
Singular Values of a Family of Singular Perturbed Exponential Map

Abstract

The singular values of the one parameter family of singular perturbed ex-
ponential map fµ(z) = ez + µ

z , µ is non-zero real, are investigated. It is found
that the function fµ(z) has infinitely many singular values and all these singu-
lar values are bounded.
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The singular perturbation occurs when a pole is introduced into a function. The

singular perturbation is introduced by Devaney et al. [5] in complex dynamics by

studying the dynamics of the mapping fϵ(z) = z2 + ϵ
z

for ϵ > 0. The dynam-

ics of one parameter exponential family Eλ(z) = λez is studied by Devaney [4].

Rempe [7] is investigated the dynamics of the family Eκ(z) = ez + κ. The Julia

sets of a noise-perturbed Mandelbrot map is found in [1].

A point z∗ is said to be a critical point of f(z) if f ′(z∗) = 0. The value f(z∗)

corresponding to a critical point z∗ is called a critical value of f(z). A point w ∈

Ĉ = C∪{∞} is said to be an asymptotic value for f(z), if there exists a continuous

curve γ : [0,∞) → Ĉ satisfying limt→∞ γ(t) = ∞ and limt→∞ f(γ(t)) = w. A

singular value of f is defined to be either a critical value or an asymptotic value of

f . A function f is called critically bounded or functions of bounded type if the set

of all singular values of f is bounded, otherwise unbounded-type.

Avetision, Arakelion and Gonchar [2] proved the following result which is surety

for finite number of asymptotic values of a meromorphic function:
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Theorem 1. Let f be a meromorphic function of a finite Nevanlinna order ρ and

limr→∞
n(r,∞,f)

log r
< +∞. Then, the number of finite asymptotic values of the function

f counted according to their multiplicity is not greater than 2ρ.

As we know that singular values play very significant role in the dynamics of

functions. For instance, the following result [3] exhibit the importance of singular

values in the dynamics of a transcendental meromorphic function: Suppose z0 lies

on an attracting cycle or a parabolic cycle f(z). Then, the orbit of at least one

critical value or asymptotic value is attracted to a point in the orbit of z0.

For infinitely many bounded singular values, the dynamics of transcendental

meromorphic families λ sinh2(z)
z4

[8] and λ cos(z)
z

[9] have been studied by author.

Our goal in the present paper is to describe the singular values of perturbed

exponential map. For this purpose, the function of the form ez + µ
z

is considered

when a pole at origin is introduced into the map ez. Let

H =
{
fµ(z) = ez +

µ

z
: µ ∈ R \ {0}, z ∈ Ĉ

}
be one parameter family of perturbed exponential map. It is cleared that a small

perturbation in exponential families λez and ez + κ give the function in family H.

Due to this reason, our family H is more interesting and important for studying

the dynamical properties. The function fλ ∈ H is a transcendental meromorphic

function with a single pole at zero and it is neither even nor odd and not periodic.

The following theorem shows that the functions in the family H have infinitely

many bounded singular values:

Theorem 2. Let fµ ∈ H. Then, the function fµ(z) possesses infinitely many singu-

lar values and all these singular values of the function fµ(z) are bounded.

Proof. The critical points of the function fµ(z) are solutions of the equation f ′
µ(z) =
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0. This implies that solutions of the equation z2ez − µ = 0 are critical points of

fµ(z). This equation has a solution z0 if only if the equation w2 − µew = 0 has a

solution −z0.

Let µ = 1
a
. Then, we get aw2 − ew = 0. For all w such that |w| = R, we have

| − ew| = eRe(w) < eR < |a|Rn = |azn| since |a| > eR

Rn
.

For R ̸= 1, using Rouche’s Theorem, the equation aw2−ew = 0 has n solutions

w satisfying |w| < R, where 0 ̸= |a| > eR

Rn .

Now, for R = 1, the equation aw2 − ew = 0 (|a| > e) has simple n roots in

|z| < 1. To prove this, suppose w0 is a root of order k, k ≥ 2, then

aw2
0 − ew0 = 0 and 2aw0 − ew0 = 0

which implies aw2
0 − 2aw0 = 0. It follows that we must have either w0 = 0 or

w0 = 2; i.e., either 0 = ew0 = e0 = 1, or Re(w0) ≥ 1 and this is a contradiction.

Therefore, for R = 1, the equation aw2 − ew = 0 (|a| > e) has exactly n simple

roots with positive real part located in |z| < 1.

Consequently, the equation z2ez − µ = 0 has n solutions z satisfying |z| < R,

where 0 ̸= |µ| < Rn

eR
. In case when R = 1, these solutions are simple roots with

negative real part located in |z| < 1.

Let zc are critical points in |z| < R. Using zez = µ
z
, we get

|fµ(zc)| ≤ |ezc + µ

zc
| ≤ |ezc|+ |µ|

|zc|
≤ e|zc| +

|µ|
|zc|

≤ e|zc| + |zc|e|zc| ≤ (1 + |zc|)e|zc|

≤ (1 +R)eR

For some fix R, the quantity (1 + R)eR is bounded. It gives that the critical values

of fµ(z) are bounded.

3

UNDER PEER REVIEW



On real axis, it is easily seen that the equation x2ex−µ = 0 has finite number of

zeros. It follows that fµ(z) has finite critical values on real axis and all these critical

values are bounded.

On imaginary axis, It is seen that −y2eiy − µ = 0 which implies

y2 cos y = −µ and y2 sin y = 0.

Second equation gives y = (−1)nnπ, where n is non-zero integer. Using first

equation, the possible critical points on imaginary axis are y = (−1)nnπ, where n

is non-zero odd integer. Since

|fµ((−1)nnπi)| ≤ 1 +
|µ|
|nπ|

< M.

It shows that critical values of fµ(z) on imaginary axis are bounded.

Hence, the function fµ ∈ H possesses infinitely many critical values and all

these critical values of fµ(z) are bounded.

Since limr→∞
n(r,∞,fµ)

log r
< +∞, and Nevanlinna order [6] of the function fµ(z)

is 1, by Theorem 1, the function fµ ∈ H has at most two finite asymptotic values.

Thus, this proves that the function fµ ∈ H has infinitely many singular values

and all these singular values of the function fµ ∈ H are bounded.
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