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ABSTRACT. In this paper, we determine coefficients bounds for functions in certain sub-
classes of analytic functions of complex order, which are introduced here by means of the
nonhomogeneous Cauchy-Euler differential equation of order m. Our main result contain
some corollaries as special cases.

1. INTRODUCTION AND DEFINITIONS

Let A denote the class of functions of the form
f(z) :z—l—Zakzk (1.1)

k=2
which are analytic and univalent in the open disk & = {z : |z| < 1}. A function f(z) € A

is said to be starlike of complex order vy(y € C* := C\{0}) and type 5(0 < # < 1), that
is f(z) € S;(B), if and only if

Re{1+%(zjj:ég) —1)} > f3 (zelU;y e C), (1.2)

and is said to be convex of complex order v(v € C*) and type S(0 < § < 1), denoted by
C,(p) if and only if

12f"(2)

Re{l—l—; 702 }>ﬁ (z eU;y € C). (1.3)

The classes S3(8) and C, () were introduced by the first author in [3]. Note that S3(0) =
Sy and C,(0) = C, the classes considered earlier by Nasr and Aouf [4] and Wiatrowski
[5]. Also, §§(6) = S*(F) and C1(5) = C(B) which are, respectively, the familiar classes of
starlike functions of order 5(0 < < 1) and convex functions of order 5(0 < 5 < 1).

Let Q(v, A, i, ) denote the subclass of A consisting of functions f(z) which satisfy the
following condition

1 (D2 + = w)af(2) + (1= A+ i)
fte {1 3 ( NP2 T O w)2f (2) (LAt ) (2) 1)] 0

where 0 < p <A< L;0< < l;7veC"and z € U.

(1.4)
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For = 0, the class Q(~v, A, i, 3) reduces to the class SC(v, A, B) introduced by Altintas
et al. [1]. Clearly, we have Q(%O 0,3) = 8;(8) and Q(v,1,0, ﬁ) Cy ().

In the present paper, we propose to derive some coefficient bounds for the class Q(~, A, u, 3)
and also for functions in the subclass H(vy, A, i, 5, m; () of A, which consists of functions

f(2) € A satisfying the following nonhomogeneous Cauchy-Euler differential equation of
order m :

dm dm—l m—1 m—1
2™ 7 m+( )(C+m 1)zm dzm—l ( )wH ¢+j) =9(z H C+j+1) (1.5)
7=0

J=

(w = f(2);9(2) € Qv A, B), ¢ € R\(=o0, =1f;m € N":= N\{1} = {2,3,..}).

2. COEFFICIENT ESTIMATES

We begin by obtaining coefficient bounds for functions in the class Q(v, A, i, ).
Theorem 2.1. Let the function f(z) € A be given by (1.1). If f(2) € Q(~, A\, i, 3), then

n—2

[11+2(1=p5)]

J=0

(n =L+ (Apn+ X —p)(n —1)]

la,| <

(n € N*), (2.1)

where 0 < p <A< 1;,0< <1, and v € C*.
Proof. Let the function F'(z) be defined by
F(z) =M f"(2) + A= p)zf'(2) + A=A+ p)f(2) (feAzeld). (22

Then F(z) is analytic in U with F'(0) = F’(0) — 1 = 0. From (1.1) and (2.2) it is easily
seen that

z):z—l—i/lkzk (z €elU).

where
A =14+ Mk +X—p)(k —Dar (k€ N7). (2.3)

Define the function p(z) by

1 (2F'(2) .
141 ( o 1) 3
1-0

p(z) =

or, equivalently,
2F'(z) = F(z) = (1= B)(p(z) = 1)F(2) (2.4)

then p(z) = 1+ c12 + c22? + -+ - is analytic in U and Re{p(z)} > 0. Therefore, we have
lcnl <2 (n € N). From (2.4), it follows that

(n - 1)An = 7(1 - ﬁ)(cn—l + Cn—2A2 + -+ ClAn—l)-
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In particular, for n = 2, 3,4, we have

[A2| < 2[y[(1-0),

4] < 2[7[ (1= B)[L+ 2]y (A = B)]
3 = BY )

and

2y[A=B)1+2]4 (A -F)I2+2]y (A - B)]
3! ’
respectively. Thus, by using the principle of mathematical induction, we obtain

|Ay| <

TT0i+201 (1-8)
14, < = R (n € N¥). (2.5)
From (2.3) it is clear that
Ap=[14 Mun+A—p)(n—1a, (neN). (2.6)

Now the inequality (2.1) follows immediately from (2.5) and (2.6). This completes the
proof of Theorem 2.1. 0

Putting 4 = A = 1 in Theorem 2.1, we get the following corollary.

Corollary 2.2. Let the function f(z) € A be given by (1.1)and satisfies the condition

welon (g Y] -2 e
then
TIL+20 (1- 8)
lan| < &Z_RH)(R_U! (n € N*), (2.8)

where 0 < B < 1, and v € C*.

Putting g = 0 in Theorem 2.1, we get the following result obtained by Altintag et al.
[2].
Corollary 2.3. Let the function f(z) € A be given by (1.1). If f(2) € SC(v, A, B), then

n

Jljjmw (1- 3

la,| < (n— D1+ An —1)]

(n € N¥), (2.9)

where 0 < A< 1;,0< 3 <1, and v € C*.

Finally, we prove the following theorem.
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Theorem 2.4. Let the function f(z) € A be given by (1.1). If f(z) € H(v, A, 1, B,m; (),

then

m—1

T+ 2h10-m T c+i+ )

lan| <

(n— D1+ (Aun+ X —p)(n—1)] mlj:((—l—j +n)

(m,n € N*), (2.10)

where 0 < p <A< 1;,0< < 1l;y€C* and ¢ € R\(—o0, —1].

Proof. Let the function f(z) € A be given by (1.1). Also let

9(z) = 2+ Y biz" € Q(3, A\, 1, B).

k=2

Then from (1.5), we get

m—1
[Tc+i+1
a = | = b, (neN% (€ R\(—o0,—1)).
[I(C+j+n)
‘7:
Thus, by using Theorem 2.1 , we readily obtain the inequality (2.10) . OJ

Putting 4 = A = 1 in Theorem 2.4, we get the following corollary.

Corollary 2.5. Let the function f(z) € A be given by (1.1). If f(z) satisfies the equation
(1.5) and g(z) = z + 3. b2 satisfies the condition (2.7), then
=2

T +20 (-8 TLC+7+1)
jan] < 2 Ll
(n2 = n+ 1) — 1) T (¢ +j+7)

Il
=)

J

where 0 < < 1;7 € C* and ¢ € R\(—o0, —1].

(m,n € N), (2.11)

Putting 4 = 0 and m = 2 in Theorem 2.4, we get the following result obtained by

Altintag et al. [2].

Corollary 2.6. Let the function f(z) € A be given by (1.1). If f(z) satisfies the nonhomo-
geneous Cauchy-Euler differential equation of order 2, given by (1.5) and g(z) = 2+ by2*
=2

satisfies the condition (2.7), then

@+4x<+mﬁju+2wu1—ﬁﬂ

lan| <

(n— DL+ Mun+X—p)(n—D](C+n)(C+n+1)

(neN%),  (212)
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where 0 <A< 1;0< < 1;7€ C* and ¢ € R\(—o0,—1].

A similar work can also be referred to Eker et al.[6]. In this article they studied the
Dziok-Srivastava operator.

Open problem: Is it possible to solve problems related to the Fekete-Szego theorem as
given in [7]? It is yet to be solved.
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