
Smooth soliton solutions of ZK(2,4,-2) equation ∗

Abstract

In this paper, the qualitative analysis methods of a dynamical system are used

to investigate the smooth soliton solutions of ZK(2, 4,-2) equation: ut + a(u2)x +

[bu4(u−2)xx+ku2
yy]x = 0. The phase portrait bifurcation of the traveling wave system

corresponding to the equation is given. The explicit expressions of the smooth soliton

solutions are obtained by using the portraits. The graph of the solutions are given

with the numerical simulation.
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1 Introduction

Recently, the ZK equation given

ut + auux + b(uxx + uyy)x = 0, (1.1)

is investigated by BK. Shivamoggi[1], A. M. Wazwaz[2] and VE. Zakharov etc[3] in many

distinct approaches.
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More recently, by using the sine-cosine method and the tanh method, A. M. Wazwaz

[4] investigated the compact and noncompact solutions for the ZK(n,-n,2n) equations,

ut + a(un)x + [bu−n(u2n)xx + k(un)yy]x = 0, (1.2)

and the ZK(n,2n,-n) equations,

ut + a(un)x + [bu2n(u−n)xx + k(un)yy]x = 0, (1.3)

where a, b, k are two non-zero real number, a family of solitary and compact patterns

solutions are obtained. In the present paper, we shall continue to study and obtain the

smooth soliton solutions of Eq.(1.3) for n = 2 (simply called ZK(2, 4,−2) equation). In

this paper, we shall employ bifurcation method of dynamical systems [5,6] to investigate

the following equation:

ut + a(u2)x + [bu4(u−2)xx + ku2
yy]x = 0 (1.4)

Making the transformations u(x, t) = φ(x + y − ct) = φ(ξ), where c is the wave speed.

(1.4) becomes

−cφ′ + a(φ2)′ + [bφ4(φ−2)′′ + k(φ2)′′]′ = 0, (1.5)

where “′” is the derivative with respect to ξ. Taking the integration once on both sides

leads to

−cφ + aφ2 + [bφ4(φ−2)′′ + k(φ2)′′] = g, (1.6)

where g is integration constant.

Clearly, (1.6) is equivalent to the following two-dimensional systems

dφ

dξ
= y,

dy

dξ
=

g + cφ− aφ2 − py2

qφ
, (1.7)

where p = 6b + 2k, q = 2k − 2p. Systems (1.7) have the first integrals

y2 = φ
−2p

q

(
g

p
φ

2p
q +

2c

2p + q
φ

2p
q

+1 − a

p + q
φ

2p
q

+2 + h

)
(1.8)

and
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H(φ, y) = φ
2p
q y2 − φ

2p
q

(
g

p
+

2c

2p + q
φ− a

p + q
φ2

)
= h. (1.9)

The rest of this paper is organized as follows. In Section 2, we discuss the bifurcations

of phase portraits of system (1.7), where explicit parametric conditions will be derived. In

Section 3, we give exact explicit parametric representations for smooth soliton solutions

of Eq. (1.4) for the case n = 2. Section 4 contains the concluding remarks.

2 Bifurcations and phase portraits of systems (1.7)

Systems (1.7) have the same phase orbits as the following systems,

dφ

dτ
= qφy,

dy

dτ
= g + cφ− aφ2 − py2, (2.1)

except for the straight line φ = 0, where dξ = qφdτ .

When pg > 0, c2 + 4ag > 0, system (1.7) has four equilibrium points: A1,2 (φ1,2, 0)

and S± (0,±Y ), where φ1,2 = −c±
√

c2+4ag
−2a and Y =

√
g
p .

For the function defined by (1.9), we denote that

hi = H(φi, 0) = −(φi)
2p
q

(
g

p
+

2c

2p + q
φi − a

p + q
φ2

i

)
, (i = 1, 2), hs = H (0,±Y ) = 0.

When g
p + 2c

2p+qφ1 − a
p+qφ2

1 = 0, i.e., ag = 2p
p+q c2, we have H(φ1, 0) = H (0,±Y ) = 0.

Let M(φi, yi) be the coefficient matrix of the linearized system of (2.1) at an equilib-

rium point (φi, yi). Then, for p > 0, qg > 0, ag > 0, ag = 2p
p+q c2, we have

J(φ1, 0) = −q
√

c2 + 4ag

2a
(c +

√
c2 + 4ag) > 0, J(0,±Y ) = 2pqY 2 > 0,

J(φ2, 0) = −q
√

c2 + 4ag

2a
(c−

√
c2 + 4ag) < 0, T race(M(φ1, 0)) = 0.

By the theory of planar dynamical systems, we know that for an equilibrium point

(φi, yi) of a planar integrable system, if J < 0 then the equilibrium point is a saddle

point; if J > 0 and Trace(M(φi, yi)) = 0 then it is a center point; if J > 0 and

(Trace(M(φi, yi)))2 − 4J(φi, yi) > 0 then it is a node; if J = 0 and the index of the
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equilibrium point is zero then it is a cusp; if J = 0 and the index of the equilibrium point

is not zero then it is a high order equilibrium point.

Thus, the equilibrium point A2 are saddle points, the equilibrium points S± and A1

is a center.

For our purpose, in the parameter region: pg > 0, c2 + 4ag > 0, ag = 2p
p+q c2, we show

the phase portraits of system (1.7) in Fig. 1.

(1-1) a < 0, q > 0, p < 0, g < 0, c > 0. (1-2) a < 0, q > 0, p < 0, g < 0, c < 0.

Fig. 1 The phase portraits of system (1.5) for pg > 0, c2 + 4ag > 0, ag = 2p
p+q c2, p ≥ −2q.

3 Exact explicit smooth soliton solutions of (1.4)

Lemma 3.1 When h → h1, the periodic orbits of the periodic annulus surrounding

(φ1, 0) approach to the boundary curves. Let (φ, y = φ′) be a point in the periodic orbits

of system (1.6). Then,the smooth solitary travelling wave solution is defined by h = h2.

In the following, we give exact explicit parametric representations of smooth soliton

solutions.

Case (I). a < 0, q > 0, p < 0, g < 0, c > 0, ag = 2p
p+q c2.

In this case, we have φ2 = c
2a

√
9p+q
p+q and the phase portrait of system (1.7) shown in

Fig. 1(1-1). Notice that H (A1) = H(S±) = 0, homoclinic orbit goes through the saddle

point A2

(
c
2a

√
9p+q
p+q , 0

)
are

y2 =
a

p + q

[
−

(
φ− c(p + q)

a(2p + q)

)2

+
c2(p + q)2 + 2c2(2p + q)2

a2(2p + q)2

]
. (3.1)

UNDER PEER REVIEW



5

Substituting (3.2) into the first equation of (1.7) and integrating it, we get

ξ =
√

a

p + q

∫ φ

φ2

dφ√
D2 − (φ + B)2

, (3.2)

where D = c
a(2p+q)

√
(p + q)2 + 2(2p + q)2, B = − c(p+q)

a(2p+q) ,which one have the following

parametric representations:

φ(ξ) =
1
2a

√
9p + q

p + q
c + D sin

(√
p + q

a
ξ

)
, ξ ∈

(
0, π

√
a

p + q

)
(3.3)

(3.3) gives a smooth soliton solution and the profile is shown in Fig. 2(2-1).

Remark. To the best of our knowledge, the solution (3.3) of Eq. (1.4) has not been

reported in literature.

Case (II). a < 0, q > 0, p < 0, g < 0, c < 0, ag = 2p
p+q c2.

In this case, we have the phase portrait of system (1.7) shown in Fig. 1(1-2). Similar

to the Cases (I), system (1.7) has a parametric representation of the homoclinic orbit as

(3.3).

It gives another smooth soliton solution and the profile is shown in Fig. 2(2-2).

(2-1) a = g = −1, c = q = 1, p = −2. (2-2) a = g = c = −1, q = 1, p = −2.

Fig. 2 Smooth soliton solutions of Eq.(1.1) for pg > 0, c2 + 4ag > 0, ag = 2pc2

p+q , p ≥ −2q.

4 Discussion

In this paper, we used the qualitative analysis methods of a dynamical system to investi-

gate the smooth soliton solutions of ZK(2, 4,-2,) equation. As a result, we obtained two

of new exact smooth soliton solutions. The phase portrait bifurcation of the traveling
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wave system corresponding to the equation is given. The graph of the solutions are given

with the numerical simulation.
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