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THE CONVOLUTION SUMS " mko;(m)o;(n — m)

ABSTRACT. In this paper we obtain some various convolution sum formulae
especially, focusing on the form

n—1
Z m*a;(m)o;(n —m)
m=1

for k € N (1 < k <5) and an odd positive integer ¢, j. Furthermore, we obtain
some identities related to the convolution sums.

1. INTRODUCTION

For n € N, s e NU{0}, ¢ € C with |g| < 1, we define necessary divisor function
and A(q) which appear in many areas of number theory:

(1) os(n) =dZdS, Alg) ::ijlﬂn f[l—q
The Eisenstein serie: L(q), M(q), and Z:f(q) are given ;y

(2) Lig) =1- 242 o1(n)q",

(3) M(g) =1+ 2402 a3(n)q”,

(4) N(g)=1- 5042 o5(n)q

in [1, p. 318]. Lahiri [4, p. 149] has derived the following identities from the work
of Ramanujan [6] :

(5) L*( —1—2882n01 n)q" +240203 .
n=1
6)  Lq )—1—17282na1 n)q" +21602n03 ¢" =504 o5(n)q",
n=1 n=1 n=1
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1;()717691227101 q+103682n03 q740322n05 n)q"

(7) n=1 n=1 n=1
+ 480 Z o7(n)q",
n=1
(8)
L*(q) = 1—2073627“71 n)q" +345602n03 n)q" —172802n05 n)q"
n=1 n=1 n=1
+36002n07 n)q" —264209 n,
n=1
(o]
(9) M?(q) =1+480 > o7(n)q",
n=1
65520 432000
1 M3(q) =1+ —— q"
(10) (9) + 691 ;Uu( 691 g
(11) L(q)M(q )—1+7202n03 n)q" —504205 ",
n=1

[ee]
(12) L*(q)M(q) =1+1728 Y _n’o3(n)q" —201627105 n)q" +480207 ,

n=1 n=1 n=1
(13) L(q)M?(q) = 1+ 720 Z noz(n)q"™ — 264 Z oo(n)q",
(14) L(g)N(q) =1 — 10082no5 n)g" —|-48OZJ7 "
(15) M(q)N(q) =1-264  09(n)q",

Here for e, f,n € N we follow the definition of the convolution sum S, ¢(n) given
by

1

(16) Se.f(n) == oe(m)os(n —m),

which is found in [2, p. 39]. Ramanujan [6] and Lahiri [4], [5] have shown that
Se,r can be expressed as :

S
|

3
Il
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5 (1—6n)
S1.1(n) = 503(n) o oi(n),
7 1—3n 1
$1.50) = s+ g ) — (),
5 (1-2n) 1
5175(’11)— 126 (n)—I— 2 05(n)+ 50401(n),
1 1
S33(n) = ﬁoﬁ(n) ~ 120 3(n),
11 (2 - 3n) 1
S17(n) = @og(n) + 13 o7(n) — 10 1(n),
S35(n) = ==00(n) — =a5(n) + ——03(n)
= - — —o3(n
35U = 504070\ T 24075V T 50472V
455 (5 — 6n) 1 36
S19(n) = 35107711 (1) + 55— oo (n) + 5701 (n) = =T (n),
91 1
$37(n) = 175560711 (W ~ 3077 ~ 15573 (") + 3767
65 1 3
55’5(71) = mUll(ﬂ) + ﬁgs(n) — @T(n),
691 (1—n) 691
Siu(n) = g s + 5 onn) = oo m(n),
1 1 1
5379(71) = Malg(n) — ﬂoag(n) + ﬁgg(n),
1 1 1
55.7(n) = 75080718 (") + 55177(M) ~ 35575 ()-
Also for e, f, k,m,n € N we define
mef z:mUE Jog(n —m),
(17)
Ine f(n) = mef Zmae m)og(n —m)
and we have already obtained :
Proposition 1.1. Let n € N. Then we have
(a) (See[7, p. 155])
1
I (n) = gon{5o3(n) — (6n —1)o1(n)},
(b) (See [7, p. 157])
7 1, 1
I 13(n) = mn%(n) - 4—071, o3(n) — %nal(n),
Ina(n) = ——nos(n) + (2n— -=n? ) oy(n)
m,3,1\1) = 120710‘5 n 24n lon os3\n),
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(¢) (See [3, Theorem 3.3, Theorem 3.1], [7, p. 155])
1
Imais(n) = 50471 {507(n) — 6nos(n) + o1(n)},

I s(n) = gon for(n) — os(n)}

() = 5= {507(n) = (120 = ) o5 ()}

(d) (See [3, Theorem 3.8 (a), (b), Theorem 3.7, Theorem 3.5])

Ipa7(n) = 7200 {33n09(n) — 50n*07(n) — 15n01(n) + 327(n)},

Im7375( ) 12:300 {].].TLO'Q( ) + 2577,0’3(71) - 36T(Tl)},

Im53() 8400{117“79() 35nos(n) +241(n)},

Im71(n) = m {33nog(n) — 25n (4n — 3) o7(n) — 87(n)}.

In this paper we mainly focus on obtaining the convolution sum formulae as :

Theorem 1.2. Let n € N. Then we have

(a)

(b)
12, 55(n) = im%g(m)@,(n —m) = 6 5 {Bn%07(n) = 9n’05(n) +47(n)}
() :
Iy ( Z m?o5(m)or(n —m)
432 {10n°07(n) — 9n* 3n — 2) o5(n) — 7(n)}
(d)
12 4(n Z m?a1(m)ar(n —m)
= - 2100n {9no9(n) — 10n*07(n) — 15001 (n) + 167(n) },
(e)
12,45 Z ma3(m)os(n — m) = S {ng(n) + nry(n) — 67(n)}
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()
1
2 [ —
I3, 5.5(n Z m2os(m m) = 1200n{nag(n) 5nos(n) +47(n)},
()

600n {Inog(n) — 5n (6n — 5) o7(n) —47(n)}.

Moreover we calculate

3 §
Im51 m05 0177,7 )

=516 {4n o7(n) — 3n® (4n — 3) o5(n) — nt(n)},

m31 E mdg 0177/7 )

= 588 {7n os5(n) — 6n* (3n — 2) o3(n) —nr(n)},

Ifmll E mPo1(m)oy(n —m)

= 336 {15n o3(n) — 14n® (2n — 1) o1 (n) — n7(n)}

(see Theorem 2.8 (e), Theorem 2.10 (c), and Theorem 2.12). And in Section 2,
we obtain some identities related to the convolution sums, for example,

Lemma 1.3. For q € C with |g| < 1, we have

o0 o0
458640 36288
(q)=1-24 E o13(n)q" g no11(n)q" — —— Y n?og(n)q"

691 5
+40320 Y n’o7(n)q" — 120960 Z ntos(n)q" + 186624 Z n’os(n)q"
n=1 n=1 n=1
497664 . 4608 "
z:: ~ 345 2 nt(n)q".

Finally, by using the above results we can easily obtain the following theorem :

Theorem 1.4. Let n € N. Then we have
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Z aoy(a)o1(b)oy(c) = 3

(a,b,c)EN®
a+b+c n

k:orl Yoi1(m —k)oi1(n —m)
m=1 k=1

—n {705

576 —10(3n — 1) o3(n) + (24n® — 12n + 1) o1 (n) } ,

(b)
Z aoq(a)os(b)oi(c) = L soon{bor(n) —

(a,b,c)EN3 5760
a+b+c=n

(18n — 7) o5(n)

+ (12n* —6n —5) o3(n) + (6n — 1) o1(n) },

(c)
Z aos(a)oy(b)oi(c) = ﬁn {507(n) —2(12n — 7) o5(n)
s
+ (24n* — 24n +5) o3(n) },
(d)
S aoi(@)os(b)oi(c) = 60180 (11noo(n) — 250 (2n — 1) o7(n)
ho,
+ 1512 (3n — 2) o5(n) + 25n03(n)
—5n (6n —1)o1(n) —t(n)},
(e)
> aos(a)os(b)or(c) = B 210 o5 133n09(n) — 25n (4n — 3) o7 (n)
oS

—105n05(n) + 15n (12n — 5) o5(n) — 87(n)},

()
Z aos(a)oy(b)or(c) = 50480 {33nog(n) — 50n (4n — 3) o7(n)
(a,b,c)EN?’
a+b+tc=n
+15n (18n” — 24n + 7) o5(n) + 27(n) }
(2)
1
> aoi(a)or(b)or(c) = 119101800 {6825n011(n) — 2073n (180 — 11) og(n)
(a,b,c)eN?
a+b+c=n

+ 691012 (6n — 5) o7(n) — 51825n03(n)
+10365n (6n — 1) 01(n) — 8 (2667n — 2764) 7(n)},
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(h)
1
> aos(a)os(b)or(c) = S0R058100 L2275n011(n) = 691n (12— 11) o9 (n)
(a,b,c)eN?
a+b+c=n

+ 24185n05(n) — 34551 (12n — 5) o5(n)
+36 (6471 — 691) 7(n)}

(i)

1
Z aos(a)oz(b)oi(c) = 139305600 {2275n011(n) — 691n (12n — 11) o9(n)
(a,b,c)€N3
a+b+c=n

— 17275n07(n) + 34551 (12n — 7) o5(n)
—24(75Tn — 691) T(n)},

8)

1
Z aor(a)or(b)oy(c) = 20851200 {6825n011(n) — 4146n (12n — 11) og9(n)
(a,b,c)EN?
a+b+c=n

+ 3455n (24n* — 40n + 15) o+(n)
+8 (1479n — 1382) 7(n)} .

2. THE VARIOUS CONVOLUTION SUMS MULTIPLYING m* FOR A POSITIVE
INTEGER k

We obtain the similar results as Proposition 1.1 in the following theorem and in
Theorem 2.4 :

Theorem 2.1. Let n € N. Then we have

(a)

Iy s7(n) = 3311680n {91011 (n) — 69103(n) + 6007(n)},
(b)

Inss(n) = 5 48126 17 {65011 (n) + 691075 (n) — T567(n)}
(c)

I ra(n) = - 6518 157 (9101 (n) — 69107(n) + 6007 ()}

Proof. (a) By (9) and (11) we have
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(18)
L(q)M?(q) = M?*(q) - L(q)M (q)

= (1 + 480 i 07(n)q"> (1 + 720 i mos(m)g™ — 504 i 05(m)qm>

n=1 m=1

(oo}
=1+ Y {T20No(N) — 50405(N) + 48007(N)
N=1

N-1 N-1
+480 - 720 Z o7(N —m) - mog(m) — 480 - 504 Z o7(N — m)05(m)} gV

m=1 m=1

(oo}
=14 > {T20No3(N) — 50405(N) + 48007(N) + 480 - 720 - In, 3.7(N)
N=1

—480 - 504 - S5 7(N)} ¢".

Also, by (3) and (13), we obtain

L(q)M?(q) = L(q)M?(q) - M(q)
= (1 + 720 i noz(n)q" — 264 i Ug(n)q"> (1 + 240 i 03(m)qm>

oo
=1+ > {T20No7(N) — 26409(N) + 24003(N)
N=1

2

—1
(19) + 720 - 240 (N —m)o7(N —m)os(m)

3

2

—264-240 Y og(N — m)og(m)} g

=1

3

=14 > {T20No7(N) — 26409(N) + 24005(N) + 720 - 240N - S5 7(N)

N=1

—720-240 - I,;, 37(N) — 264 - 240 - S5 9(N)} ¢

So equating (18) with (19) we can complete the proof.
(b) We observe that

Lnss(n) = 3 mos(mos(n—m) = 3 (n— m) o3(n — m)os(m),
m=1 m=1

which leads that
Im75,5(n) = — - S5)5(Tl).

(¢) We note that
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n—1
I 7.3( me m)os(n —m ):Z(n—m)a7(n—m)03(m)
m=1

=n-: 5377(71) - Im7377(n).
Thus we use Theorem 2.1 (a).

Theorem 2.2. For g € C with |q| < 1, we have

65520 432000
L(q)M3(q) =1 — 24 Z o13(n)q" + —— non( )"+ T Z nt(n)q".

Proof. Insert Theorem 2.1 (a) into (18).

And we can see the following proposition :

Proposition 2.3. (See [3, Lemma 3.6, Lemma 3.4]) For ¢ € C with |q| < 1, we

have
(a)
3168 65520
L@)M2(g) = 149603 n?or(ma” — 228 3 nopmig” + 202 S oy, (m)g”
5 691
n=1 n=1 n=1
37248 i
n=1
(b)
1584 n 65520 "
L(g)M(q)N(q) =1 — —— ) noy(n) — au(n)q
5 691
n=1 n=1
228096
3455 Z:
Theorem 2.4. Let n € N. Then we have

(a)

) )= -2 (-1 7()

o 24 ’
(b)
Ini90(n) = 912120" {2275011(n) — 4146n09(n) + 345501 (n) — 15847(n)},

Imoi(n) = T5oa9a" {2275011(n) — 691 (12n — 11) o9(n) — 15847(n)} .
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Proof. (a) By (2) and (10) we have

) ( )+ La)
65520 432000 N > -
( 691 _1011(")(1 + —eor ;T(n)q > (1—24;01(771)(1 )

14 Z {65520 N 432OOOT(N) — 20y (N)

gor V) + —egr

N=1
N—-1 N—-1
65520 432000 N
T ~24mz::1011(N —m)oy(m) — oL 24 z_: T(N — m)al(m)} q
> (65520 432000 65520
-1 20954 N) — 240, (N) — -2 194. 8
NZ_:I{ gor T N) F =g T(N) = 24 (V) = =7 L (N)

N-1
432000 N
o1 24 mEZI o1(m)T(N — m)} q.

So equating (20) with Theorem 2.2, we obtain the proof.
(b) By (5) and (15), we note that

L*(q)M(q)N(q) = M(q)N(q) - L*(q)

:(1—26450209( )(1—2882m01 q+240203 m)
n=1

m=1

=14 ) {~288No1(N) + 24003(N) — 26409 (N)
N=1

N-1 N-1
+264-288 Y " 0g(N —m) - moy(m) — 264 -240 > o9(N — m)ag(m)} g~
m=1 m=1

=1+ Z {—288N0o1(N) + 24005(N) — 26409(N) + 264 - 288 - I,;, 1,9(N)
N=1

—264 - 240 - S3.9(N)} ¢".

Similarly, by (2) and Proposition 2.3 (b), we have
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(22)
LZ(Q)M(Q)N(Q) = L(q)M(q)N(q) - L(q)

1584 65520 228096
(1 - nog(n)q" + —— o11(n)g" — Z T(”M”)

b 691 2~ 3455
X (1 —24 i al(m)qm>
_1+1\21{—15:4N (N)+%011(N)_%T(M_me)
+15;4.24:Z: (N —m)og(N —m)oy(m) — 623?0 241\[2:1011]\7 m)o (m)
2?’51226 2422_17]\7 m)o1(m )}(JN
1+Z§:1{mgLN (N)JF%GM(N)*%T(N)*Zlal(N)
+% PN 1ol )‘liﬁ 24 fmw(N)—% 24+ S111(N)
N—
2?&2226 Z:: )}qN.

Therefore, equating (21) with (22) and using Theorem 2.4 (a), we can
complete the proof.
(¢c) We observe that

So we refer to Theorem 2.4 (b).

(I
Theorem 2.5. For g € C with |q| < 1, we have
131040
2 n
L7 ()M (q)N —1—242013 601 ZnUn
1728 o _ 456192
Z" ~ 73455 z::
Proof. Insert Theorem 2.4 (b) into (21).
O

Next by the definition of (17), we can see the following proposition :
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Proposition 2.6. (See [7, p. 155~156]) Let n € N. Then we have

(a)
= 1 1
a0 = X mrmien(n—m) = Goostn) + (g = o) o)
(b)
) 1, 1, 1,
1130 Z m?oy(m)os(n —m) = 20" o5(n) — 20 3(n) 310" a1(n),
L L, 13
I 3.4( ZmUs m)oi(n—m) = o nios(n) +  5n® = on” | o3(n).

To be continued Proposition 2.6, we deduce Theorem 1.2 :

Proof of Theorem 1.2. (a) By (4) and (6), we have

o0 o0 oo
X (1 — 1728 Z m2o1(m)q™ + 2160 Z mosz(m)g™ — 504 Z 05(m)qm>
m=1

m=1 m=1

=1+ Y {-1728N%01(N) + 2016Nos(N) — 50405(N) — 50405(N)

N=1
N—-1 N—-1
+504-1728 Y 05(N — m) - m*o1(m) — 504 - 2160 Y  05(N — m) - mos(m)
m=1 m=1

N-1
+504 - 504 Z o5(N — m)%(m)} v

m=1

=1+ Y {-1728N?%01(N) + 2016Nos(N) — 504 - 205(N)
N=1
N-1
+504-1728 S m2oy(m)os(N —m) — 504 - 2160 - I, 5.5(N)
m=1

+5042 - S5.5(N) } V.

And, by (5) and (14), we obtain
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(24)
L*(q)N(q) = L(q)N(q) - L*(q)

= <1 — 1008 Z nos(n)q"™ + 480 Z 07(n)q”>
n=1

n=1

X (1 — 288> moy(m)g™ + 240 Y ag(m)qm>
m=1

m=1

=1+ Y {-1008No5(N) + 48007(N) — 288No (N)
N=1

2

—+ 1008 - 288 (N —m)os(N —m) - moi(m)
1

|
=l

N
— 480288 > 07(N — m) - moy(m) + 24003(N)

3
Pl

— 1008 - 240

(]

(N —m)os(N —m)os(m)

=z
L

+480-240 Y o7 (N — m)ag(m)} v
1

m

=1+ Y {~1008No5(N) + 48007 (N) — 288N oy (N) + 1008 - 288N - I,,.1 5(N)

N=1
N-1
—1008 288 Y m2ay (m)os(N — m) — 480 - 288 - Ly.1.7(N) + 24005(N)
m=1

—1008 - 240N - S3.5(N) + 1008 - 240 - I,,, 3.5(N) + 480 - 240 - S3 7(N)} ¢

Finally, we equate (23) with (24) and use Proposition 1.1 (c¢) and (d).
(b) By (3) and (12), let us consider
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(25)
L*(q)M?(q) = M(q) - L*(q)M (q)

= (1 + 240 i Ug(n)q">

n=1

X <1 +1728 Z m2o3(m)q™ — 2016 Z mos(m)g™ + 480 Z 07(m)qm>

m=1 m=1 m=1

oo
=1+ > {1728N%03(N) — 2016 No5(N) + 4800+ (N) + 24005(N)

N=1
N-1 N-1
+240- 1728 Z o3(N —m) - m?a3(m) — 240 - 2016 Z o3(N —m) - mos(m)
m=1 m=1

N-1
+240 - 480 Z o3(N — m)m(m)} qv

m=1

oo
=1+ ) {1728N%03(N) — 2016No5(N) + 48007 (N) + 24005(N)

N=1
N-1
+240-1728 Y~ mPo3(m)os(N — m) — 240 - 2016 - I 5,3(N)
m=1

+240 - 480 - S3.7(N)} ¢V

Thus we equate (25) with Proposition 2.3 (a) and use Proposition 1.1

(d).

(c) Let us expand

i m2os(m)oy(n —m)
= 3" (- m)os(n — m)or(m)
=n? Si15(n) —2n- Iy 15(n) + I?n,1,5( )-

So we refer to Theorem 1.2 (a).
(d) First by (6) and (9), we obtain
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(26)
L*(q)M?(q) = M*(q) - L*(q)

= (1 + 480 i 07(n)q”>

n=1

X (1 — 1728 Z m?o1(m)g™ + 2160 Z mos(m)q™ — 504 Z 05(m)qm>
m=1

m=1 m=1

=1+ > {-1728N%01(N) + 2160No3(N) — 50405(N) + 48007 (N)

N=1
N—-1 N—-1
— 4801728 > " o7(N —m) - m*o1(m) + 480 - 2160 Y _ o7(N — m) - mos(m)
m=1 m=1
N-1
—480 504 ) o (N — m)05(m)} N
m=1
=1+ Z {—1728N?0(N) 4 2160No5(N) — 50405 (N) + 48007 (N)
N=1
N-1
— 4801728 >~ m’0o1(m)or(N — m) + 480 - 2160 - Iy 3.7(N)
m=1

—480 - 504 - S5.7(N)} V.

Second by (5) and (13), we have
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(27)
L*(q)M?(q) = L(q)M?*(q) - L*(q)

= (1 + 720 Z noz(n)q" — 264 Z 09 (n)qn>
n=1

n=1

X (1 — 288 i mao1(m)g™ + 240 i 03(m)qm>

m=1 m=1

=14 Y {~288N01(N) + 24003(N) + 720N o7 (N)

N=1

2

-1

— 720 - 288 (N —m)o7(N —m)-moi(m)

z 3
Dy

+ 720 - 240 (N —m)o7(N —m)os(m) — 26409(N)

3
ﬂ‘

=

N-1
+264 - 288 o9(N —m) - moyi(m) — 264 - 240 Z og(N — m)ag(m)} q

m=1

3

—

(oo}
=1+ ) {-288N0o1(N)+ 24003(N) + 720No7(N) — 720 - 288N - Iy, 1 7(N)
N=1
N-1
+720-288 > " mPoy(m)or(N —m) + 720 - 240N - S5 7(N)
m=1

— 720240 - Iy, 3.7(N) — 26409(N) + 264 - 288 - I,,, 1 o(N)
—264 - 240 - S3.9(N)} ¢V

Therefore, we equate (26) and (27) and use Proposition 1.1 (d), Theorem
2.1 (a), and Theorem 2.4 (b).
(e) By (4) and (12), we note that
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X (1 + 1728 Z m2a3(m)q™ — 2016 Z mos(m)g™ + 480 Z o7(m)g™
m=1

m=1 m=1

oo
=1+ Z {1728N?03(N) — 2016 No5(N) + 48007(N) — 50405(N)
N=1

2

-1
— 504 -1728 o5(N —m) - m2a3(m)

3
I

2

)

17

N-1
+504-2016 > o5(N —m) - mos(m) — 504480 Y o5(N — m)a7(m)} I

[u

m=1

3

— 1+ Y {1728N%05(N) — 2016 No5(N) + 4800+ (N) — 50405 (N)

N=1
N—-1
— 5041728 )~ m’03(m)os(N — m) + 504 - 2016 - I 5,5(N)
m=1

—504 - 480 - S5.7(N)} ¢".

So we equate (28) with Theorem 2.5 and use Theorem 2.1 (b).
(f) We pay attention to

So we refer to Theorem 1.2 (e).
(g) We can expand

i m2o7(m)oy(n —m)

= i (n— m)2 o7(n —m)oi(m)

=n2. Si7(n) —2n- Ly 1 7(n) + Ifnylj(n).
So we refer to Theorem 1.2 (d).
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Theorem 2.7. For g € C with |q| < 1, we have

(a)

65520 4752 & =
L*(@)N(g) =1+ —-— 011( )" — —— > nog(n)g" + 2880 E n?o7(n)
691 5
n=1 n=1 n=1
n 29088 n

(b)

> 196560 5184 —
L3(q)M?(q) =1 — 24 Z: o13(n)q" Z noi1(n)q"” — 5 ;nQUg(n)q

691

> 111744
+1152 ) " nPor(n)g" + ST Z nr(n)q".

n=1 n=

Proof. (a) Insert Theorem 1.2 (a) into (23).
(b) Insert Theorem 1.2 (d) into (26).

Now we can see that

q’I'L

1 1 1
I3 _ 3 3 14
(29) I, 1 E m? o1(m)oi(n —m) = 12n os(n) + (24n 8n >01(n)

n [7, p. 155], which leads us to deduce the following theorem :

Theorem 2.8. Let n € N. Then we have

(a)

31 a(m) = 3 mioy(m)as(n —m)
m=1

33160 {21n’05(n) — 12n03(n) — 14n’oy (n) + 57(n)}
(b)

Li31 }:1n<m Jln—- )

671 {21n05(n) — 4n® (12n — 7) o3(n) — 7(n)},
(c)
ws(m) =Y mPoi(m)os(n —m)
m=1

= —— {4n®o7(n) — 3n*os(n) + 6n’01(n) — Tnr(n)},
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(d)
n—1 1
173717373(n) = Z m30'3(m)0'3(n — m) = ﬁo {n30'7(n) — 37’},30'3(7’L) + 2717'(7’1)} 5

m51 E m’as(m)o1(n —m)

216 {4n’o7(n) — 3n® (4n — 3) o5(n) — n7(n)} .

Proof. (a) First by (3) and (7), we have

o0 o0 (o)
= (1 + 240 Z ag(n)q”> (1 — 6912 Z m3o1(m)q™ + 10368 Z m2o3(m)q™

n=1 m=1 m=1

—4032 Z mos(m)qg™ + 480 Z 07(m)qm>

m=1 m=1

=1+ Y {-6912N%0;(N) + 10368 N203(N) — 4032N05(N) + 48007 (N)

N=1
N—-1
+24003(N) — 240 - 6912 Y~ a3(N — m) - m*o1(m)
m=1

N-1 N-1
+240-10368 Y~ 05(N —m) - m®3(m) — 240 - 4032 Y _ o3(N —m) - mos(m)
m=1

m=1

N-1
+240 - 4802 (N —m)oz(m )}qN

=1+ Z {~6912N°0 (N) + 10368N203(N) — 4032N a5 (N) + 48007 (N)

N=1
N-1
+24005(N) — 240 - 6912 Y~ mPo1(m)os(N — m) + 240 - 10368 - I, 5 5(n)
m=1

—240 - 4032 - Iy, 5,3(N) + 240 - 480 - S3.7(N)} ¢V

Second by (6) and (11), we obtain
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L*(q)M (q) = L(q)M (q) - L*(q)

:<1+7202n03 n)q" —504205 >

n=1

X <1 — 1728 Z m2o1(m)q™ + 2160 Z mos(m)q™ — 504 Z 05(m)qm>
m=1

m=1 m=1

oo
=1+ ) {-1728N%01(N) + 2160No3(N) — 50405(N) + 720N o5(N)
N=1

N-1
— 7201728 Y (N = m) o3(N — m) - mo1(m)

z 3

+ 720 - 2160 (N —m)os(N —m) - mos(m)

\3
S

— 720 - 504 Z N —m) o3(N —m)os(m) — 50405(N)
m=1
N—-1 N-—-1
+504-1728 > " 05(N —m) - m*ay(m) — 504 - 2160 Y~ o5(N — m) - mos(m)
m=1

m=1

N—1
+504 - 504 Z o5(N — m)05(m)} v

m=1

=1+ Y {-1728N%01(N) + 2160No5(N) — 50405(N) + 720N o3(N)

N=1
N-1
— 720 1728N - I}, | 4(n) + 720 - 1728 > m’o1(m)os(N —m)
m=1

+720 - 2160N - Iy 5 5(N) — 720 - 2160 - 12, 5 5(n) — 720 - 504N - S5 5(N)
+ 720504 - Iy, 5,3(N) — 50405(N) + 504 - 1728 - I7, | 5(N)
—504 - 2160 - Iy, 3,5(N) + 504% - S5 5(N) } ¢™.
Consequently, we equate (30) and (31) and use Proposition 1.1 (¢), (d),

Proposition 2.6 (b), Theorem 1.2 (a) and (b).
(b) We can expand

ngg 0171— )

i (n—m) O'3’fL— m)o1(m)

m=1

=nd -S13(n) — 3n?. Ini3(n)+3n- Ifnwl’g(n) - 13171,3(71).
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So we refer to Proposition 1.1 (b), Proposition 2.6 (b), and Theorem 2.8
(a).
(¢) By (4) and (7), we obtain

(32)
L*(q)N(q) = N(q) - L*(q)

oo oo o0
- (1 —504) 05(n)q"> (1 —6912 > " mPo1(m)qg™ + 10368 > m*o3(m)q"
n=1

m=1 m=1

—4032 Z mos(m)g™ + 480 Z 07(m)qm>

m=1 m=1

=1+ {-6912N%0(N) + 10368N03(N) — 4032No5(N) + 48007(N)

N=1
N-1
— 50405(N) +504 - 6912 Y o5(N = m) - m’o1 (m)
m=1
N—-1 N—-1
—504-10368 Y~ 05(N —m) - m°c3(m) + 504 - 4032 > _ o5(N —m) - mos(m)
m=1 m=1

—1
—504~4802 (N —m)o7(m )}qN

=1+ Z {-6912N%0(N) 4+ 10368N?05(N) — 4032No5(N) + 48007(N)

N=1
N-1
— 50405(N) + 504 - 6912 Y~ m®o1(m)os(N — m) — 504 - 10368 - I, 5 5(N)
m=1

4504 - 4032 - Iy, 5.5(N) — 504 - 480 - S5.7(N)} ¢V

Also by (6) and (14), we have
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(33)
L*(q)N(q) = L(9)N(q) - L*(q)

(1100827105 n)g" +480207 )

n=1 n=1

X (1 — 1728 Z m?o1(m)g™ + 2160 Z mos(m)q™ — 504 Z 05(m)qm>
m=1

m=1 m=1

=1+ ) {-1728N%0;(N) + 2160No3(N) — 50405(N) — 1008Nos(N)
N=1

N-—

+1008-1728 >~ (N = m) o5(N = m) - m*c1(m)

,_.

=z 3
»—-ﬂt

— 1008 - 2160

(]

(N —m)os(N —m)-mosz(m)

-

-+ 1008 - 504

(]

(N —m)o5(N —m)os(m) + 48007 (N)

il

N-1
— 4801728 )~ 07(N —m) - m’c1(m) + 480 - 2160 ¥ _ o7(N —m) - mos(m)
=1 m=1

N-—1
—480 - 5042 (N —m)os(m )}qN

3

=1+ Z {-1728N?01(N) + 2160No3(N) — 50405(N) — 1008 Nos(N)
N=1
N-1
+1008 - 1728N - I}, | 5(N) — 1008 - 1728 >~ m’c1(m)os(N — m)
m=1
— 1008 - 2160N - Ip 3,5(N) + 1008 - 2160 - IZ 5 5(N) + 1008 - 504N - S5 5(N)
— 1008 - 504 - Iy 5,5(N) + 4800 (N) — 480 - 1728 - IZ, | +(N)

+480 - 2160 - I, 3.7(N) — 480 - 504 - S5 7(N)} ¢

So we equate (32) with (33) and refer to Proposition 1.1 (d), Theorem
2.1 (a), (b), Theorem 1.2 (a), (d) and (e).
(d) We can consider
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n—1
Z m3a3(m)os(n —m)
m=1

n—1
=) _(n—m) o3(n —m)os(m)

m=1
=n3. S33(n) — 3n? - I 3.3(n)+3n- Ifn’ Z m3a3(m)os(n —m),

which shows that

1
Z m3o3(m)oz(n —m) = 3 {n®. S33(n) —3n®- I, 33(n)+3n- I?n’373(n)} .

So we use Proposition 1.1 (¢) and Theorem 1.2 (b).
(e) It is similar to proof of Theorem 2.8 (b), that is, we can expand

Zma5 m)oi(n —m)

i (n —m)® o5(n — m)oy(m)

=0’ S15(n) = 3n® Ins(n) +3n 15y 5(n) — I,y 5(n).
So we refer to Proposition 1.1 (¢), Theorem 1.2 (a), and Theorem 2.8

(c).
O
Theorem 2.9. For g € C with |q| < 1, we have
(a)
65520 6336 =
4 o n n 2 n
LHg)M(g) =1+ == Zau g — =~ > noa(n)a” + 5760y nor(n)g
n=1 n=1
41472 4608
3 n n n
—~ 10368;11 o5(n) g ~ 31185 T(n)q",
(b)
> 262080 10368
4 _ n n 2 n
LYq)N(g) =1—24)_ o13(n)q" + eoL Znﬂn n)q s 2 1” a9(n)q
> 116352
4608 3 " 3456 4 "
+ ngln or(n)gq ;n os(n)g a5 g
Proof. (a) Insert Theorem 2.8 (a) into (30).
(b) Insert Theorem 2.8 (c) into (32).
O

Theorem 2.10. Let n € N. Then we have
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(a)
131,1,1(71) =Y m'oi(m)oi(n—m)
840 {50n*o3(n) — n* (12n — 5) o1(n) — 7(n)},
(b)
L 5( Z mioi(m)os(n —m)

= Toogg 130m05(n) — 18n°03(n) — 42n%01(n) + 25n7(n) } ,

4 §
Im31 m0'3 0’17’L— )

= 588 {7n o5(n) — 6n* (3n — 2) o3(n) — nr(n)}.

Proof. (a) Now by (2) and (8), we have

(34)
L%(q) = L(q) - L°(q)

= (1 = ol(n)q"> (1 —20736 > moy(m)g™ + 34560 > mPos(m)g™
n=1

m=1 m=1

—17280 Z m2as(m)q™ 4 3600 Z mor7(m)q™ — 264 Z ag(m)qm)
m=1

m=1 m=1

(oo}
=1+ Y {-20736N"01(N) + 34560N°3(N) — 17280N205(N) + 3600No7(N)
N=1

N-1

— 26409(N) — 2401 (N) + 2420736 Y _ 1(N — m) - m*o1(m)
m=1

N-1 N-1
—24-34560 Y o1 (N —m) - m’o3(m) +24-17280 3 o1(N —m) - m*o5(m)

m=1 m=1

N-—-1 N-1
—24-3600 > o1 (N —m) -mog(m) +24-264 > oy (N — m)gg(m)} I

m=1 m=1

=1+ > {-20736N"01(N) + 34560N°03(N) — 17280N>05(N) + 3600No7(N)
N=1
N-1
— 26409(N) — 2401 (N) + 24 - 20736 > _ m*o1(m)o1 (N — m)
m=1

— 2434560 - ID, 5 | (N) 42417280 - I}, 5 | (N) — 24 - 3600 - Iy, 7.1(N)
124 -264 - S o(N)} ™.
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And by (5) and (7), we obtain

(35)
L(q) = L*(q) - L*(q)

— (1 — 288 Z no1(n)q" + 240 Z os(n ) (1 — 6912 ) " mPoy(m)q™

n=1 m=1

+10368 Z m2a3(m)q™ — 4032 Z mos(m)q™ + 480 Z 07(m)qm)

m=1 m=1 m=1

(oo}
=14 > {-6912N%0(N) + 10368N’03(N) — 4032No5(N) + 48007(N)
N=1

N-1

— 288N0o1(N) + 2886912 Y~ (N —m) o1 (N —m) - m’oy (m)
m=1

N-—-1
— 28810368 » (N —m) o1 (N —m) - m’o3(m)

m=1

N—
+288-4032Z N —m)a1(N —m) - mas(m)

—1
7288~480 (N = m) oy (N — m)oz(m) + 24005(N)
1

—1 N-1
—240-6912 Y  03(N —m) - m3a1(m) + 240 - 10368 Z o3(N —m) -m2a3(m)

m=1

3

=

N-1
—240 - 4032 o3(N —m) - mos(m) + 240 - 480 Z o3(N — m)cw(m)} qv

m=1 m=1

=1+ Y {-6912N%0; (N) + 10368N03(N) — 4032No5(N) + 48007(N)
N=1

N-1

— 288N0y (N) + 288 6912N - I, | | (N) — 288 - 6912 Y~ m’ oy (m)or (N —m)
m=1

— 288 -10368N - I, 5 1 (N) + 288 - 10368 - I}, 5 1 (V) + 288 - 4032N - Iy, 5.1 (V)

— 288403217 51 (N) — 288 - 480N - Sy 7(N) + 288 - 480 - I, 7,1(N)

+24003(N) — 240 - 6912 - I}, | 5(N) + 240 - 10368 - I, 5 5(N)

—240 - 4032 - I, 5.3(N) + 240 - 480 - S3.7(N)} ¢V

So we equate (34) and (35) and use Proposition 1.1 (¢), (d), Proposition
2.6 (b), Theorem 1.2 (b), (c), (29), Theorem 2.8 (a), (b).
(b) First by (3) and (8), we have
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n=1 m=1 m=1

14240 Ug(n)q”> (1 — 20736 Y m*o1(m)q™ + 34560 > mias(m)q"

—17280 Z m2as(m)g™ + 3600 Z moz(m)q™ — 264 Z Jg(m)qm>
m=1

m=1 m=1

=1+ Y {—20736N"01(N) + 34560N°c3(N) — 17280N205(N) + 3600N o7 (N)

N=1
N-1
— 26409(N) + 24005(N) — 240 - 20736 Z o3(N —m) -m*oy(m)

m=1

Z

+240 - 34560 >  o3(N —m) -m3a3(m)

2 3

—240- 17280 o3(N —m) - m?as(m)

(]

—

I3

N-1 N-1
+240 - 3600 Z o3(N —m) - moz(m) — 240 - 264 Z o3(N — m)ag(m)} gV

=1 m=1

(oo}
=1+ Z {—20736 N1 (N) + 34560N303(N) — 17280N205(N) + 3600Na7(N)

N=1
N-—-1
— 26409(N) + 24005(N) — 240 - 20736 » _ m* o1 (m)os(N — m)
m=1

+240 - 34560 - I3, 5 5(N) — 240 - 17280 - 12, 5 5(N) + 240 - 3600 - I,5, 7,5(N)
—240 - 264 - S3.9(N)} V.

Second by (7) and (11) we obtain
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L3(q)M(q) = L(q)M(q) - L*(q)

= (1 + 720 Z nos(n)q" — 504 Z 05(n)q"> <1 — 6912 Z m3oy(m)g™
n=1

n=1 m=1

410368 Z m2a3(m)q™ — 4032 Z mos(m)g™ + 480 Z 07(m)qm>
m=1

m=1 m=1

=1+ {-6912N°%0(N) + 10368N03(N) — 4032No5(N) + 48007(N)

N=1
N-1
+ 720No3(N) = 720 - 6912 Y~ (N —m) o3(N — m) - m®oy (m)
m=1
N-1
+720-10368 Y (N —m) o3(N —m) - m°c3(m)
m=1
N-1
— 720 - 4032 Z (N —m)o3(N —m) - mos(m)
m=1
N-1
+ 720 - 480 Z (N —m)os(N —m)or(m) — 50405(N)
m=1
N-—-1
+504-6912 Y " a5(N — m) - m®oy(m)
m=1
N-—-1
—504-10368 Y 05(N —m) - m>c3(m)
m=1

m=1 m=1

N-1 N-1
+504- 4032 > o5(N —m) - mos(m) — 504480 Y o5(N — m)07(m)} g~

=1+ > {-6912N°%0(N) + 10368N03(N) — 4032No5(N) + 48007(N)

N=1
N-1
+ 720N o3(N) — 720 - 6912N - I}, | 5(N) + 720 - 6912 Y~ m*oy (m)os(N — m)
m=1

+ 720 - 10368N - 17, 5 3(N) — 720 - 10368 - I3, 5 5(N) — 720 - 4032N - Iy, 5.3(N)
+ 7204032 - I2, 5 5(N) + 720 - 480N - S37(N) — 720 - 480 - I,5, 7, 3(N)

— 50405(N) + 504 - 6912 - I3 | S(N) — 504 - 10368 - I, 5 5(N)

4504 - 4032 - Iy, 5.5(N) — 504 - 480 - S5.7(N)} ¢V

Thus we equate (36) and (37) and use Proposition 1.1 (d), Theorem 2.1
(b), (¢), Theorem 1.2 (b), (e), (f), Theorem 2.8 (a), (c), and (d).
(¢) We can consider
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n—1

m=1

:i (n —m)* o5(n — m)oy (m)

n* ~S13(n) — 4n? - Lnaa(n) + 6n” - Ifn,l,?,(n) —4n - Irgn,l,s(n) + 131,1,3(707

which needs Proposition 1.1 (b), Proposition 2.6 (b), Theorem 2.8 (a),

and Theorem 2.10 (b).

Theorem 2.11. For q € C with |q| < 1, we have

(a)
LS(g) =1+ @ o11(n)g" — 9504 3 nog(n)q™ + 14400 i n?o7(n)q"
691 5 —
B 5184O§:n305( N 622080 i ./ 248832 Z
n=1 n=1 =
A oo
- % Z;T(n)q”,
(b)

327600
5 _ n
L°(¢)M(q) =1—24 E o13(n)q 6ol g no1(n)qg” —34567; ln og(n

+115202na7 n)q" 71728027105 n)q"

n=1 n=1

62208 . 4608
Z T, 2 nt(n)q".

Proof. (a) Insert Theorem 2.10 (a) into (34).
(b) Insert Theorem 2.10 (b) into (36).

Theorem 2.12. Let n € N. Then we have

Ig%ll E mPo1(m)oy(n —m)

= 336 {15n o3(n) — 14n® (2n — 1) o1(n) —nr(n)} .

Proof. We can show that

)q"

O
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n—1 n—1
Z mSoy(m)oy(n —m) = Z (n—m)° o1 (n —m)oi(m)
m=1 m=1

=nd. S1.1(n) — 5nt . Ima1(n)+ 10n3 - 17271,171(71) —10n2- Ig’%l,l(n) + 5n - If,‘%lyl(n)

- i mPai(m)oy(n —m),

which leads that

1
Z mSoy(m)oi(n —m) = 5 {n®-S11(n) = 5n* - In1a(n) +10n° - 12, 1(n)

—10n* - I3, 4 (n) +5n- I 11 (n)}.

So we refer to Proposition 1.1 (a), Proposition 2.6 (a), (29), and Theorem 2.10

(a).
]

Proof of Lemma 1.3. We multiply Theorem 2.11 (a) by (2) :
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L7(q) = L(q) - L°(q)
= (1 - 242 Ul(n)q"> ( 623?) Z o11(m)q™ — £504 mog(m)q™

o0
+ 14400 Z m2o7(m)q™ — 51840 Z m3os(m)g™ + — Z mios(m)g™

m=1 m=1 m=1
248832 = 5 o 4608 & "
T mz::lm o1(m)q —m;T(m)q

= [ 65520 9504
=1+ Z {011(]\7) - —Nag(N) + 14400N?%07(N) — 51840N305(N)

) 691
622080 248832 4608
———N'o3(N) - Noo1(N) — N) — 2401 (N
Vo) = SN0 ) 210
N-1
65520 9504
—24. W;al(N—m)an( m)+ 24 - ?;al(N—m)-mag(m)
N-1 N-1
— 2414400 )~ o1(N —m) - m®or(m) + 24 - 51840 > o1(N —m) - m*o5(m)
m=1 m=1
N-1
622080
—24- > mzzjl o1 (N —m) -m*as(m)
N-1 N-1
248832 4608
+24 - P o1 (N —m)-mPay(m) + 24 - SA18E mZ:1 o1 (N — m)T(m)} g~

(oo}
65520 9504
=1+ Z {an(N) TNag(z\f) + 14400N?07(N) — 51840N305(N)

=691
622080 248832 4608
Nio3(N) — N5 (N) — N) — 2401 (N
T N1o3(N) = === N01 (V) = g e (N) = 240, (N)
65520 9504
—924. ool -S111(N) +24- - Lo (N) —24-14400 - I7, 7 (N)
292 248832
+24-51840-I,3TL)571(N)—24-6 080-1;‘;173)1(N)+24- 8583 S I7, 11 (N)
N—-1
4608
24 . —— N — N
BRREEYTTY: mzl‘“( m)T(m)}q

Therefore we use Theorem 2.4 (a), (c), Theorem 1.2 (g), Theorem 2.8 (e), The-
orem 2.10 (c), and Theorem 2.12.
O

3. PROOF OF THEOREM 1.4

In this section we construct the new convolution sums by multiplying o;(n) for
an positive integer n into the given convolution sums in Proposition 1.1 and so we
can obtain Theorem 1.4.
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Proof of Theorem 1.4. Since proofs are similar, so I only prove Theorem 1.4 (j).
Now by Proposition 1.1 (d), we can expand

—1m-—1

Z aor(a)oy(b)oi(c) = koy(k)or(m — k)oi1(n —m)

(a,b,c)€N3 m=1 k=1
a+b+c=n

S

n—1

= Z [18100 {33mag(m) — 25m (4m — 3) o7(m) — ST(m)}] o1(n—m)

n—1 n—1
1
= T80 {33;mag<m>al<n—m> - 25-4;m207<m>01<n—m>
n—1
+25-3Zm07( Jor(n—m —82 m)oi(n —m )}
m=1
1800 {33 Ino1(n) —25-4- I’?n,?,l(n) +25-3- Ly,7,1(n)
n—1
-8 Z T(m)oi(n — m)} .
m=1

So we use Proposition 1.1 (d), Theorem 2.4 (a), (c), and Theorem 1.2 (g).
(]

4. APPENDIX

The first twenty values of 7(n) are given in the Table 1.

n| 7(n) || n 7(n) n 7(n) n 7(n)

1 1 6 | —6048 || 11| 534612 | 16 | 987136
2| —24 || 7| —16744 || 12 | —370944 || 17 | —6905934
3| 252 8 | 84480 || 13 | —577738 || 18 | 2727432
4| —=1472 || 9 | —113643 || 14 | 401856 || 19 | 10661420
5| 4830 || 10 | —115920 || 15 | 1217160 | 20 | —7109760

TABLE 1. 7(n) for n (1 <n < 20)
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