Throughont this article, R denoted the set of real mumbers; | — 0, 5], BY =
(0. o5), By = [1,00) and * denotes the derivative, Cil. I denotes the set of all
nonnegative realvalued continuous functions from | inte Fand ST, T denotes
the sel, of all nonnegative real-valued continmonusly differentizbln fanctions from
1 inte 1.

Theorem 1. Let uit], g{t), fil) € CULRLY o = CHILT) b nondecrensing
with ae(t) < ¢ on I, Jf the imeqiality

(€] r 1
(1) < g + fu ,l’{s][up[a} - f: gl]aﬂlju{.h]d,kjlch, wel, (21)
1]

holds for all £ & T, where uy and p are positivg constants. Then
; 1) . i
wlt) < uf [z 3 f: 7(#) exp ( f LA 4 g{l}]d.l)d.a-l! . Wer (23
a i

Proof. Let JP(t) equal the right hand side in (2.1), wo have J(0] ~ v§ sud
ult) < Jt), ulalt)) < Ha(t)) < JUE], Wte . (2.3
Differentiating J7(f) with respect. to ¢, and using (2.3} leads o

priin S < ey, wer, (24)

where ¥(t) = JP(t) + [7 gla)7(s)ds, thus we have ¥ (0] = J2{0} = ug snd
Jit] < ¥, Wel. {2.5)
Differentinting ¥'(t) and using (2.4) and (2.5), produces

% Sa' (O + oltl]¥ie),  wel

By taking t = & in the ahove inequality and Integrating from 0 1o t, we got
ai)
¥t} = 1g mxp U [Fiz) + pt.-r,'l]:f.:i). e T, (2.6
[
Substiluting feom (2.8) in [2.4) we have
aps () 1 atd)
)T = pua'tstadehess [ 1rta) + solds),  veer

The absove inequality implies an estimation for St as follows
by

.Ifr:-_:ujIHJ{: f:a}mq,(j‘:[;u.;a.-r,.mm)d;;]i, wel (27)

Using {2.7) in (2.3), we get the required inesuality in (2.2). The proof is com-
plete |




Remark 2.1. If we put ait) = ¢, then Thesrem 2.1 reduces Theorem?2.4 iy 1],

Thearem 2.2, [el ult), gltl, .!.l:[t]} O, fE CLRY), o & €Y1, I} be
nondecrensing with oft) < ¢ on I, I the imeualify

arfE] a
Wit < ug+ JZ fia) [u‘f-ﬂ + j{: y{x}umm]da, el (28

unﬁmug}ﬂ,ﬂ:-q?_*] are be constanis. Then

it} TE
ut) < [uﬁ.+ [ nosana]”,  wer, (2.9)
[&]

e re

mit} alp- ) i — gl il : t5=l
Eit) =f~xp( Jf gtAJdl) [un o+ [Eﬁ} f: Fix) BKP(-[F—"J] f sr[AJci-?ﬂst] ;

[2.10)

forallte T,

Proof. Tet JP(t) equal the right hand side in {2.8}, we have Ji{ty = u.,;' arni
wlt) < Mthule(t) < Alalt) < A, veel (2.11)
Differentiating 79{1), with respect to £, nsing (2.01) we ged
pF IR oo faene,  wier (2.12)
where ¥y () = J908) + [ 0fa), ()da, thus we have Vo) = Jdjo) = u,_.s.. anid
= Y{t), but g = 1, thus
it =vir), wel, (2.13]
Differentiating ¥ (t) then using (2.12) and (2.13), produces

a¥y (£}
at

bt Fi(t) = 0, thus we have

< 2tV e o glalIVel), e,

iy S gt vy < L), wiel. (g

Mow i we pae
Z=¥?¥g),  wer (2,15)

than e hmve EEI}:I = -i.-lll"—i']{u} - h:!:._'ﬂ and 'I,-l':.'l'—! "']{E] ﬁ%ﬂ = il#?l%" thus
from [2.14) we ohigin

PO _ - g ot 210) < e stom,  veer (2
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The above inequality implies the following estimadions for Z(t). such that
Zi chlE-dipy wper
where k(t) is as defined i (2.10). From (28] and the above mequality we have
Fift) = k(¢), Yiel,
thus from(2.12) and the above inegpuality we have

Pl St < ek, weer,
By teking ¢ = § in the above mequality and integrating from 0 1o t, gives
i) %
hie) < [u.:. w7 Hapkta- :a}}] . oveel (217)
i)

Using {2.17} in (2.11) leads o the required inequality in (2.9). The prool is
complede, a3

K2.2. If we put a(t) = ¢, then Theorem 2.2 redicrs Thearem?2.3 in [1],

Theorem 2.3. Let u(t), g(t). 488} € C(1.1), f € E(1,RL), a € €1, 1) be
notidecrensing with oft) < £ on I, If the ineguaiity

L LEN] A ]
uit) =y + f Fisin{s) [u"{-s] + f g{.-*.}ul:hjlﬂ] ds, ¥t I {2.18)
ik [E]

Jorallt € I, where ug = 0,p >0 undq::ﬂmieamtaﬂ.&emhmmp+q} 1.
'ﬂ'iE'n

[F]]
ult) <y Ecp( Fladky (o -H:;n.:u). Vel (2.19)
ii
udere
witesn (p 7 a(s)ds )
kift) = =
L—glp s g — 1Pt 200 s copiln 1 g 1 ot X)et)ets
(2.20)

forall t & [, such that
glp 4+ g~ Yughrro—l poitd ¢ it g — 1] fy glA)dh)ds = 1, for allt € [,

Proaf. Let J3(t) equal the right hand side of {2,18), which is a positive and
nondecressing funclion on T with {0} = . Then {2.18) reduces to

ult) = L(th ulalt)) < Jofait)) < Jaft), wer (2.21)

(=]




m&. If we put: ar{t) = ¢, then Theorém 2.3 redyces Theorem?. T in [1]

Remark 2.5. If we put ¢ =1 wnd &t} = £, then Thenrom 2.3 reduces Thoo-
remd.2 in [G].

Theorem 2.4. Let uit), o), WiYe cin.1), 7 e ClLRL), a € CHI,T) be

nondecregsring with e(t) < ¢ on 1, wnd fet wilt) &€ O T) e nondocrensing, I the
; B

L

agd x
] < nit) + J{: ! I,'a‘.l[u[a] b ﬁ g{.i.}u(.ud,l] pdc, [2.28)

Jorallt e I, tetustre o £ (0,17, Then

ult) < afi) [l + fmu,.fll':]ln?-‘"“ Hen kg {a]}}, Yie o, 12.20)

twhere

[e) alt)
kz(f} < axp| pl1 = p) glslds ) (14 (1 —p) fl:a,'m”"”(;:l
( f ) [ 2 {2.30)

E mrp(—fl - p,'uj‘:gu]d;a)da] H_'I. Wi E T

Froof, Since pit) i a positive monotenic nondecreasing function, we ohserve
from the iteguality {2.28)

[%ﬂ Ewa.ﬂ'xl-rxl""'i{s:l[(%JU{;M”EW %Jﬂrﬂ, e

Lat
ult)

mi0) 1,  wWel {2.31)

Hempe
)
mit] =14 fﬂ F Flainlr—tlig) [ml,‘a:l+ af{r ] g{A}mm]d{AJ] p. Viel. (.50
il

Let Jy(t) equal the right hand side of (2.32), which is a pesitive and nondecreas
g function on [ with J4(0) = 1. Then (2.32) redoces Lo

mit) = Jit), miadt) < Jlolt)) < Jif)  wrer [2.33)
Differentinting J4(t) with respect. Lo f, using (2.53), we ge

) ¢ Wit tanre,  wer, (234)




where Ya(t) = Tyt + ') gls)dslsbdis), Ya(0) = Ky{0) = 1, and
Jaft) < ¥ait), We L. {2.35)
Differentinting ¥a(t) with respect to ¢ and Using {2.34) and (2.35) we get

d}i{t] _ 'i‘:?f:}+g'|:j}g{ﬂ[-fjl_:lufa{t]

= a0l al)VP () + o (thglalth Valt), vt & 1,
The abve inequality implies the fullowing estimation for ¥;(¢), such that
IbJ",“,IFII:.]l'.:I E: *2 [1}: I"lt = I1

where k3{t] is as given in (2.30). From the ahove inequality in (2.34), we have

da(t)

= LA O (P (r), Ve ed,

the above Inequality implies the Tollowing retimation for Jy(t) such thet
Sty €1 +J{am Jlishhalee™ (s0n Uds,  wer
Using the above inequality in (2.43), we ged
mift) < 1+ fu = Halkalo )P Nds,  wpgy, (2.36)

We get the desired bound in (2.29) from (2.31) and (2.36). the pront is complate.
]

Remark 2.6 1f we put off) = 1, then Theoren 2.4 reduces Thesram2 9 in [1].

Theorem 2.5. Let u(t), git), Fit) € CiI.T), be nondecrensing and we AU
thaat o (i), valt) and o = I, 1) are incredsing funclisny with o) < £ oll) =
O pe{t) > 0,9 > 0,i=1,2, if the ineguality

i) & n )
ull] = u.:.+[ Slakdy (u(s)) l-':.l"'{.ﬂl + j{: yf-\.hh_;l:u-{..l}}ﬂ} e, e € T, (2.37)

where wy > 0,p >0 and ¢ > 1, ere constants such that p+ g > L. Then

) < 95 95" (waf st + I it‘g[a}da} f”rmm)J. (2.38)

Jor all t £ [0, whare
i
¥yir) = fm-r =0, (249

B




? W () s .
LT U ) A
and Ty ks the largest agmber such that

. . alil m&—'.;.:.] St fla (4l Wy (W) " (a))da
Ga{wutimer) + f T )+ W ) s s T

-:.-;'{w{ur. uu.l"]+j:"” H"ﬂ%fl”nﬂ%m”ﬁ %

Proof. Dmeegratisg boch slde of the g (3.7 from 0 oo d, we bave

Wy r) =

=0, (3.12)

wlh = ug o Jfl' Hl;-,u.inl;:)]_Jl:. KA, wfr A el W0 0 F, {4 Tmy
using the sonditloes {3.4) and |3.9), From (2 13) we geot
I T - ]
imlE]f = Imnnl+_l|lr ﬂﬂw[lutﬂiaﬂllIlu"ru:l|+J|r grh,'-a[lm:l-]ud.a] dr, {314}
[ 1 o
Lhe inegpaality {3:14) cum bn written in the form

* e A
P PR TEN T

e Ha e
o' (o= {=h

for all 2 & 1, Applyipg Theoram 2.5 to (3,08}, we get the reguired iosquality = (3.00]. The peocd
iw complate o

i
et £ it 4 | wthatalalll | luotal 4 \-’lIHEF'-JIHi] da, (1.15)
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