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Abstract

In this paper, a novel auxiliary equation: u” = a+ bu+ cu?® which its’ interaction
solutions including trigonometric and hyperbolic function solutions are succeed to
achieve are considered. Miscellaneous solutions corresponding to using this auxil-
iary equation for a series of partial differential equation models are easily, effective
obtained. It is prime important to motivating authors to accurately analyze special
phenomenon in their relevant aspects.
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1 Introduction

As it is well-known, many physics and nature science are usually characterized well
by ubiquitous nonlinear dynamical equations. Soliton theory is one of significant
fields in nonlinearity, travelling wave solutions of mathematical and physics nonlinear
models especially the most representative equations like the KdV equation [1] and
Schrodinger equation, they have been committed to assist people in describing the
nature science better. The KdV equation is derived by Korteweg and de Vries to
model the evolution of shallow water wave in 1895. The (2+1) dimensional KdV
equation that model is more accurate to manifest the change of shallow water wave,
it is obtained through potential function. Hirota-Satsuma equations is classified
as a soliton equation by B. Fuchssteiner, it has a bi-hamiltonian formulation and
obtains countably many conserved quantities and symmetry generators. Complete
integrability of this equation is conjectured by Hirota and Satsuma [2].

In previously, the complexiton solutions(interaction solution) show that interact
between different kinds of travelling waves of nonlinear evolution equation,they are
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attracted numerous attention, such as solutions involve trigonometric and hyperbolic
structures, or contain hyperbolic and elliptic structures and so on. They are usually
tended to uncovering potential meaningful application. As example, long time ago
people have no practical countermeasures when suffer from tsunami and earthquake,
through investigating soliton solutions of nonlinear correlative equation people will
looking for their related properties to prevent large damage.

In currently, multifarious methods for searching analytical solutions of nonlinear
equations have evolved from complicated process with heavy computation to simple-
ness and understandability, and advanced compute technology is in high-speed de-
velopment along with our modernize society. Sub-equation approach which contain
the the homogeneous balance method [3], sine-cosine method [4], the sech-function
method [5], the hyperbolic tangent function method [6, 7], the multiple exp-function
method [8, 9] as widespread application to construct exact solutions. In 2008, the
G’ /G-expansion method was proposed by Wang [10] which arose a large of atten-
tion for its straightforward, simplification and applicability in obtaining analytical
solutions of nonlinear equations. Subsequently authors developed the the G'/G-
expansion method to improved G’/G method and extended G’/G methods. It has
been successfully to get rational solutions, trigonometric and hyperbolic function so-
lutions of many kinds of nonlinear evolution equations [11, 12, 13, 14, 15, 16, 17, 18]
through the auxiliary equation G” (&) + AG'(§) + pG(€) = 0, where A\, u are arbi-
trary constants. But the solutions of the solvable auxiliary equation are singular
soliton solutions which are not contain complexiton solution in applying the basis
G’ /G-expansion and the other G’/G-expansion method. In this paper, the novel
sub-equation can successfully to obtained interaction solutions.

Ma [19], Fan [20], Chen [21, 22], Chen [23, 24], Yan [25, 26] are devoted to
constructing special soliton solutions by using combination of auxiliary equations
and get great success.

In this paper, a new sub-equation: u” = a + bu + cu® which we can seek out the
particular nonlinear interactive wave solutions (interaction solution), they include
trigonometric and hyperbolic function solutions. This method is proposed with a
wide concrete applications that can propagate to many branches of nonlinear areas.
Then solutions of examples are calculated through mathematical techniques and
used to illustrate the effective of this method.

2 The new interaction solutions of v” = a + bu + cu?

For desired equation read
u" = a+bu+ cu®, (1)

where u” = u”(§), in order to work out u(§), hypothesis are taken as following:

) = ap + 2EOTO L LCOTLS), t)
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where F(§),G(§), H(&) are functions satisfying the Riccati equation respectively.
In addition ag, a1, as, ag are constant to be determined later.

F'(€) = A1 + B1F(€) + C1F%(¢)

G'(€) = Ao + BaG(€) + C2G*(€)
H'(§) = A3 + BsH () + C3H?(§), (3)

where Ay, As, A3, B, Bo, B3, C1, C5, C3, are free constant.

Inserting eqno(2) into eqno(1) with the related Riccati auxiliary equations e-
qno(3), then setting the coefficients of F'(£)G7(&)H®(&) (0 < i,j,8 < 6) equate
to zero, we derive a system of over determined linear equations with ag, a1, as, as
Ay, As, Az, By, By, Bs, C1,Co, Cs.

The precondition relationship:

Ay = A1,B1 = B1,Cy = —(I%Al + ag3Bi,As = Ay, By = By,(C9, A3 = 0,B3 =
_% Y azA,Cs =0, a = _(Bff4a3B14A1+4a§A%)a0,b _ BffagBlzlAlJragA%,c —0ay =
ap,a1 = ay,a2 = 0,a3 = as.

Type 1: When A; = %,Bl =0,C1 = %

ap (tan(€) + sec(€))(sinh(Bs€) + cosh(Bsf))

w0 as(tan(§) £sec(§)) +1 (4)
_ . aa(esc(§) — cot(§))(sinh(Bsg) + cosh(BsE))
et as{esc(€) — cot(€)) + 1 )
al tan(¢) sin cos
uz = ag + (lisec(ﬁ))( 215235) + cosh(Bs¢)) ©)

a3(1:tsec(§)) +1
Type 2: When A; = —%,Bl =0,C; = —1

2

s = ag + aq(cot(§) £ csc(€))(sinh(Bs&) 4 cosh(Bs€)) )
ag(cot(§) £ esc(€)) + 1

g = g+ a1 (sec(§) — tan(€))(sinh(Bs&) + cosh(Bs€)) (®)

as(sec(&) —tan(€)) + 1

a1 (752 ) (sinh(Bsg) + cosh(Bsg))

= (9)
as( sy 1

Type 3: When A; =1,B; =0,y =4

Ug = ag +

a1 (1)) (sinh(B¢) + cosh(Bs¢))

as( 1_t:;(1§%§) )+ 1

u7 = ag +
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Type 4: When Al = —1,B1 = 07 Cl =—4

ug = ag +

a1 (12245} ) (sinh(Bs€) + cosh(Bs¢))
a

_ (11),
3( l_tioégzs)) +1

where ag, as, a3, B, B3 are arbitrary constant. Typical explicit solutions are
taken into consideration above, and there exists abundant interaction solutions of
eqno(1l) we omit in the paper. In the wake of such work, we aim at wielding the
auxiliary equation to the governing equations as followings.

3 Concrete applications of this sub-equation

Example 1 Consider the (2+1) dimensional KdV equation[27]

Ug + Uggy — 33UV = 3UV, =0
Uy — V, =0, (12)

here, to start off, we have the hypothesis in the following terms is obtained:

U€) =) mpuP(6),
p=0

V() = nqul(&),u(§) =z +ky — ot, (13)
q=0

here k,v are constant, v represent as the wave speed. Where m,n are posi-
tive integer and equate to 2 respectively which are determined by the principle of
homogeneous balance. u(£) satisfy the sub-equation: v’ = a + bu + cu?.

U (&) = mo + mau(§) + mau®(€),
V(&) = no + nyu(€) + nau(€) (14)

mo, mi, M, Ny, N1, Ne are all acquired in the later. Hence, when we substitute
eqno(14) into eqno(13) along with aid of auxiliary equation. Equating the coefficients
of u*(§)u'(€) (0 < a < 3) to zero, a set of algebraic equations are yielded that
unknown parameters mg, mi,me, ng, N1, N2, k,c,v are able to solve through using
the computation of Maple.

Then analytical interaction solutions of system eqno(12): when k = k,v =
v, My = %k(—v + 4b — 3ng),m; = 0,mg = ng,ng = ng,n1 = 0,n2 = ng with
typel, type2, type3, typed as explicit solutions of eqno(1):

aj(tan(€) £ sec(€))(sinh(Bs€) + cosh(Bsf)) 2
as(tan(§) £ sec(§)) + 1

1
U = gk(—v +4b — 3ng) + na2(ao +
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ap (tan(€) + sec(€))(sinh(Bs€) + cosh(Bs€))
az(tan(§) £ sec(§)) + 1

Vi = ng + na(ao + )? (15)

ax(cse(€) — cot(€)) (sinh(Bs¢) + cosh(Bs¢))
as(cse(€) — cot(€)) + 1

a1 (csc(§) — cot(€))(sinh(BsE) + cosh(Bsf))
as(csc(€) —cot(€)) + 1

1
Uz = gk(~v+4b = 3no) + nz(ap + ’

Vo = ng + na(ag + ) (16)

a1 (118 ) (sinh(Bsg) + cosh(Bs€))

1+sec(§)
as( 13225:()5)) +1

1
Us = gk(—v + 4b — 3ng) + na(ag +

a1 (1228 ) (sinh(Bs€) + cosh(Bs€))

1+sec(€)
tan(§
a’3( I:tse(c()f)) +1

Vi = ng + na(ap + (17)

a1 (cot(§) £ csc(€))(sinh(Bs&) + cosh(Bs))
az(cot(&) £ esc(§)) + 1

aq(cot(§) £ csc(€))(sinh(Bs&) 4 cosh(Bs))
az(cot(§) £ esc(§)) + 1

1
Us = k(v +4b = 3no) + na(ao + )?

Vi =no + nz(ao + 2 (8)

Us = %k(—v + 4b — 3ng) + na(ao + aa(sec(€) ;;?Szgg(s_iizi?g;):fOSh(B3§)) )2
cot (&) inh(B WB
Us = 1k(—v +4b — 3ng) + n2(ap + “ (&CSC(&))(SIHCOE( )35) + cosh(Bsf))
’ GS(I:I:CSC(E)) +1
cot (&) h(B € 4 W(B 5
Ve = ng + na(ao + o (1iCSC(€))(SHtOt((£)3 ) + cosh(Bsg)) , (20)
a3(1:|:csc(§)) +1

a1 (18 (sinh(B3€) + cosh(Bsg))

a3( 113?;1155)(5)) +1

1
U; = gk:(—v + 4b — 3ng) + na2(ap +

a1 (TS ) (sinh(Bs) + cosh(Bsg))

a3( 1_t?;§§)(§) ) +1

V7 :n0+n2(a0+
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Figure 1: solution U; in eqno.(15) of eqno.(14) corresponding to ng = 0,n2 = 1,a9 =
0,a1 =1l,a3=1,k=3,v=1

a1 (228)) (sinh(Bs€) + cosh(Bs))

1—cot2(€)
ag(ﬁ%t(gz@) +1

1
Us = gk(—v +4b — 3np) + na(ap +

al(lf%t(gzg))(sinh(Bgf) + cosh(Bs€))

GS(%) +1

Vs =ng + na(ao +

(22)

where Bs have the same meaning as before in eqno(3). Figure.1, Figure.2 rep-
resent the complexiton solution of (241) dimensional KdV equation. The shape is
created by interacting hyperbolic between trigonometric function of solutions when
t is constant.

Example 2 Consider the Hirota-Satsuma equation[28].

U+ Ugge +6UU, —6VV, =0

Vi — 2Vige — 6UV, = 0, (23)

we handing eqno(23) as the same of eqno(12) with hypothesis eqno(13), m =
2,n = 2 according the homogeneous balance law.
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Figure 2: solution Vj in eqno.(15) of eqno.(14) corresponding to ng = 0,n2 = 1,a9 =
0,a1 =1,a3=1,k=3,v=1
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U(&) = mo + myu(€) + mau®(€)
V(&) = no + niu(€) + nou(€), (24)

where mg, m1, ms, ng, n1, no are constant, they will be determined by the follow-
ing work. Here u(¢) fulfills the ordinary sub-equation u” = a + bu + cu® (u(¢) =
u(x —1t)). With the help of solutions of u” = a+ bu + cu?, collecting the coefficients
of all power of u(§)u'(£) equate to zero after taking the eqno(24) into eqno(23).
Two series of free constants are obtained:

Case 1: v = v,mg = mg,m; = 0,my = RootOf(Z% — 2,label =1 1)ns,
ng = —%RootOf(ZQ — 2,label =1, 1)(I — 2mg),n1 = 0,n9 = ng

—(nf—i—Zmomg)

Case 2:v = o

,mo = mo,m1 = 0,m9 = mao,ng = ng,n1 =ng,ne =0

Travelling exact solutions of eqno(23) in case 2:

ap (tan(€) + sec(&))(sinh(Bs€) + cosh(Bsf)) )2
as(tan(&) £ sec(€)) + 1

a1 (tan(&) £ sec(€))(sinh(Bs€) + cosh(Bs€))
as(tan(§) £sec(§)) + 1

a1 (csc(§) — cot(£))(sinh(BsE) + cosh(Bsg))
as(csc(€) —cot(§)) +1

aq(csc(€) — cot(€))(sinh(Bs&) 4 cosh(Bs€))
ag(csc(§) — cot(§)) + 1

a1 (—22E) ) (ginh(Bs¢) + cosh(Bsg))

1+sec(€)
az( 13?51«13(5()5)) +1

ax( 13?”(5()5) )(sinh(Bs€) + cosh(Bs¢))

U = mo + ma(ag +

Vi=no+m (ao + ) (25)

)2

Us = myg —|—m2(a0 +

Vo =mno +m(ao + ) (26)

Us =mgy+ TTLQ(CLQ +

V3 = ng + ni(ao + ) T 1 (27)
Us = mo + ma(ag + LU igc(ico(f()))(sin(l;(cffsf)) :fosh(Bsf)))z
Vi = no + (a0 + az(cot (€ H;:(Scccft()g)(inii?g)g)) i—lcosh(ng))) 28)
Us = mo + ma(a + 26 —a ;gi ()i))(s_irf;i%)f)) ifOSh(Bgf)))Q
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al(liocts(f()g))(Sinh(stﬁ) + cosh(Bsg))
as( 11%2&5()5)) +1
al(liocts(f()g) )(sinh(B3€) + cosh(B3¢))
cot (&
a?’( lztcs(c()g)) +1
a1 (115250 (sinh(B€) + cosh(Bs¢))

ag(%) +1

Us = mo + ma(ag +

Ve = no + ni(ao +

(30)

U7 = mo + ma(ag +

a1 (%)(sinh(Bgé) + cosh(Bs¢))
tan(§)

a3(Tn2(§)) +1
a1 (722515 ) (sinh(Bs€) + cosh(Bsg))
Qa,

tan(§)
3(1—iot2(f)) +1

Vi =no +ni(ao +

Us = mg + ma(ap +

a1 (12255} ) (sinh( Bs€) + cosh(Bs¢))

az( 1—ti2t(§2§)) +1

Vg = ng + ni(ao +

(32)

where mg, mao, ng, N1, ag, a2, Ba, B3, are arbitrary constant. Figure.3, Figure.4
represent the complexiton solution of Hirota-Satsuma equation. The shape is created
by interacting hyperbolic with trigonometric function in solutions.

U(§) =U(x —vt) , v is propagation speed of soliton waves. Particular obtained
solutions U;, V;(1 < ¢ < 8) work in concert with solutions of solvable ordinary
eqno(1) which coefficients need to satisfying a = —ca3 — bag,b = b,c = c¢. There
some more interaction solutions of eqno(23), we ignore in this paper as in case 1 for
simplification.

4 Conclusion and discussion

In this paper, two physics models response the novel auxiliary equation that car-
ry a major contribution for searching interaction wave solutions. Trigonometric and
hyperbolic function solutions are not generated in ref [27], [29]. It will draw great
attention as solutions of the novel auxiliary equation themselves are interactive, the
situation is not appeared in previous method as like the (G’/G)-expansion method.
Complicate physical phenomena in nonlinear model systems will be study well in
the future when apply the typical interaction solutions we get.
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Figure 3: solution Us in eqno.(32) of eqno.(23) corresponding to my = 0,my =
l,ao :O,a1 = 1,CL3 = 1,1) =1l
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Figure 4: solution Vg in eqno.(32) of eqno.(23) corresponding to ng = 0,n2 = 1,a9 =
0,a1 =1l,a3=1,k=3,v=1
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