), then k=1 and o, =,
which implies that g, =k+o, =l+o, =4, . If B, =5, then k=1 and a, =¢q, , which implies that

(Sk,ak)z(sl,a,). O

2.2. Bonferroni mean and geometric Bonferroni mean
Bonferroni [1] originally introduced a mean type aggregation operator, called Bonferroni mean, which can

provide for aggregation lying between the max, min operators and the logical “or” and “and” operators.

Definition 2.4 [1]. Let p,q>0, and & (i=12,---,n) be a collection of non-negative real numbers. Then the

aggregation function:

1

p+a

1 a0
TCEiP el ©

i]

B (8,8,,,3, ) =

is called a Bonferroni mean (BM).
Based on the usual geometric mean (GM) and the BM, Xia et al. [30] introduced the geometric Bonferroni mean,

which was defined as follows:

Definition 2.5 [30]. Let p,q>0,and & (i=12,---,n) be a collection of non-negative numbers. If
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n 1
GBp'q(al,az,--~,an)= 1 H(pai+qaj)m (6)
P+Qiiz

i#]j

then we call GB™® the geometric Bonferroni mean (GBM).

3. 2-tuple linguistic Bonferroni mean and weighted 2-tuple linguistic Bonferroni

mean

In this section, we first extend the Bonferroni mean operator (Eq. (5)) to 2-tuple linguistic environment, i.e.,
develop a 2-tuple linguistic Bonferroni mean operator and its weight form.

Definition 3.1. Let p>0 , g=0 , and p,q do not take the wvalue 0 simultaneously. Let

{(n.ay).(r ;). (r,.0,)} (1 €S, €[-05,05),i=12,-,n) be a collection of 2-tuples. If

P.q = 1 n - "(A i
2TLB™ (1,04 ), (e, )y (1, )) = A n(n—l)z((A (ri,ai)) .(A (rj,aj))) .

i,j=1
i#]

then 2TLB"9 is called the 2-tuple linguistic Bonferroni mean (2TLBM).
In what follows, we investigate some desirable properties of the 2TLBM:

Theorem 3.1. Let p>0 , g=0 , and p,g do not take the wvalue 0 simultaneously. Let
{(r.ay).(r0) - (ha, )} (h €S, €[-05,05),i=12,--,n) be a collection of 2-tuples. Then, the
following properties hold.

(1) Commutativity: If {(/,0),(r},05),-.(1/,ex; )} is any permutation of {(1,ct, ), (ry.ct,) .-+, (1,.ct, )}, then
2TLB" ((ryen) (@ ),o(hy @, )) = 2TLBM (). (1 05) (1)) ®)
(2) Idempotency: If (r,e; )=(r,e) forall i, then
2TLB™ (R, (Rt ) oo (1)) =(ra). (©)

(3) Boundedness:
[gigrg{(ri,ai)}sZTLBp'q((rl,al),(rz,az),~--,(rn,an))Srgg({(ri,ai)}. (10)
(4) Monotonicity: Let {(ﬁ,&l),(ﬁ,&z),m,(ﬁ,&n)} and {(rl,al),(rz,az),m,(rn,an)} be two collections of

2-tuples, if (r,o;)<(%,&) , forall i ,then

2TLB™ ((h,a ) (1 ) ou(1y @, )) < 2TLBPY (R, &) (B, @, ).+ (T, ). (11)
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Proof. (1) Since {(rl’,al’),(rz',a;),-~~,(rn',a,;)} is any permutation of {(rl,al),(rz,az),-~~,(rn,an)} , then we have

+‘H
o

=1
#j

2TLB""‘((rl,al),(rz,az),---,(rn,an)):A {n(nl_l):zn:((A1(“’“i))p'<A1(ri’“i))q)]

B

n

- {n(nll) :zl((N(n',a:))” -(Al(r;,a;))q)J

P+

o

d
#]

=2TLBP((1, ). (1}, 3) -+ (1, cxy))

() If (r,¢;)=(r,c) forall i,then

OTLBM ((rl,al),(rz,az),“',(rn,an))=A n(nl_l)i :_ ((A‘l(ri,ai))p .(A—l(rj,aj))q) J

(3) Because [glgr:{(r,a,)} <2TLPG((h. &), (rh@y), (1, ) < rlrgg]({(ri,ai)} , we have
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E‘JL';'{“’O!)}A{[nmll),nl((Al(qu{(r,a)}))p '(Al(miqﬂr,a)}))qﬂmq}

(4)

The proof of Theorem 3.1 is complete.

Theorem 3.2. Let p>0, g>0,and p,q do not take the value 0 simultaneously. Let {(r,,,),(r,. @), (1,0, )}

(r €S, €[-05,05),i=12,-,n) be a collection of 2-tuples. Then, we have

2TLBP¢ ((rl,al),(rz,az),---,(rn,an)): 2TLBq'p((rl,al),(rz,az),---,(rn,an)). (12)

Proof.
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=2TLB*? ((rlial)’(rz’aZ)"“’(rn'an))

The proof of Theorem 3.2 is complete. O
In the following, let us consider some special cases of the 2TLBM operator by taking different values of the
parameters p and (.

Casel. If g — 0, then, by Eq. (7), we have
lim2TLB™ (1, ).(1. @), (1, 0t,))

q—0

- {nml_l)i((w(n,ai))"-(A1<fwaf))q)J

(13)

-4 (Ei(A1<n,a.)>pJpJ:2TLB”'°((rl,an,(rz,az),---,<rn'an>>

[ ey

which we call the generalized 2-tuple linguistic mean [25].

Case 2. If p=2 and g — 0, then Eq. (7) is transformed as:

2TLBY (5 ). (1) o (1ocn)) = {n(nll)i,il((“(“'“'))zﬂ

(14)

which we call the 2-tuple linguistic square mean [25].

Case 3. If p=1and g — 0, then Eq. (7) reduces to the 2-tuple linguistic average [25]:
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n(n _1) i j=1

i]

2TLBl'°((rl,al),(rz,az),""(rn,an))=A{ 1 Zn:((Al(ri'ai))l)J

(15)
e

Case 4. If p=q=1, then Eq. (7) reduces to the following:

2TLBl'l((rl,al),(rz,az),---,(rn,an)):A [ 1 3 (Al(t‘i,ai)-Al(r,—,a,—))} (16)

n(n_l)ivj?l
i#]

which we call the 2-tuple linguistic interrelated square mean.

Case 5. If p—0 and q— 0, then Eq. (7) reduces to the 2-tuple linguistic geometric mean operator:

lim2TLB" ((rhe). (), (ay))
q—0

) ) 1 - 1 P (AL ! 5

. 1 N p ’
=lima {n(n—l)z(A (1e1)) }

~limA n(nl_l)g((n—l)(A‘l(ﬁ,ai))p)jp
=limA %iznl‘,(Al(r.,a.))pjiJ (17)

=limA f[Al(ri,ai)ji]

=2TLB"’ ((rl’al)l(rziaz)""’(rn'an))

Case 6. If p—>+w and q — 0, then Eq. (7) reduces to the 2-tuple linguistic maximum operator:
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lim 2TLB™* (1, ), (1, 0,) .+ (1 2ty )
p—>+0
g—0

lim| limA

p—>+o| q—0

Il
>
—~~
|3 [
H
N—
M =1
—_——
—_
>
iR
—~~
-
K
N—
N—
—_—
>
iR
—_—
=
Q
N—
N—
o

o~

. 1 N p
plLerA (n—l)-Z(A (ri’ai))

-lim 8| o i;((”‘l)(A'l(“'“‘))p))p
(18)
~fim a %f}“"’“'))ﬂ

:IimA(max{Afl(ﬁ,O‘i)})

p—0 1<i<n

=2TLB™*((r,oq).(r @), (1 ty )

In the 2TLBM operator, the importance of the input arguments is not emphasized. Nevertheless, in many practical
situations, the weights of the input arguments should be taken into account. If we allow the arguments to have
different weights, then the weighted 2-tuple linguistic Bonferroni mean (W2TLBM) operator can be defined as
follows:

Definition 3.2. Let p>=0 , g=0 , and p,qg do not take the value 0 simultaneously. Let
{(rooy) (1.0 ) (10, )} (r €S, €[-05,05),i=1,2--,n) be a collection of 2-tuples.
T . . . . .
w=(w,w,,,w,) is the weight vector of {(rl,al),(rz,az),-«-,(rn,an)}, where w, indicates the importance
degree of (1, ), satisfying w, €[0,1] (i=1,2,--,n) and Zn:wi =1.If
i=1
W2TLB, " ((r,04). (1 @,). (1))

p+q

1 : 1 P -1 ‘ )
-4 n(n—l)gf:l((W"A (1) (87 (5.

then W2TLBVPV’q is called the weighted 2-tuple linguistic Bonferroni mean (W2TLBM).

Theorem 3.3. Let p=0 , g=0 , and p,g do not take the wvalue 0 simultaneously. Let
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{(_1,_),(Fz,&z),m,(ﬁ,o_cn)} and {(rl,al),(rz,az),-~~,(rn,an)} be two collections of 2-tuples, if

iy

(r.a,)<(T,.a,) , forall i, then

W2TLB, (1. ).(1.0,) o, (00, )) S W2TLB, (., ) (T, ) o, (T, @, ) - (20)
Proof.
W2TLB, (1), (. @,). (1, a,))
- {n(nll)i%((w'ﬂl(r"a')) (WJ Al(rJ al))q)J
N [n(nl 1) !é((w"“(?"_"))p (w Al(ﬁﬁl))q)}
~W2TLB, ((%.&).(5.@), (7))
The proof of Theorem 3.3 is complete. |

The W2TLBM operator is neither idempotent, bounded, nor commutative.

Theorem 3.4. Let p>=0 , g=0 , and p,qg do not take the wvalue 0 simultaneously. Let

{(rooy) (1.0 ), (10, )} (r €S, €[-05,05),i=1,2--,n) be a collection of 2-tuples.
w=(w,w,,,w,) s the weight vector of {(,,,),(r,.at, ), (1,,at, )}, satisfying w, €[0,1] (i=1,2,+-,n) and

D w, =1. Then, we have

i=1

W2TLB, (5. ). (@, ).+ (N0, ) = W2TLB, (1) (10t ) (1, ). (21)

Proof.

n?

W2TLB," ((r ). (f e, ), (1 ety )

=4 n(nl—i);;;i,-l((wi.A_l(r"ai))p'(w"'A_l(r ¢ ))) )
=4 n(nl_l)%l((wj'Al(rj’“i))q'(Wi'Al(ri’“i))p) N

=W2TLB, (r, &), (@), (1 a,))

n?
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The proof of Theorem 3.4 is complete. O

4. 2-tuple linguistic geometric Bonferroni mean and weighted 2-tuple linguistic

geometric Bonferroni mean

In this section, we shall investigate the geometric Bonferroni mean under 2-tuple linguistic environments, i.e.,
develop a 2-tuple linguistic geometric Bonferroni mean operator and its weight form.

Definition 4.1. Let p>0 , =0 , and p,q do not take the wvalue 0 simultaneously. Let

{(n.ay).(r ;). (r,.0,)} (1 €S, €[-05,05),i=12,--,n) be a collection of 2-tuples. If

n 1
2T ((5,0). (1) (1) = &) o [P (rn) -0 (5, ) | 2
i,j=1

i]

then 2TLGB"™ is called the 2-tuple linguistic geometric Bonferroni mean (2TLGBM).

In what follows, we investigate some desirable properties of the 2TLGBM:

Theorem 4.1. Let p=0 , g=0 , and p,g do not take the wvalue 0 simultaneously. Let
{(r.ay). () (ha, )} (h €S, €[-05,05),i=12:--,n) be a collection of 2-tuples. Then, the
following properties hold.
(1) Commutativity: If {(r,c),(r;,03), (1, er )} is any permutation of {(r, e, ), (1,0, ).+,(1,.cz, )}, then

2TLGB™ (1,0, ).(1y.ct,) (1@, )) = 2TLGB™ (1) (1,0 )+, (1 ) )) - (23)
(2) Idempotency: If (r,c; ) =(r,a) forall i, then

2TLGB™ (1,0, ), (1,1 ) ) = (1.cx). (24)
(3) Boundedness:

Egigrg{(ri,ai)}SZTLGBp‘q ((rl,al),(rz,az),~--,(rn,an))srgg({(ri,ai)}. (25)
(4) Monotonicity: Let {(Fl,o_zl),(Fz,o_zz),m,(Fn,&n)} and {(rl,al),(rz,az),m,(rn,an)} be two collections of
2-tuples, if (r,o;)<(%,&) , forall i ,then

2TLGB™ (1, a,).(1y.01,) (1@, )) < 2TLGB™ (@, ) (T, ) - +(T @, )) - (26)

Proof. (1) Since {(G’:a{),(fz':aé),“',(rn',ar:)} is any permutation of {(rl,al),(rz,az),-«~,(rn,an)} , then we have
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2TLGB" ((rl’al)’(rZ’aZ)"“’(rn’an))

1 & i ) 1

=A p+q ,lj_Il(pA 1(ﬂ,05i)+Q-A 1(rj,aj))n(n—1)
=]

1 n _ ’ ! _ , , n:—i

| el e e o)
=]

=2TLGB™ ((r\ ). (1}, ).+ (1), )
() If (r,e;)=(r,c) forall i,then

1

LGB () (1) (o)) =8| o TT(peo () 0o (1 )7
ij=1
i

a2 ll[(p-Al(r,a)+q-A1(r,a))n(:l)]

p+q :ijjzl
- (ra)

(3) Because [glgr:{(r,a,)} <2TLPG((h, &), (r @y, (1 e, ) < rlrgg]({(ri,ai)} , we have

=

ﬂi“{(“'“"}‘A[piq:le(M1(93.1@{<r.,a.>})+q-A1(zntq{<r.,a.>}))"<“]

<A[ - ﬁ(p'Al(r.aa.)JrQ'A1(rj,aj))"("ll)J

p+q ij=1
i ]

(4)

ZTLGB”((n,ao,(rz,az),---,<rn,an>>A[piqﬂ(p-m,aiw1<n,a,->)”‘"11)}

P+Qija
i

<A[ - ﬁ(p'Al(f,07.)+q-A1(rJ,o7J))“<nll>}

=2TLGB™ (. & ).(%,.a, )+ (T;. &, ))
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The proof of Theorem 4.1 is complete. O

Theorem 4.2. Let p>0, >0, and p,q do not take the value 0 simultaneously. Let {(r,,, ).(r,. @)+ (1.0, )}

(r €S,0; €[-0.5,05),i=1,2,---,n) be a collection of 2-tuples. Then, we have

2TLGB (1, 0) (1 @y),++ (1@, )) = 2TLGB™ (1, ), (1, 00, ) -+ (1 1, ) - (27)
Proof.
n 1
ZTLGB (5t ) (1) (o)) =) o [ TP (Rt -2 (1 )
ij=1
i#]
1 -
= Ay o AY(r 4 )|
A q+p,:1:[1(q A (rj,aj)+p A (r,,oc,))
J#i

n

= 2TLGB™ (1,04 ), (ryrty )y (Fy )

The proof of Theorem 4.2 is complete. O
In the following, let us consider some special cases of the 2TLGBM operator by taking different values of the
parameters p and (.

Casel. If g — 0, then, by Eq. (22), we have

lim2TLGB™ ((r,,a,). (1, @, ).+ (1, a,))

n?

g—0
n 1
S e | (YR PES O i
i#]
1" 5 17 (28)
=l ST I(pa ()
=L
i#j

15 1 %
a2 ()
=2TLGB™((1,0). (1, 01, ) -+ ()

which we call the generalized 2-tuple linguistic geometric mean [25].

Case 2. If p=2 and q — 0, then Eq. (22) is transformed as:

n 1
2TLGB™ (1), (1t ). o (1)) = A| 2T (2-87 () o0
i,j=1
i#] (29)

n

=A(%H(2-Al(n,ai))ij

i=1
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which we call the 2-tuple linguistic square geometric mean [25].

Case 3. If p=1and g — 0, then Eq. (22) reduces to the 2-tuple linguistic geometric average [25]:

2TLGE (104 ). (1t (1) = 4| TT(A7 (ocn )00
i (30)

-a[ 1)y |

i=1

Case 4. If p=qg=1, then Eq. (22) reduces to the following:

2TLGB™ ((roa).(r o).ty )) = A Elll(Afl(ri’O‘i)“LAfl(rj'O‘J ))n(n_l) (31)
=1
i]

which we call the 2-tuple linguistic interrelated square geometric mean.

It should be noted that the 2TLGBM operator does not consider the importance of the aggregated arguments, but
in many practical problem, especially in some group decision makings, the aggregated arguments have different
weights, to overcome this drawback, we introduce the following definition:

Definition 4.2. Let p>0 , =0 , and p,q do not take the wvalue 0 simultaneously. Let

{(r.oy) (1.0 ) (10, )} (r €S, €[-05,05),i=1,2--,n) be a collection of 2-tuples.
w=(w,w,,,w,)" is the weight vector of {(rl,al),(rz,az),-«~,(rn,an)} , where w; indicates the importance

degree of (1, ), satisfying w, €[0,1] (i=12,--,n) and Zn:wi =1.If

W2TLGBY (), (). (Fh )

1

=A p}rqili[l(F"(A_l(ri,ozi))Wi Jrq'(A_l(rJ’Olj))Wj )n(n_l) |

i#j

(32)

then W2TLGB!* is called the weighted 2-tuple linguistic geometric Bonferroni mean (W2TLGBM).

Theorem 4.3. Let p=0 , g=0 , and p,g do not take the wvalue 0 simultaneously. Let

{(Fl,_1),(F2,&2),-«~,(ﬁ,07n)} and {(rl,al),(rz,az),-«~,(rn,an)} be two collections of 2-tuples, if
(r.a,)<(T,.a,) , forall i, then

W2TLGB,' ((r.a,).(ra,). (1@, )) <W2TLGB, ((T.@).(%. @, ).++.(F,.&,)). (33)

Proof.
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W2TLGB, (). (5, @), (F, e, )

WEETRR———

n W Wi \'n(n-1)
<a| = TT(p-(a" (ma)" +a-(a?(.a)" |
p+q it

=W2TLGB, ((%.@).(%. &), (T,.4,))
The proof of Theorem 4.3 is complete. O
The W2TLGBM operator is neither idempotent, bounded, nor commutative.

Theorem 4.4. Let p>=0 , g=0 , and p,qg do not take the wvalue 0 simultaneously. Let
{(6.a).(r0,). (10, )} (r €S,z €[-05,05),i=1,2,---,n) be a collection of 2-tuples.

w=(w,

w,,-,w, )" is the weight vector of {(r,a,).(1,.0,),++, (1., )}, satisfying w, €[0,1] (i=1,2,---,n) and

> w, =1. Then, we have

i=1

W2TLGB, (@), (5. a,). (1, e, ) =W2TLGB, (04 ). (@), (1, a,)). (34)

Proof.
W2TLGB," (1, 0,). (1) (1 @, )
1
_ 1 n . 4 W, . 71 Wj)n(n—l)
_y\ p+q;l,,-__=[1(p(A (he)) +4q (A (rj,aj))
i#]
1 5
_ Wi _ Wi \n(n-1
A T ) (s )
J#i
=W2TLGB,, ((f.a).(r a,). (1, ay))
The proof of Theorem 4.4 is complete. O

5. Approaches to multiple attribute group decision making with 2-tuple linguistic
information

In this section, we utilize the proposed aggregation operators to develop some approaches to multiple attribute
group decision making with 2-tuple linguistic information.

The multiple attribute group decision making with 2-tuple linguistic information can be formulated as follows:

Let X ={X,%,,---,X,} be a set of m alternatives, and let C ={c,,c,,...,c,} be a collection of n attributes,
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whose weight vector is W= (W,,W,,--,W,

n

)T, with w; €[0,1], j=1,2,---,n, and Zn:wj =1, where w, denotes

j=1

the importance degree of the attribute Ci, and let D = {dl,dz,m,d,} be a set of | decision makers, whose weight

|
vector is @ =(ay, @,, @, )T with @, €[0,1], k=1,2,---,1, and Za)k =1, where @, denotes the importance
k=1

degree of the decision maker d, . Each decision maker provides his/her own linguistic decision matrix
Al =(a.(.k)) (k=1,2,---,1),where &) € S is a performance value, which takes the form of linguistic variable,
given by the decision maker d, € D, for the alternative x; € X with respect to the attribute ¢; e C.

If all the attributes ¢; ( j=1,2,---,n) are of the same type, then the performance values do not need

normalization. Whereas there are, generally, benefit attributes (the bigger the performance values the better) and
cost attributes (the smaller the performance values the better) in multiple attribute group decision making, in such

cases, we may transform the performance values of the cost type into the performance values of the benefit type.

Then, we can transform A =(ai(jk)) into the matrix R =(ri§k)) , where

a for benefit attributec;
= ; ) , 1=12,--m, j=12,---,n, k=1,2,---,1 (35)
neg (ai(j )), for cost attributec,

where neg(ai(jk)) is the complement of &',

In the following, we utilize the W2TLBM (or W2TLGBM) operator to develop an approach to multiple attribute
group decision making under 2-tuple linguistic environments. The algorithm involves the following steps.

Approach |

Step 1. Transform the linguistic decision matrix Al =(<’;li(jk))mn into a normalized linguistic decision matrix
R™® =(r.(k))mxn using Eq. (35).
Step 2. Transform the linguistic decision matrix R™® :(rij(k))mxn (k =1,2,---,I) into 2-tuple linguistic decision
matrix R" =((|’i§k),0))mxn (k=12,-1).
Step 3. Utilize the W2TLBM operator (Eg. (19)),

f=(ra,)=waTLe;’ ((r”,0),(r.0)....,(r".0))

ij o

p+q (36)
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or the W2TLGBM operator (Eg. (32)),
7, = (1, @) = W2TLGB?? ((rijfl),0),(r_(2)’0),_”’(rgl) 0))

. T 37)

-4 p —t q Hl( P (Afl (ru(S)’O))ws +q- (A*l (rijm,o))’”‘ ]' Ry

s#t

to aggregate all of the individual 2-tuple linguistic decision matrices R™ =((rij(k),0)) (k=21,2,---,1) into the
collective 2-tuple linguistic decision matrix §=(ﬁj)m ) =((rij,aij)) .

Step 4. Utilize the W2TLBM operator (Eq. (19)),

r (I‘i,ai)=W2TLB\Zq ((riliail)’(riziaiZ)"'"(rin'ain ))

1

1 x o p o q i (38)
ol (ARSI (CAR | S (R
or the W2TLGBM operator (Eq. (32)),
riz(ri’ai)ZWZTLGB\Z’q((rilvail)v(riz:aiz)v---’(rin’ain))
1 . " . w \oin T (39)
-8 s LT ) e (a7 (g )

to aggregate all of the preference values T; (j=1,2,---,n) in the ith line of R, and then derive the collective
overall preference value F=(r,¢;) (i=12,--,m) of alternative x; (i=12,---,m).
Step 5. Rank the =(r;,a;) (i=1,2,---,m) in descending order using Definition 2.3.
Step 6. Rank all of the alternatives x; (i =1,2,---,m), and then select the best one(s) in accordance with the

collective overall preference values F=(r,o;) (i=12,---,m).

Step 7. End.

If the information regarding the weights of the decision makers and attributes is unknown, then we utilize the
2TLBM (or 2TLGBM) operator to develop an alternative approach to the MAGDM problem with 2-tuple linguistic
information, which is described below.

Approach Il

Step 1. Transform the linguistic decision matrix Al =(ai(jk)) into a normalized linguistic decision matrix

mxn

R =(r.§k)) using Eq. (35).
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Step 2. Transform the linguistic decision matrix RW =(ri}k)) (k =1,2,-~,I) into 2-tuple linguistic decision

matrix R =((59,0)) ~(k=1.2,-,1).

ij !
Step 3. Utilize the 2TLBM operator (Eq. (7)),

% =(r.e) =218, ((1.0),(K%.0)...-.(1".0))

(40)

or the 2TLGBM operator (Eq. (22)),
% =(f.ay)=2TLGBE" ((f(l) 0),(r(2) 0),...,(r..(') 0)

ij ! ij !

)
Lo : J (41)

=A

e S CERRSCEI

s#t

to aggregate all of the individual 2-tuple linguistic decision matrices RW =((r.fk),0)) (k=1,2,---,1) into the

ij
collective 2-tuple linguistic decision matrix R =(T;) = ((rij o )) :
Step 4. Utilize the 2TLBM operator (Eq. (7)),

riz(ri’ai)z ZTLvav'q ((riliail)'(riZ’aiZ)"'"(rin'ain))

1

i (42)

n(nl_l) > ((Al((nx,aix)))p (8% ((ry )))q]

X,y=1
X£Y

or the 2TLGBM operator (Eg. (22)),

Fz(l’i,ai)=2TLGB‘Z’q ((l’il,ail)’(riz’aiz)"“'(rin'ain))

=A

n l (43)
Y 1 q ﬂl( b A_1(rix'06i><)+ q- A_1(I"iy,ogiy ))n(n—l)

X#Y

to aggregate all of the preference values T, (j=1,2,---,n) in the ith line of R, and then derive the collective
overall preference value F=(r,¢;) (i=1,2,--,m) of alternative x; (i=12,---,m).
Step 5. Rank the =(r;,¢;) (i=1,2,---,m) in descending order using Definition 2.3.
Step 6. Rank all of the alternatives X (i =1,2,-~,m), and then select the best one(s) in accordance with the

collective overall preference values F=(r,a;) (i=12,---,m).
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Step 7. End.

Remark 5.1. Approach I is designed for situations where the weights of the decision makers and attributes can be
predefined and utilizes the W2TLBM (or W2TLGBM) operator to aggregate all of the individual 2-tuple linguistic
decision matrices into the collective 2-tuple linguistic decision matrix. Approach Il is designed for situations where
the information regarding the weights of the decision makers and attributes is unknown and utilizes the 2TLBM (or
2TLGBM) operator to aggregate all of the individual 2-tuple linguistic decision matrices into the collective 2-tuple

linguistic decision matrix.

6. lllustrative examples

In this subsection, let us consider a numerical example adapted from Herrera et al. [15], and Herrera and Martinez
[13].

Example 6.1 [13,15]. Suppose that an investment company wants to invest a sum of money in the best option. There

is a panel with four possible alternatives in which to invest the money: (1) X, is a car industry; (2) X, is a food
company; (3) X, is a computer company; and (4) X, is an arms industry. The investment company must make a
decision according to the following four attributes: (1) c, is the risk analysis; (2) c, is the growth analysis; (3) c, is
the social-political impact analysis; and (4) c, is the environmental impact analysis. Among the considered

attributes, c, is the benefit attribute, and c; (j =13, 4) are the cost attributes. The weight vector of attributes c;

(j=1234)is w=(0.3,0.25,0.25,0.2)" . The four possible alternatives x, (i =1,2,3,4) are to be evaluated

using the linguistic term set

BE extremely poor, s, = very poor, s, = poor, s, =slightly poor, s, = fair,
- s, =slightly good, s, =good, s, = very good, s, = extremely good
by three decision makers d, (k =1, 2,3) (suppose that the weight vector of three decision makers is

a)=(0.2,0.5,0.3)T) under the above four attributes, and construct, respectively, the linguistic decision matrices

A = (a.(.k) )4 ) (k =1,2,3) as shown in Tables 1-3.
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Table 1. Linguistic decision matrix AY provided by d, .

1 C, c, C, c,
X1 S4 S3 S7 S3
X, S S s, S
X, S s, 5, S
X, Sy 5, S s,

C, c, C, C,
X1 SS SZ Sl SS
X, S, S, S S,
X, s, Sg S, S,
X, So Se S, S,

Table 3. Linguistic decision matrix A provided by d,

C, c, C, C,
X1 SS Sl SB S0
X2 S Sg S, Sy
X, S, Se S5 S,
X, S, Sg S, s,

Assume that the weights of the decision makers and attributes are known. We use Approach | to find the decision

result.

Step 1. Using Eq. (35), we transform the linguistic decision matrix Al =(ai(jk)) into a normalized linguistic

4x4

matrix R") = (rij(k)) (see Table 4, 5, and 6).
4x4

Table 4. Linguistic decision matrix RY provided by d, .

4 Cl CZ C3 C4
Xj_ S4 S3 Sl SS
X, S S S S
X, S, s, s, S,
X, S 5, S, S
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Table 5. Linguistic decision matrix R® provided by d, .

C, c, C, C,
X1 SS SZ S7 SS
X, S, S, Sg Sg
X, s, Sg S5 S
X, S, Se S5 S,

Table 6. Linguistic decision matrix R® provided by d,

C, c, C, C,
X1 SS Sl SZ SS
X, S, Sg Ss Ss
X, S5 Se S, S,
X, Se Sg S5 s,

Step 2. Transform the linguistic decision matrices R™® =(ri§k)) (k =1,2,3) given in Tables 4-6 into 2-tuple

Ax4
linguistic decision matrices R™ = ((r(") 0)) (k =1,2,3) which are given in Tables 7-9.
Ax4

i

Table 7. 2-tuple linguistic decision matrix R™ .

7 c c, C, c,

X (54,0) (52,0) (5.:0) (55,0)
X, (s;,0) (55,0) (s5,0) (s5.0)
X, (s;,0) (s,,0) (s;,0) (s5,0)
X, (s5.0) (s.,0) (s;,0) (s6.0)

Table 8. 2-tuple linguistic decision matrix R®,

8 c c, C, c,

X (55,0) (s,.0) (s,.0) (52,0)
X, (s,,0) (s4,0) (s5,0) (s5.0)
X, (s,,0) (s5,0) (s5,0) (S5.0)
X, (s5.0) (56,0) (s5,0) (s;,0)
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Table 9. 2-tuple linguistic decision matrix RO

9 C c, Cy c,

X (55,0) (5::0) (s,,0) (5:0)
X, (s;,0) (s5,0) (56,0) (s5,0)
X, (s5,0) (56,0) (s;5,0) (s;,0)
X, (S5.0) (s5,0) (s5,0) (s,,0)

Step 3. Use the W2TLBM operator (Eq. (36)) (here, we take p=q=1) to aggregate all of the individual 2-tuple

linguistic decision matrices R™ =((rij(k),0)) (k=1,2,3) into the collective 2-tuple linguistic decision matrix
4x4

ﬁ = (F'J )4><4 = ((rlj 1 G ))4)(4 (See Table 10)

Table 10. The collective 2-tuple linguistic decision matrix R .

10 c, c, C, c,

X, (s,,-0.4779) (s,,—0.4000) (s,,—0.0134) (s,,—0.4189)
X, (s,,-0.1106) (s,,~0.1670) (s,,0.0817) (s,,-0.0252)
X, (s,,—0.3417) (s,,—0.2186) (s,,—0.4714) (s,,—0.3875)
X, (s,,0.3438) (s,,~0.3387) (s,,0.4318) (s,,-0.4220)

Step 4. Use the W2TLBM operator (Eq. (38)) to aggregate all of the preference values (rij o ) (j=12,3,4)inthe
ith line of R and then derive the collective overall preference value =(r,¢;) (i=12,34) of the alternative x;
(i=1,234).
T =(s,,0.2852), T, =(s,,0.4837), T, =(s,,0.4101), T, =(s,,0.4394).
Using Definition 2.3, we then rank the T, (i =123, 4) in descending order:
L>T, >0 >T1.
Step 5. Rank all of the alternatives x, (i=1,2,3,4) as follows:
X, = Xy = Xy = X, -

The best alternative is X,.
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We can find that as the values of the parameters p and g change according to the decision makers’ subjective

preferences, we may obtain different rankings of the alternatives, which can reflect the decision makers’ risk

preferences. As the values of the parameters p and g change, the collective overall preference value Fi=(ri,ai)

(i=1,2,3,4) and the ranking of alternatives can be obtained and shown in Table 11.

Table 11. The collective overall preference values obtained with the W2TLBM operator and rankings of the

alternatives.

11 p=0,g9=20 p=0.5 gq=15 p=q=5 p=15,q=0.1 p=20,g9=0.05
X, (s,,—0.2255) (s,,-0.3110) (,,0.3779) (s,,—0.2668) (s,,—0.2308)
X, (s,,-0.0577) (s,,~0.1233) (s,,-0.4132) (s,,-0.0948) (s,,~0.0610)
X, (s,,-0.0577) (s,,-0.1302) (s,,-0.4712) (s,,~0.0963) (s,,~0.0615)
X, (s,,0.0598) (s,,-0.0280) (s,,-0.4210) (s,,0.0074) (s,,0.0560)
Ranking Xy > Xy = X > X Xy = Xy = X5 > X, X, =X, = Xy = X Xy = Xy = X > X, Xy = Xy = X > X,

Furthermore, it is possible to analyze how the different attitudinal characters p and g play a role in the

aggregation results. As the values of the parameters p and g change between 0 and 20, different results of a

symbolic aggregation operation B, =A"(F) (i=12,34) of the collective overall preference values T

(i=1,2,3,4) of the four alternatives x, (i=1,2,3,4) can be obtained. Figs. 1-4 illustrate the values 3, = A™(T))

(i=1,2,3,4) of the four alternatives X, (i=1,2,3,4) obtained by the W2TLBM operator in detail.
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Fig. 1. The values 8 for alternative x, obtained by the W2TLBM operator ( p €(0,20], q<(0,20]).

Fig. 2. The values B for alternative x, obtained by the W2TLBM operator ( p €(0,20], q(0,20]).
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Fig. 3. The values S for alternative x, obtained by the W2TLBM operator ( p €(0,20], q<(0,20]).

Fig. 4. The values 8 for alternative x, obtained by the W2TLBM operator ( p €(0,20], q(0,20]).
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If we let the parameter p fixed, different values S, and rankings of the

parameter g changed which was shown in Fig. 5.

alternatives can be obtained as the

—x1
—X2

x3

¥4 0=4.6560 belta=0.6251

belta
o
2

10

12

14 16 18 20

Fig. 5. Variation of 8 obtained with the W2TLBM operator (p=1, q<(0,20]).

From Fig. 5, we can find that,

1) when g €(0,4.6560], the ranking of the four alternatives is x, - x, > x, = x_and the best choice is x, .

2) when g e (4.6560,20], the ranking of the four alternatives is x, > x, = x, = x_ and the best choice is x,.

From Fig. 5, we also find that the collective overall preference values obtained by the W2TLBM aggregation

operators become bigger as parameter p and g increase for the same aggregation arguments. Therefore, it plays a

crucial part in decision making. For example, in the real group decision making problems, the decision makers who

takes a gloomy view of the prospects could choose the smaller values of the parameters p and q while the

decision makers who are optimistic could choose the bigger values of the parameters p and Q.

If the W2TLGBM operator is used in place of the W2TLBM operator to aggregate the values of the alternatives in

steps 3 and 4. The collective overall preference values and the rankings of the alternatives are listed in Table 12.
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Table 12. The collective overall preference values obtained with the W2TLGBM operator and rankings of the

alternatives.

12

p=0,q=20

p=0.5 g=15

p=0=5

p=15q=0.1

p=20, q=0.05

5,,0.1057

5,,0.1066

5,,0.1130

5,,0.1059

5,,0.1057

5,,0.1604

5,,0.1614

5,,0.1677

5,,0.1606

5,,0.1605

( )
( )
(5,,0.1464)
( )

5,,0.1477

( )
( )
(5,,0.1476)
( )

5,,0.1488

( )
( )
(s,,0.1558)
( )

s5,,0.1560

( )
( )
(5,,0.1466)
( )

5,,0.1479

( )
( )
(s,,0.1465)
( )

5,,0.1478

Ranking

X, =Xy =X =X

X, =Xy =Xy =X

X, =Xy =Xy =X

Xy =X, = X3 = X,

Xy =X, = X3 = X,

Furthermore, it is possible to analyze how the different attitudinal characters p and g play a role in the

aggregation results. As the values of the parameters p and g change between 0 and 20, different results of a

symbolic aggregation operation B, =A"(T) (i=1,2,3,4) of the collective overall preference values T.

(i=1,2,3,4) of the four alternatives x, (i=1,2,3,4) can be obtained. Figs. 6-9 illustrate the values 3, = A™(T))

(i=1,2,3,4) of the four alternatives x, (i=1,2,3,4) obtained by the W2TLGBM operator in detail.

G

LT T PR

12

helta

1108~

1.106

1104

20

140

Show PFlot Tools

1.112

=1.111

1.1

-1.109

=1.108

Fig. 6. The values 8 for alternative x, obtained by the W2TLGBM operator ( p €(0,20], q<(0,20]).
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1167
1.166

11.165

helta

11.164

11.163

1.162

1.161

Fig. 7. The values 8 for alternative x, obtained by the W2TLGBM operator ( p (0,20], q<(0,20]).

1.155
1.154
-1.153

-1.152

helta

-1.151

Fig. 8. The values 8 for alternative x, obtained by the W2TLGBM operator ( p €(0,20], q<(0,20]).
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1.155
1.154

r-1.153

helta

r-1.152

r-1.151

1.15
20 @81 143

1.148

Fig. 9. The values 8 for alternative x, obtained by the W2TLGBM operator ( p (0,20], q<(0,20]).

If we let the parameter p fixed, different values S, and rankings of the alternatives can be obtained as the

parameter g changed which was shown in Fig. 10.

1.18

—x1
—Xx2
1.17 3l T

x4
1.16~ J

1.15} —_— |

belta
[
=
T
|

1.13- 4

1.12- -

1.1 | | | | | | | | |
"0 2 4 6 8 10 12 14 16 18 20

q

Fig. 10. Variation of 3 obtained with the W2TLGBM operator (p=1, q&(0,20]).

From Fig. 10, we can find that when q < (0,20], the ranking of the four alternatives is x, - x, = x, = x, and the

best choice is x,.
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From Fig. 10, we find that the collective overall preference values obtained by the W2TLGBM aggregation
operators become smaller as parameter p and q increase for the same aggregation arguments. Therefore, it plays a
crucial part in decision making. For example, in the real group decision making problems, the decision makers who
take a gloomy view of the prospects could choose the bigger values of the parameters p and q while the decision
makers who are optimistic could choose the smaller values of the parameters p and (.

It should be noted that the belta obtained by the W2TLBM operator are smaller than the belta obtained by the
W2TLGBM operator, which indicates that the W2TLBM operator can obtain more unfavorable (or pessimistic)
expectations, while the W2TLGBM operator has more favorable (or optimistic) expectations. Therefore, we can
conclude that the W2TLBM operator can be considered as the optimistic operator, while the W2TLGBM operator
can be considered as the pessimistic operator and the values of the parameters can be considered as the optimistic or
pessimistic levels. By Figs. 1-10, we can conclude that the decision makers who take a gloomy view of the prospects
could use the W2TLBM operator and choose the smaller values of the parameters p and ¢, while the decision
makers who are optimistic could use the W2TLGBM operator and choose the smaller values of the parameters p
and q.

In order to obtain the more neutral results, we can use the arithmetic averages of the optimistic and pessimistic

results, which can be found in Figs. 11-14.

0.s

gos.

r -0.85

helta

r -0.8

0.75

0.7

Fig. 11. The values S for alternative x, obtained by the W2TLBM and W2TLGBM operators ( p € (0,20] ,

q<(0,20]).
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Fig. 12. The values S for alternative x, obtained by the W2TLBM and W2TLGBM operators ( p € (0, 20] ,

q<(0,20]).

Fig. 13. The values S for alternative x, obtained by the W2TLBM and W2TLGBM operators ( p € (0, 20] ,

q<(0,20]).
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Fig. 14. The values S for alternative x, obtained by the W2TLBM and W2TLGBM operators ( p € (0,20] ,

q<(0,20]).

In the following, we compare our operators and approaches with the existing 2-tuple linguistic aggregation
operators and approaches to demonstrate the advantages of the operators and approaches proposed here. In Example

5.1, we utilize the 2-tuple linguistic weighted average (2TLWA) operator [12,13]:
n
2TLWA((5. ), (6 0) (10t )) = A(Zvvi AT ,ai)] (44)
i=1

to replace the W2TLBM operator; then the collective overall preference value Fi=(ri,ai) (i=1,2,3,4) of
alternative x; (i=1,2,3,4) are shown as follows:
T =(s,,—0.0300), T,=(s;,0.1800), T, =(s;,0.4700), T, =(s,,—0.2700).
Using Definition 2.3, we then rank the T (i=1,2,3,4) in descending order:
L>T>0L>T1.
According to the ranking of the T (i=1,2,3,4), rank all of the alternatives x; (i=1,2,3,4) as follows:
Xy > X, = Xy > X, .

Thus, the best alternative is X, .
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Based on the aforementioned analysis, we can see that the 2TLWA operator is simpler than the W2TLBM and
W2TLGBM operators from the computational point of view, but the W2TLBM and W2TLGBM operators can
capture the interrelationship of the aggregated arguments [30] and can provide the decision makers more choices by

changing the values of the parameters determined by the preferences of the decision makers [30].

Example 5.2. Let us reconsider Example 5.1. Assume that A :(ai(j“))4 , (k=12,3) are three linguistic decision

matrices shown in Tables 1-3. R :(rij(k) )4 \ (k =1,2,3) are three normalized linguistic decision matrices given in

Tables 4-6. R" = ((ri}k),o)) (k=1,2,3) are three corresponding 2-tuple linguistic decision matrices given in
4x4

Tables 7-9. Suppose that the weights of the decision makers and the attributes are unknown; then, we use Approach

Il to determine the decision.

Step 1. Use the 2TLBM operator (Eq. (40)) (here, we take p=q=1) to aggregate all of the individual 2-tuple

linguistic decision matrices R™ =((ﬁfk),0)) (k=1,2,3) into the collective 2-tuple linguistic decision matrix
4x4

]

R'=(7)

44

ij i

((r’ aj ))M (see Table 13).

Table 13. The collective 2-tuple linguistic decision matrix R’.

13 c C, C, c,

X, (s5,-0.3453) (s,,-0.0851) (s;,-0.2311) (s;,0.1316)
X, (s5,-0.4924) (s5,-0.1122) (5:,0.2716) (3;,0.2716)
X, (s;,-0.1352) (s;,0.0332) (s;,-0.1352) (s5,-0.0334)
X, (s,,0.3030) (s,,-0.4539) (s,,0.2817) (s,,0.1962)

Step 2. Use the 2TLBM operator (Eg. (42)) to aggregate all of the preference values (rij’,ai;) (j=12,3,4) inthe
ith line of R’ and then derive the collective overall preference value Fi'=(ri’,ai') (i =123, 4) of the alternative X
(i=1,234).
=(s,,—0.4639), T, =(s,,-0.0181), T;=(s;,~0.0678), T, =(s;,0.2876).
Using Definition 2.3, we then rank the r; (i =123, 4) in descending order:

L>T,>n>T.

Step 5. Rank all of the alternatives x, (i=1,2,3,4) as follows:
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X, = X, = Xy = X, .

The best alternative is X,.

We can find that as the values of the parameters p and g change according to the decision makers’ subjective

preferences, we may obtain different rankings of the alternatives, which can reflect the decision makers’ risk

preferences. As the values of the parameters p and g change, the collective overall preference value Fi'=(ri',ai’)

(i=1,2,3,4) and the ranking of alternatives can be obtained and shown in Table 14.

Table 14. The collective overall preference values obtained with the 2TLBM operator and rankings of the

alternatives.

14 p=0,9=20 p=0.5 gq=15 p=q=5 p=15,q=0.1 p=20,g9=0.05

X, (s,,0.0891) (s,,~0.4043) (s,,0.4483) (s,,~0.2153) (s,,0.0684)

X, (s,,0.4823) (s,,0.2594) (s,,0.3807) (s,,0.3246) (s,,0.4752)

X, (s,,0.1133) (s,,~0.2625) (S5,-0.4656) (s,,-0.1379) (s,,0.0981)

X, (s,,0.4740) (s,,0.2032) (s,,0.2012) (s,,0.2934) (s,,0.4625)
Ranking | X, =X, ™ X3 ™= X | Xo ™= X, =Xy =X | Xy ™= X, =Xg =X | Xy =Xy = Xg =X | X, =X, > Xg > X

As the values of the parameters p and g change between 0 and 20, different results of a symbolic aggregation

operation B, =A"(T) (i=12,3,4) of the collective overall preference values T, (i=1,2,3,4) of the four

alternatives x; (i=1,2,3,4) can be obtained. Figs. 15-18 illustrate the values 8 =A™ (T,') (i=1,2,3,4) of the

four alternatives x; (i=1,2,3,4) obtained by the 2TLBM operator in detail.
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Fig. 15. The values 8 for alternative x, obtained by the 2TLBM operator ( p €(0,20], q < (0,20]).

Fig. 16. The values 3 for alternative x, obtained by the 2TLBM operator (p (0,20], q<(0,20]).
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Fig. 17. The values 8 for alternative x, obtained by the 2TLBM operator ( p €(0,20], q<(0,20]).

Fig. 18. The values 3 for alternative x, obtained by the 2TLBM operator (p (0,20], q<(0,20]).
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If we let the parameter p fixed, different values S, and rankings of the alternatives can be obtained as the

parameter g changed which was shown in Fig. 19.

2]
c
kel
©
c
=
o
5 P
8 P
5 P .
p
451 yd |
//
4- y -
/,/
\ e
35 N \ \ \ \ \ | | |
0 2 4 6 8 10 12 14 16 18 20

lambda

Fig. 19. Variation of S obtained with the 2TLBM operator (p =1, q<(0,20]).

From Fig. 19, we can find that when q e (0,20], the ranking of the four alternatives is x, - x, > x, > x, and the

best choice is x,.

From Fig. 19, we find that the collective overall preference values obtained by the 2TLBM aggregation operators
become bigger as parameter p and g increase for the same aggregation arguments. Therefore, it plays a crucial
part in decision making. For example, in the real group decision making problems, the decision makers who take a
gloomy view of the prospects could choose the smaller values of the parameters p and g while the decision
makers who are optimistic could choose the bigger values of the parameters p and q .

If the 2TLGBM operator is used in place of the 2TLBM operator to aggregate the values of the alternatives in

steps 1 and 2. The collective overall preference values and the rankings of the alternatives are listed in Table 15.



UNDER PEER REVI EV

Table 15. The collective overall preference values obtained with the 2TLGBM operator and rankings of the

alternatives.

15 p=0,q9=20 p=0.5 g=15 p=0g=>5 p=15,9=0.1 p=20,9=0.05

X, (s,,0.1644) (s,,0.2330) (s,,~0.3675) (s,,0.1792) (s,,0.1700)

X, (55,-0.1442) (s,-0.1208) (s,,0.0328) (85,-0.1392) (55,-0.1423)

X, (s5,-0.2650) (55,-0.2273) (s5,0.0098) (5,-0.2570) (55,-0.2620)

X, (s5,-0.1387) (55,-0.0524) (s5,0.3822) (s5,-0.1196) (s5,-0.1314)
Ranking | X, =X, =Xg =X | Xo =X, =X =X | X =Xy = Xg =X | X=X, =X =X | X, =X, =X =X

As the values of the parameters p and g change between 0 and 20, different results of a symbolic aggregation

operation =A™ (F) (i=1,2,3,4) of the collective overall preference values T, (i=1,2,3,4) of the four

alternatives x; (i=1,2,3,4) can be obtained. Figs. 20-23 illustrate the values 8, =A™ (F;) (i=1,2,3,4) of the

four alternatives x; (i=1,2,3, 4) obtained by the 2TLGBM operator in detail.

helta

Fig. 20. The values 8 for alternative x, obtained by the 2TLGBM operator (p €(0,20], q<(0,20]).
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-5.92

Fig. 21. The values 8 for alternative x, obtained by the 2TLGBM operator ( p €(0,20], q<(0,20]).
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Fig. 22. The values 8 for alternative x; obtained by the 2TLGBM operator (p €(0,20], q<(0,20]).
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Fig. 23. The values 8 for alternative x, obtained by the 2TLGBM operator ( p €(0,20], q<(0,20]).

If we let the parameter p fixed, different values S, and rankings of the alternatives can be obtained as the

parameter g changed which was shown in Fig. 24.
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Fig. 24. Variation of S obtained with the 2TLGBM operator (p =1, q<(0,20]).

From Fig. 24, we can find that when q e (0,20], the ranking of the four alternatives is x, - x, > x, > x, and the

best choice is x,.
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From Fig. 24, we find that the collective overall preference values obtained by the 2TLGBM aggregation
operators become smaller as parameter p and q increase for the same aggregation arguments. Therefore, it plays a
crucial part in decision making. For example, in the real group decision making problems, the decision makers who
take a gloomy view of the prospects could choose the bigger values of the parameters p and q while the decision
makers who are optimistic could choose the smaller values of the parameters p and (.

It is worth noting that most of the belta obtained by the 2TLBM operator are bigger than most of the belta
obtained by the 2TLGBM operator, which indicates that the 2TLBM operator can obtain more favorable (or
optimistic) expectations, while the 2TLGBM operator has more unfavorable (or pessimistic) expectations.
Therefore, we can conclude that the 2TLBM operator can be considered as the optimistic operator, while the
2TLGBM operator can be considered as the pessimistic operator and the values of the parameters can be considered
as the optimistic or pessimistic levels. By Figs. 15-24, we can conclude that the decision makers who take a gloomy
view of the prospects could use the 2TLGBM operator and choose the bigger values of the parameters p and q,
while the decision makers who are optimistic could use the 2TLBM operator and choose the bigger values of the
parameters p and (.

In order to obtain the more neutral results, we can use the arithmetic averages of the optimistic and pessimistic

results, which can be found in Figs. 25-28.

-4.B

-4.4

helta

-4.2

Fig. 25. The values S for alternative x, obtained by the 2TLBM and 2TLGBM operators ( p € (0,20] ,

q<(0,20]).
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Fig. 26. The values S for alternative x, obtained by the 2TLBM and 2TLGBM operators ( p e(o, 20],

q<(0,20]).

Fig. 27. The values f for alternative x, obtained by the 2TLBM and 2TLGBM operators ( p e(O, 20],

q<(0,20]).
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helta

Fig. 28. The values B for alternative x, obtained by the 2TLBM and 2TLGBM operators (pe(O,ZO],

q<(0,20]).

By examples 1 and 2, we can see that the decision results obtained with Approach I may be different from the
decision results obtained with Approach Il. Approach | utilizes the W2TLBM (or W2TLGBM) operator to
aggregate all of the individual 2-tuple linguistic decision matrices into a collective 2-tuple linguistic decision matrix
and then utilize the W2TLBM (or W2TLGBM) operator to derive the collective overall preference values of each
alternative. Approach Il utilizes the 2TLBM (or 2TLGBM) operator to aggregate all of the individual 2-tuple
linguistic decision matrices into a collective 2-tuple linguistic decision matrix and then utilize the 2TLBM (or
2TLGBM) operator to derive the collective overall preference values of each alternative. The 2TLBM and
2TLGBM operators only involve the input data and their interrelationships, but the importance of each datum is not
emphasized. The W2TLBM and W2TLGBM operators not only involve the input data and their interrelationships

but also take the importance of each datum into account.

7. Conclusions

In this paper, we have developed several new 2-tuple linguistic aggregation operators, including the 2TLBM,
W2TLBM, 2TLGBM, and W2TLGBM operators. We have studied some fundamental properties of the developed
operators, such as commutativity, idempotency, boundedness, and monotonicity. We also discuss some special
cases of the proposed operators. Compared with the existing 2-tuple linguistic aggregation operators, the primary
advantage of these operators is that they capture the interrelationship of the input arguments and thus consider the
decision information as much as possible. Furthermore, we have applied the proposed operators to develop two

approaches to multiple attribute group decision making with 2-tuple linguistic information. Finally, two numerical
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examples are provided to illustrate the developed approaches and to compare the developed approaches with the
existing ones. In the future, we will study the Bonferroni mean and the geometric Bonferroni mean under

interval-valued 2-tuple linguistic environments [48,49].
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