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  9 
Aims: This paper is an elaborate and quantitative attempt to construct medically applicable mathematical 

models and derive criteria for efficacious Highly Active Anti-Retroviral Therapy (HAART) protocol for 

an AIDS patient. The patho-physiological dynamics of Human Immuno-deficiency Virus type 1 (HIV-1) 

induced AIDS during HAART is modeled by a system of non-linear deterministic differential equations. 

The physiologically relevant and clinically plausible equations depict the dynamics of uninfected CD4+ T 

cells (x1), HIV-1 infected CD4+ T cells (x2), HIV-1 virions in the blood plasma (x3), HIV-1 specific CD8+ 

T cells (x4), and the concentration of HAART drug molecules (x5). The major objective of this research is 

to construct an elaborate mathematical model that depicts patho-physiodynamics of HIV-1 virions during 

HAART. The derived therapeutic criteria are expressed in terms of clinically measurable physiological 

parameters.  Investigative computer simulations which describe certain aspects of HIV-1 dynamics during 

HAART are also presented in the paper.  

Study design: The mathematical model is constructed based on contemporary research data condensed 

from the clinical literature on HAART of AIDS. A system of coupled non-linear deterministic differential 

equations are used to characterize the patho-physiodynamics of HAART during the post chronic phase. 

The mathematical analysis of the model equations and the computer simulations are performed with 

regard to HAART protocols with constant continuous intravenous and transdermal drug infusions. A 

syncytium term with stoichiometric coefficient is introduced into the model to account for the formation of 

large multinucleated gp120 bearing CD4+ T cells that are observed in some AIDS patients. By assigning a 

zero value to the stoichiometric coefficient, the role of syncytium is abrogated.  

Place and Duration of Study: This research was done at Fayetteville State University, North Carolina 

USA, and is sponsored by the FSU Mini-Grant Award and the HBCU Graduate STEM Grant. The 

research was conducted during the Spring of 2012. 

Methodology: The deterministic nonlinear dynamics of HIV-1 AIDS equations are analyzed using the 

techniques of dynamical system theory, principles of linearized stability, non-linear system theory, and 

other relevant mathematical techniques. The clinically desirable equilibrium states, their local existence, 

and global stability are analyzed. Investigative computer simulations are performed illustrating some 

physiological outcomes. 

Results: The therapeutic outcomes are presented in the form of theoretical criteria which are obtained 

from mathematical analysis of the model equations. In particular, the critical parameters which govern the 

dynamics of HIV-1 virions during HAART are clearly identified. Some clinical implications of HAART 

are elucidated in the computer simulations using hypothetical physiological parametric configurations.   

Conclusion: This research has demonstrated the existence of plausible criteria under which HIV-1 virions 

can be annihilated using HAART. The latent HIV-1 virion reservoirs are implicated in unsuccessful 

scenarios of HAART. It has also been demonstrated that the rate constants associated with activation of 

lymphocytes by cytokine interleukin-2 (IL-2) play a significant role in determining the efficacious 

outcomes of HAART. 
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1. Introduction 14 

 15 

Highly Active Anti-retroviral Therapy (HAART) is currently the most therapeutically efficacious treatment 16 
protocol for treating the Acquired Immunodeficiency Syndrome (AIDS). HIV-1 virions induce AIDS by 17 
orchestrating an irreversible destruction of the CD4+ T cells which then paralyze the immune system of the HIV-1 18 
positive person. The major objectives of HAART therapy are the prolongation and improvement of the long-term 19 
life quality of patients; optimization of therapy such as to suppress the HIV-1 viral load to below 50 copies of HIV-1 20 
RNA; reconstitution of the patients’ immune system such that the CD4+ T cells proliferate to carrying capacity; and 21 
minimization of drug toxicity. HAART treatment protocol consists of nucleoside reverse transcriptase inhibitors, 22 
non-nucleoside reverse transcriptase inhibitors, protease inhibitors, anti-fungals /anti-bacterials and in future, 23 
integrase inhibitors. The reverse transcriptase inhibitors prevent reverse transcription of HIV-1 specific DNA. The 24 
protease inhibitors are antagonistic to maturation and formation of new HIV-1 virions. The possible role of integrase 25 
inhibitors is to prevent the integration of HIV-1 viral DNA into the patients’ DNA [1, 2]. 26 

In order to achieve the therapeutic goals of HAART, it is plausible to involve the techniques of mathematical 27 
modeling. Before the advent of HAART, the primary focus of the mathematical modelers is to quantitatively analyze 28 
the observed patho-physio dynamics of HIV-1 infection in the AIDS patients. These earlier research papers involve 29 
the pioneering work of Perelson et al. [3], Nowark et al. [4], and other contributors [5, 6].  30 

A recent paper by Nani and Jin [7] provided some physiological criteria under which HIV-1 virions in an AIDS 31 
patient can be annihilated during HAART.  32 

Some of the earlier mathematical modeling publications focus on single-drug AIDS therapy using Zidovudine 33 
(INN) or azidothymidine (AZT) [8]. Then the advent of Active Retro-viral Therapy (ART) and the associated 34 
clinical limitation let to the development of HAART treatment protocols. In spite of the initial success of HAART, 35 
there are clinically measurable and observable shortcomings in the treatment of AIDS [9].   In particular, HAART is 36 
not successful in about 40% of AIDS patients because of drug-induced toxicity and complications of treatment . 37 
HAART protocols have been clinically observed to have limited therapeutic efficacy due to biochemical/clinical 38 
drug resistance, short drug half-life, low bio-availability and blood plasma toxicities.  39 

Mathematical modeling provides a quantitative and rational approach to solve the therapeutic efficacy problems 40 
associated with HAART. In particular, the models focused on finding optimal therapeutic schedules, the roles of 41 
latent viral reservoirs as well as minimizing of toxic side effect [5,6,8,10-14]. 42 

Mathematical models which incorporate the explicit computation of the cure rate of HIV-1 induced AIDS 43 
during HAART include models by [15-17].  44 

During HAART, the major obstacle to total viral eradication is the existence of viral reservoirs and retroviral 45 
latency [18]. Retroviral latency is defined as an integrated pro-virus with no active transcription. This is associated 46 
with low-level chronic viral and persistent cryptic HIV-1 replication. These processes lead to viral persistence after 47 
initial successful HAART [18]. Mathematical models which demonstrate persistence due to viral reservoirs have 48 
been constructed by Nani and Jin [15, 16]. Other models which elegantly address the role of viral reservoirs in 49 
persistence include papers by Rong and Perelson in [19], Kim and Perelson in [20], and Sedaghat, Siliciano and 50 
Wilke in [21].    51 

Optimal therapies that will minimize side effects have been investigated by many authors in [3-5, 7, 8, 14, 22, 52 
23]. Zaric et al. in 1998 presented a model which was focused on the simulation of protease inhibitors and role of 53 
drug resistant HIV-1 virions [24]. Stengel in [22] presented a mathematical model of HIV-1 infection and HAART 54 
which demonstrated the efficacy of a mathematically optimal therapy. Caetano and Yoneyama in [11] constructed a 55 
HAART model which incorporated the roles of latently infected CD4+ T cells, and discussed how the reverse 56 
transcriptase and protease inhibitors affected HIV-1 dynamics during HAART, using the LQR, Scheme. In 57 
particular, Hattaf and Yousfi incorporated the basic reproductive number R0 in determination of optimal HIV 58 
therapy in [25]. In a separate paper, the same authors constructed a delayed differential equation model of HIV-1 59 
dynamics during therapy in [26]. They employed a numerical algorithm and Pontryagin’s Maximum Principle in 60 
determination of the optimal therapies. In a future paper, we will use Pontryagin’s Minimal Principle to construct 61 
admissible optimal therapies such as to minimize the toxicity of the drug but maximize the therapeutic efficacy of 62 
HAART.  63 
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In this paper, an elaborate mathematical model will be constructed which will incorporate physiologically 64 
plausible effects such as Michaelis-Menten kinetics, role of HIV-1 latent viral reservoirs, continuous transdermal 65 
drug delivery, and the implicit lymphocyte proliferation induction by the CD4+ T cells. The activation and 66 
proliferation is accomplished by a paracrine and autocrine processes which are mediated by the cytokine 67 
interleukin-2, secreted by the CD4+ T cells.  A special feature of the current paper is the inclusion of the syncytium 68 
production term to the HIV-1 virion compartment. It has been shown by Koot et. al. in [27] that syncytium induceing 69 
HIV-1 variants, occurring 2 years before progression to AIDS, on an average, significantly increase the rate of CD4+ 70 
declines. The destruction mechanism of CD4+ and CD8+ T cells due to syncytium formation and other mechanisms 71 
has been described by Shut et. al. in [28]. These features are incorporated in the current paper by assigning two 72 
separate cell loss rates. The HIV virion can also disintegrate by releasing the soluble HIV-1 envelope protein gp120 73 
into the blood plasma which can attach to uninfected CD4+ T cells, causing attack by antibodies thereby increasing 74 
the rate of decline of immuno-competent CD4+ T cells. Mathematical structures are used in the current model to 75 
demonstrate these aspects of HIV-1 and CD4+ T cell dynamics.  76 

      Several authors investigated the consequences of structured long-term and short-term treatment interruptions 77 
during HAART [9-11, 14]. The current model will discuss these consequences by means of simulations.  78 

The current paper will be divided into eight sections. The first section gives the introduction into HAART 79 
therapy and provides the basis for current research. This is followed by presentation and discussion of the model 80 
parameters in Section 2. In Section 3 the mathematical model of HAART therapy will be constructed. Also the 81 
necessary and sufficient criteria for annihilation of HIV-1 virions during HAART will be presented in sections 4, 5, 82 
and 6. In Section 7, clinically plausible computer simulations will be exhibited. Section 8 will be the summary and 83 
discussion of the basic results of the paper.  84 

2. Parameters 85 

In this section, the physiological variable and parameters of the HAART model equations will be defined and 86 

explained. It must be emphasized that some of these parameters are biologically measurable or can be estimated 87 

using clinical techniques. In clinical experience, these parameters are different from patient to patient depending on 88 

their patho-physiological conditions.   89 

A list of model parameters, constants, and variables is shown as follows.  90 

x1: the number density of non-HIV-1-infected CD4+ helper T-lymphocytes per unit volume 91 

x2: the number density of HIV-1 infected CD4+ helper T-lymphocytes per unit volume 92 

x3: the number density of HIV-1 virions in the blood plasma per unit volume 93 

x4: the number density of HIV-1 specific CD8+ cytotoxic T-lymphocytes per unit volume 94 

x5: the concentration of drug molecules of the HAART treatment protocol 95 

S1:  rate of supply of un-infected CD4+ T4-lymphocytes  96 

S2:  rate of supply of latently infected CD4+ T4-lymphocytes 97 

S3: rate of supply of HIV-1 virions from macrophage, monocytes, microglial cells and other lymphoid tissue 98 
different from T4-lymphocytes 99 

S4:  rate of supply of CD8+  T8 lymphocytes from the thymus 100 

D:  rate of HAART drug infusion by transdermal delivery   101 

ai, bi: constant associated with activation of lymphocytes by cytokine interleukin-2 (IL-2) (i =1, 2, 3, 4) 102 

c:  rate of HAART drug degradation and excretion 103 

αi: constant associated with HIV-1 infection of CD4+ T4 helper cells (i =1, 2, 3) 104 

1: the number of HIV-1 virions produced per day by replication and budding in CD4+ T4 helper cells  105 

2: rate constant associated with replication and “budding” of HIV-1 in syncytia CD4+ T4 helper cells per day per 106 
microliter (l) and released into the blood plasma  107 

3: the number of HIV-1 virions produced per day by replication and “budding” in non-syncytia CD4+ T4 helper cells 108 
and released into the blood plasma 109 

ηi: constant depicting the rate of which HIV-1 virions incapacitate the CD8+ T8 cytotoxic cells (i =1, 2) 110 
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(0, 0): Michaelis-Menten nonlinear metabolic rate constants associated with HAART drug elimination 111 

(i, i): Michaelis-Menten nonlinear metabolic rate constants associated with HAART drug pharmacokinetics (i =2, 112 
3) 113 

i: cytotoxic coefficient where 0  i   1 (i =  2, 3) 114 

qi: constant depicting competition between infected and un-infected CD4+ T4 helper cells (i =1, 2) 115 

ki: constant depicting degradation, loss of clonogenicity or  “death” (i =1, 2, 3, 4) 116 

k5: rate constant depicting exponential drug elimination pharmacokinetics 117 

ei0: constant depicting death or degradation or removal by apoptosis (programmed cell death) (i =1, 2, 3, 4) 118 

Ki: constant associated with the killing rate of infected CD4+ T4 cells by CD8+  T8 cytotoxic lymphocytes (i =1, 2) 119 

All the parameters are positive. 120 

 121 

3. Model Equations 122 

3.1. Description of the Model Equations  123 

The HIV-1 patho-physiological dynamics during HAART therapy can be modeled using the following system 124 
of non-linear ordinary differential equations. A detailed description of the dynamics of the model variables x1, x2, x3, 125 
and x4 can be found in Nani and Jin [15].

 

 126 

       

127 

     128 
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 130 

 131 

 132 

 133 

 134 

 135 

                     for constant continuous input  136 

               for periodic input 137 

   (3.1) 

138 

 139 

The model includes the following clinical improvements: 140 

(i) The drug delivery uses transdermal, stealth-liposome encapsulated drug delivery, instead of the matrix tablet 141 
form because of improved therapeutic efficacy and reduced gastro-intestinal toxicity [12].  It is also assumed that 142 
elastic liposomes are formulated and selectively targeted such as to reduce toxicity to non-HIV-1-infected CD4+ 143 
T cells (x1) and CD8+ cytotoxic T cells (x4). 144 

(ii)  The HAART drug is such that each renal excretion and body clearance rate follows Michaelis-Menten kinetics. 145 

(iii) 1
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This function depicts the process of lymphocyte activation which is mediated by x1 (CD 4+) T helper cells. These 147 
cells secrete a cytokine called interleukin-2. 148 
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(iv) The periodic input function f(t)=  can be depicted by the following plot: 149 

 150 

 151 

3.2. Boundedness and Invariance of Non-negativity of Solutions 152 

In this subsection theoretical conditions will be constructed under which solutions to the HAART mathematical 153 
model equations are well-posed, ultimately bounded, and exhibit invariance of non-negativity for all 154 

),0[],[
0




Ttt . In this case, t0, and T are defined respectively as times at which HAART therapy begins 155 

and terminates.  156 

Theorem 3.1 Consider  157 

(i) 158 
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(ii)     161 
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Theorem [[Kamke: (ref. [29] Theorem. 2.6.3)]] 177 

Consider the differential inequality 178 
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Applying Kamke theorem to the system (3.4), the following inequalities hold.   185 
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In particular, the following results can be obtained.  190 
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 217 

The physiological outcomes or the equilibria during constant continuous transdermal HAART therapy occur 218 
when

ix = 0 for i=1,2,3,4,5. 219 

 220 

4.1 Local existence criteria for clinically relevant steady states of HAART 221 

In this subsection, a subset of clinically relevant states or the possible patho-physiological outcomes from 222 
constant continuous transdermal HAART therapy are listed and analyzed.  These outcomes are labelled Ei for i = 1, 223 
2, …, 10. The local existence criteria are labelled Ci. 224 
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This equilibrium represents the scenario in which HAART annihilates the HIV-1 virions, the non-infected 227 
CD4+, the infected CD4+, and CD8+ T cells. The immuno-compromised patient may become incapacitated with 228 
opportunistic infections.   229 

(ii) E2= [0, 0, 0, x4, x5] 230 
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This equilibrium is similar to case (i) except that HIV-1 specific CD8+ cells are now present in the steady state.    232 

(iii) E3= [x1, 0, 0, x4, x5] 233 
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This equilibrium corresponds to a scenario of successful HAART protocol in which the steady state consists of 235 
some uninfected CD4+ T cells, HIV-1 specific CD8+ T cells, and some drug residue.   236 
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This equilibrium also corresponds to a scenario of successful HAART protocol in which the steady state 239 
consists of some uninfected CD4+ T cells and some drug residue but no HIV-1 specific CD8+ T cells.   240 

(v) E5= [0, x2, x3, 0, x5] 241 
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This equilibrium exhibits a failure of HAART protocol. In particular, the HIV-1 infected CD4+ T 243 

cells and HIV-1 virions populate the steady state in addition to some drug residue whereas the 244 

non-infected CD4+ and CD8+ T cells are annihilated.   245 

(vi) E6= [0, 0, x3, 0, x5] 246 
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This equilibrium also depicts a case of therapeutic failure of HAART because HIV-1 virions still 248 

remain in the blood plasma of the patient.   249 

(vii) E7= [0, x2, 0, 0, x5] 250 
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 251 

This equilibrium represents another a scenario of unsuccessful HAART protocol because HIV-1 252 

infected CD4+ T cells and drug residue populate the steady state.  253 

(viii) E8= [x1, x2, 0, 0, x5] 254 
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This equilibrium is not clinically desirable because of existence of HIV-1 infected CD4+ T cells.  256 

(ix) E9= [x1, x2, 0, x4, x5] 257 
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C9:  258 

 259 

 260 

 261 

 262 

 263 

 264 

 265 

This equilibrium is another scenario of therapeutic failure of HAART protocol because HIV-1 infected CD4+ T 266 
cells are all present.   267 

(x) E10= [x1, x2, x3, x4, x5] 268 

The steady state E10 depicts a person who is living with AIDS. In this case, the model exhibits persistence and 269 
the viral titer is not sufficient to annihilate the immune system. The criteria for persistence of HIV-1 AIDS during 270 
HAART will be discussed in Theorem 5.5.  271 

There are some other steady states which are not listed because they are less clinically interesting.  272 

 273 

 274 

 275 

 276 

 277 

 278 

 279 

4.2 Computation of the Jacobian Matrices 280 

Using the Hartman-Grobman theorem, it is possible to investigate the therapeutic efficacy of HAART and the 281 

physiological stability of HIV-1 AIDS disease dynamics associated with the model equations, by linearizing the 282 

system (4.1) in the neighborhood of the equilibria.  283 

The Jacobian matrix of linearization near any physiological outcome is denoted symbolically by    284 

    5,4,3)(: 5555
 

kMaEJ ijk        
 285 

In particular, the aij entries are defined as follows: 286 
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 309 

            (4.2) 310 
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 327 

The Jacobian matrices for the steady states E3, E4, E5 are respectively listed as follows: 328 
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            (4.9) 342 

 343 

5.  Necessary Criteria for Local Stability of Equilibria during HAART  344 

Let E = {E1, E2, …, E10} denote the set of some clinically relevant equilibria of model equations (4.1). In this 345 

section, the local stability of E4, E5, E1, and E3 will be analyzed using the principles of linearized stability of 346 

autonomous ordinary differential equations. In particular, the necessary mathematical criteria for certain therapeutic 347 

outcomes during HAART are computed and presented in the form of theorems.  348 

5.1 Local Stability of ]ˆ,0,0,0,ˆ[ 514 xxE   349 

 The Jacobian matrix associated with ]ˆ,0,0,0,ˆ[ 514 xxE   is defined as  350 

 351 

 352 

 353 

 354 

 355 

If the condition 

2

1
1

ˆ



x is imposed on the Jacobian matrix above, then 0ˆ

23 a . The eigen-spectrum 356 

associated with the Jacobian matrix is defined as  357 

},,{}2,1,0ˆˆ|{]})ˆ,0,0,0,ˆ[{( 54321
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 358 
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Theorem 5.1.  Suppose C4 in Section 4.1 holds, and: 361 
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              (5.1) 362 
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Then the HAART therapeutic outcome ]ˆ,0,0,0,ˆ[ 514 xxE  exists and it is a local attractor.   364 

Proof. The eigen-values of ]}ˆ,0,0,0,ˆ[{ 514 xxEJ satisfy the determinantal equations: 365 
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Using the Laplace expansion technique for determinant, the characteristic eigen-value polynomial is given by  367 
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The eigen-spectrum is therefore given by  373 
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The conditions (5.1) and (5.2) guarantee that the eigen-values associated with the equilibrium E4 have negative 377 

real part by virtue of Routh-Hurwicz criteria [7]. Hence, the equilibrium is locally asymptotically stable and a local 378 

attractor as well as a hyperbolic sink.  This theorem establishes the local existence and local stability of a clinically 379 

desirable physiological outcome of HAART protocol.         380 

Clinical Implication 5.1. The criteria (5.1) and (5.2) guarantee a temporary cure for the AIDS patient. There will be 381 

a finite time interval during which the HIV-1 virions will be annihilated from the patient’s blood plasma. This will 382 

however be short-lived because the rest point E4[x1, 0, 0, 0, x5] may become unstable and the criteria for temporal 383 

cure are violated. It is possible for therapeutic criteria to be derived to maintain the patient to be permanently free of 384 

AIDS, which we shall discuss in Theorem 5.5. 385 

5.2 Local Stability of ],0,,,0[ 5325 xxxE


  386 

In this subsection, the local existence and stability of ],0,,,0[ 5325 xxxE


 will be analyzed. The results are 387 

summarized in the following theorem.  388 

Theorem 5.2.  Suppose   389 

(i) Existence criteria C5 for equilibrium ],0,,,0[ 5325 xxxE


 holds.    (5.4) 390 

(ii) Let ]}),0,,,0[{( 5325 xxxEJ


  be the eigen-spectrum of 391 

 392 

            (5.5) 393 

 394 

 395 

With the ija


are depicted by (4.7). 396 

Such that  397 
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 401 

Then the rest point ],0,,,0[ 5325 xxxE


is locally asymptotically stable hyperbolic sink and a local attractor if  402 

32131 ,0,0 aaaaa


        (5.8) 403 

Proof. The eigen-values associated with ],0,,,0[ 5325 xxxE


satisfy  404 

  0|]},0,,,0[{|det 55325  IxxxEJ 


 405 

Using the Laplace expansion technique of determinants leads to (5.6) with the Routh-Hurwicz coefficients depicted 406 
by (5.7). The conditions specified in (5.8) guarantee that the equilibrium is locally asymptotically stable and a local 407 
attractor.               408 

Clinical Implication 5.2. This theorem depicts the conditions for one of the worst scenarios during AIDS therapy 409 

using continuous infusion HAART. If the conditions (5.4) and (5.8) hold, then the HAART therapy annihilated all 410 

the uninfected CD4+ T cells, and HIV-1 specific cytotoxic CD8+ T cells. Consequently, the immune system of the 411 

AIDS patient becomes incapacitated and the patient becomes the target of opportunistic infections. However, this 412 

situation may not last very long but could be fatal.  413 

5.3 Local Stability of ]~,0,0,0,0[ 51 xE    414 

In this subsection, the local existence and local stability of the non-clinically efficacious equilibrium E1 will be 415 

discussed. Theoretical criteria under which ]~,0,0,0,0[ 51 xE   is locally stable will be derived. The results are 416 

summarized in the following theorem. 417 

Theorem 5.3. Suppose   418 

(i) The criterion C5 holds for the local existence of ]~,0,0,0,0[ 51 xE   419 

(ii) Let            420 
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        (5.9) 423 

Then the equilibrium E1 is hyperbolic sink, locally asymptotically stable, and a local attractor if  424 

 
321321

~~~,0~,0~,0~ aaaaaa   425 

Proof.  Let i  for i = {1, 2, 3, 4, 5} denote the eigen-values corresponding to the Jacobian matrix  426 

]},0,0,0,0[{ 51 xEJ given by (4.3). Then the corresponding eigen-spectrum is given by the equation: 427 

 },{}3,2,1,0~~~|{]})~,0,0,0,0[{( 5432

2

1

3

51   iaaaxEJ i
 428 

where 
321

~,~,~ aaa are specified in (5.9). But 0~
1114  ka  and 0~

4445  ka . 429 

The conclusion of the theorem follows immediately after application of the Routh-Hurwicz criteria.  430 

Clinical Implication 5.3. If the HAART protocol used for the AIDS patient is such that condition (5.9) is satisfied, 431 

then the patient experiences extreme immune system cytotoxicity in which the uninfected CD4+ T cells, HIV-1 432 

specific cytotoxic CD8+ T cells, HIV-1 virions, and HIV-1 infected CD4+ T cells are all decimated. This is not a 433 
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therapeutically desirable clinical outcome, because the patient may become severely incapacitated. To avoid this 434 

scenario, the HAART therapy must implemented in such a way that criterion (5.9) is violated. 435 

5.4 Local stability of ],,0,0,[ 5413 xxxE   436 

The local existence and local stability of the equilibrium ],,0,0,[ 5413 xxxE  will be analyzed in this 437 

subsection. The clinical relevance of the theoretical therapeutic criteria will be discussed.  438 

Let ]},,0,0,[{( 5413 xxxEJ be the eigen-spectrum for the Jacobian matrix ]},,0,0,[{( 5413 xxxEJ such that 439 

}5,4,3,2,1,0|)(|det|{]}),,0,0,[{( 35413  iIEJxxxEJ i   440 

Theorem 5.4.  Suppose  441 
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Then the equilibrium E3 exists locally and is a local attractor if 450 

 
321321 ,0,0,0 aaaaaa         (5.10)451 

      452 

Proof. Consider the Jacobian matrix (4.5) associated with the equilibrium E3. By imposing the condition (ii) of the 453 

theorem and computing the eigen-values using the Laplace expansion technique, it can be observed that the 454 

eigen-values satisfy equation (5.10). The Routh-Hurwicz criteria when applied to the matrix M together with the 455 

conditions in (5.10) guarantees the local existence of E3 as a local attractor.     456 

5.5 Persistence analysis of HAART 457 

The pathophysiology of HIV-1 persistence during HAART is described elaborately in the paper by Pomerantz 458 

in [18]. In this subsection, the mathematical criteria for viral persistence during HAART will be derived. The interior 459 
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rest point E10 exists if and only if the system (4.1) exhibits persistence. This describes a situation in which the patient 460 

survives for a long time with AIDS. It is possible during HAART that, the HIV-1 virions cannot be annihilated but 461 

instead the system persists in a chronic configuration in which the blood plasma levels of the HIV-1 virions co-exist 462 

with the other clinically measurable parameters such as uninfected CD4+ T cells, the HIV-1 infected CD4+ T cells, 463 

HIV-1 specific CD8+ T cells, and HAART drug molecules. The criteria for existence of E10 are listed in the 464 

following theorem. 465 

Theorem 5.5. Let 466 
 467 
 468 
 469 
 470 
 (i) 471 
 472 
 473 
 474 
 475 
             (5.11) 476 
 477 
 478 
 479 
 480 
 481 
 482 
 483 
 484 

 485 

 (ii)      486 

 487 

           (5.12) 488 

 489 

 490 

 491 

 492 

 493 

 494 
Then the system [x1, x2, x3, x4, x5] will persist and the HAART therapeutic outcome E10= ],,,,[ 54321 xxxxx

 exists. 495 

Proof. For a proof refer to Nani and Jin [7, 15, 16].        496 
Clinical Implication 5.5 If uninfected CD4+ T cells, infected CD4+ T cells, the HIV-1 viral mRNA copies in the 497 
blood plasma, HIV-1 specific cytotoxic CD8+ T cells, and the HAART drug concentration are within certain 498 
thresholds, then the AIDS patient will live with AIDS. If any of the conditions listed in (5.11) are violated, the 499 
patient will experience unpredictable therapeutic outcomes including full-blown AIDS or spontaneous elimination 500 
of HIV-1 virions. 501 
 502 

6. Sufficient Criteria for Permanent Cure of AIDS during HAART 503 

In this section, the sufficient criteria for permanent annihilation of HIV-1 virions during HAART will be 504 
derived. The clinically desirable physiological outcomes are E4[x1, 0, 0, 0, x5] and E3= [x1, 0, 0,  x4,  x5]. It must be 505 
recalled that E4 corresponds to the physiological outcome in which HIV-1 infected CD4+ T cells, the HIV-1 virions 506 
in the blood plasma and HIV-1 specific CD8+ T cells are eliminated in the blood plasma of the AIDS patient. The 507 
sufficient criteria for E4 will be discussed first.  508 
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6.1 Global stability of ]ˆ,0,0,0,ˆ[ 514 xxE   509 

In this subsection, the global stability of ]ˆ,0,0,0,ˆ[ 514 xxE  will be established in the space   510 

   5,4,3,2,10),,,,( 5

54321   ixxxxxx ii
with i defined in (3.2). 511 

Let  512 

     5,10),( 2

51
51 ixxxS ii

xx
 513 

The global asymptotic stability of E4 in  will be established respect to the flow emanating from514 
5151 intint

xxxx
RS   . 515 

The model equations (4.1) correspondingly reduce to the following: 516 
  517 
     518 
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              (6.1) 520 
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Let N  be a neighborhood of a point in  
51int

xx
S . Choose a functional V on N such that 522 

(i) V is positive definite with respect to E4 523 

(ii) V  as }5,1{|||| 51   iRx
xx
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(iii) ),( 21 RRCV   and bounded below 525 

(iv) V is a Liapunov functional for (6.1) 526 

(v) V(E4) = 0 527 

(vi) 0  such that 0)( ixV wherever )( 4EBxi   for xx ˆ  where  528 
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(v) 0
*

V along the solution trajectories of (6.1) 530 

Consider the Liapunov functional: 531 

 532 

            (6.2)533 
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The derivative of V along the solution trajectories of the model equations yields the result: 535 
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But at a steady state, the following equations hold.  537 
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and define M = {mij}  M2X2(R) such that 553 
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            (6.10) 561 

where XT  denotes the transpose of X and 
*

V  is negative definite if satisfy the conditions of m11 < 0 and det (M) > 0. 562 

 In particular, the [mij]2x2 are defined as follows: 563 
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As the flow dynamics approaches the steady state ]ˆ,0,0,0,ˆ[ 514 xxE  , the following conditions hold: 569 
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 572 

where 573 

 574 

 575 

 576 

In particular, 577 

 578 

 579 

 580 

 581 

The sufficient criteria for the global asymptotic stability of E4 are specified in the following theorem.  582 

 583 

Theorem 6.1 Let  584 

(i) Conditions of Theorem 5.1 holds 585 

(ii) 

1
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2
ˆ

b
x   and )ˆ( 11 xGk   586 

Then the equilibrium E4 is a globally asymptotically stable with respect to the flow emanating from 587 


51int

xx
S . 588 

Proof. The condition (i) of the theorem guarantees the local existence of E4 and establishes that E4 is a local attractor. 589 

The global asymptotic stability of E4 can be shown by invoking the Gantmacher criteria [30] for negative 590 

definiteness of matrix M as defined in (6.10). In particular,   
*

V is negative definite if m11 < 0 and detM > 0. But 591 

)]ˆ([ˆ
111111 xGkcm   is less than zero if condition (ii) of the theorem hypothesis holds. However, 592 

detM > 0 since the product m11m22 > 0. Thus, 
*

V < 0 and hence E4 is a global attractor. This completes the 593 

proof.              594 

Comments on Theorem 6.1 595 

(i) If 0)ˆ( 1 xG  then )ˆ( 11 xGk    and 

1

1

2
ˆ

b
x   constitute sufficient condition for global asymptotic stability 596 

of E4. 597 

(ii) If 0)ˆ( 1 xG , then 

1

1

2
ˆ

b
x  is a sufficient condition for global asymptotic stability of E4. 598 

(iii) If 0)ˆ( 1 xG  then 

1

1

2
ˆ

b
x  is a sufficient condition for global asymptotic stability of E4.     599 

Clinical Implication 6.1  600 

(i) The function )ˆ( 1xG is a measure of the rate at which the CD4+ T cells (x1) are activated by interleukin-2 (IL-2) in 601 

an autocrine process when the physiological flow during HAART tends to E4. It is possible to attach a biochemical 602 

measure to coefficient a1 and b1 of )ˆ( 1xG . This can be done as follows: 603 
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where 

1

1

b
Km  is approximately equal to the Michaelis-Menten constant of the CD4+ T cells activation reaction by 605 

interleukin-2, and 

1

1
max

b

a
V  represents the maximal velocity of the CD4+ T cells IL-2 activation reaction. 606 

(ii) Note that k1 is the rate of degradation and decay of the CD4+ T cells during AIDS. Thus the theorem implies that 607 

if the rate of degradation of CD4+ T cells is greater than the rate of IL-2 activation of T cells and if in addition, the 608 

number of the CD4+ T cells are such that  mKx 2ˆ
1  , then the patient will be cured of AIDS.  609 

6.2 Global stability analysis for ],,0,0,[ 5413 xxxE   610 

In this subsection, the other clinical desirable equilibrium ],,0,0,[ 5413 xxxE  is analyzed. The aim is to find 611 

the sufficient criteria under which the HIV-1 virions in the blood plasma, the HIV-1 infected CD4+ T cells are 612 

annihilated but the HIV-1 specific CD8+ T cells will persist as memory T cells as well as the CD4+ T cells and some 613 

drug residues will remain in the AIDS patient. It is expected that the CD4+ T cells will eventually repopulate to their 614 

carrying capacity whereas the drug residues will ultimately dissipate.  The analysis will be similar to the preceding 615 

one for E4. 616 

The restriction of the model equations (4.1) to the space 617 
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The global stability of ],,0,0,[ 5413 xxxE  will be established with respect to the flow emanating from620 


541int

xxx
S . 621 

Consider the Liapnnov functional: 622 

      (6.14) 623 

   624 

 625 

The derivative of V along the solution curves of the model equations yields the result: 626 
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Thus 633 

 634 

 635 

 636 

     (6.16)

 637 

 638 

The functions G, F, L are continuous, Lebesgue measurable, and of bounded variations.  639 
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          (6.18) 645 
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 647 

such that XT  denotes the transpose of X. Define CM3x3(R) such that  648 

 649 

 650   

 651               (6.19) 
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                  (6.21) 

659 

 660 

 661 

 662 

As the flow associated with the model equations approaches E3 = [
1x , 0, 0, 

4x ,
5x ], the matrix entries 663 

[cij]3x3 have the following form: 664 

 665 

 666 

               (6.22) 667 

 668 

 669 

 670 

But it can be shown that  671 

 672 

 673 

               (6.23) 674 

 675 

In particular, (cf. Nani and Jin [7, 15, 16]) 676 

  677 
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 679 

Similarly, 680 

 681 

               (6.25) 682 

 683 

 684 

Using the specifications in (4.31), the matrix C has the form  685 

 686 

             (6.26) 687 
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The matrix C is negative definite if the following criteria hold: 
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 692 

 693 

 694 

     (6.27) 695 

 696 

 697 

 698 

Theorem 6.2 Let  
541},,{ 541

xxx
Sxxx . Consider the patho-physiological equilibrium E3=[

1x , 0, 0, 699 

4x ,
5x ] such that 700 

(i) 

14

1

21

bb
x   701 

(ii) 0)( 11  xGk  702 

Then E3=[
1x , 0, 0, 

4x ,
5x ] is globally asymptotically stable with respect to the flow emanating from 

541 xxx
S . 703 

In particular E3 is a global attractor. Consequently, all the HIV-1 virions will be permanently annihilated 704 

in the AIDS patient.  705 

Proof. The patho-physiological equilibrium E3 is a global attractor if CXXV T
*

is negative definite, or 706 

equivalently if the matrix C is negative definite. But C is negative definite if conditions (6.27) (i), (ii), (iii) 707 

hold (cf. Gantmacher [30]). Note that (6.27) (i) holds if )( 11 xGk  and 

1

1

2

b
x  . If 

4

1

1

b
x  , then c12 = 0, 708 

which leads to the fulfillment of (6.27) (ii). But c33 < 0 and c12 = 0 whereas c11 c22 > 0. Thus condition (6.27) (iii) is 709 

satisfied. As a result, 
*

V is negative definite. Therefore, E3 becomes a global attractor and hence the theorem 710 

follows.          711 
 712 
Clinical Implications 6.2  713 

(i) Theorem 6.2 gives the sufficient theoretical criteria for the HIV-1 infected CD4+ T cells and HIV-1 virions in 714 
the blood plasma to be eradicated during HAART. This theorem also provides the conditions under which HIV-1 715 
specific CD8+ T cells will persist as memory cells after the HAART therapy. 716 

 717 
(ii) It is possible to express the conditions of Theorem 6.2 in terms of clinically measurable biophysical 718 

parameters. By using Taylor expansions of             and           , the condition            is approximately 719 
equivalent to the expression  720 
 721 
            (6.28) 722 
 723 
This can be interpreted to mean that HAART will cure the AIDS patient if the number density of uninfected CD4+ T 724 
cells is equal to the Michaelis-Menten constant of the IL-2 activation of the CD8+ T cells, which in turn has to be less 725 
than twice Michaelis-Menten constant of the IL-2 activation of the CD4+ T cells.  726 
 727 
 728 

Corollary 6.2 Suppose 
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729 

 Then the physiological steady state E3 = [
1x , 0, 0, 

4x ,
5x ] is a global attractor. 730 

Proof.  The conditions (6.27) (i),(ii), (iii) hold if the theorem hypothesis is satisfied. This makes the matrix C in (6.19) 731 
negative definite. Consequently, the equilibrium becomes global attractor.           732 
 733 

It is possible to combine Theorem 6.2 and Corollary 6.2 to obtain the combined criteria: 734 
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735 

 736 

 737 

7. Simulations and Discussion of Results 738 

Investigative computer simulations will be presented and discussed. These simulations are performed using 739 
clinically plausible hypothetical patient patho-physiological parametric configurations. In particular, the simulations 740 
executed for the non-autonomous version of the model equations as displayed in (7.1).  741 

 742 

 743 

 744 
 745 
 746 
 747 
 748 
 749 
 750 
 751 
 752 

            (7.1) 753 

 754 
 755 
The drug input function f(t) is a technical construct such as to generate the rectangle pulse function as shown in 756 

Section 3.1. It represents a periodically calibrated transdermal or intra-venous or caplet drug matrix input with 757 
period . In particular,  758 

f(t) = f(t+)  where  =6.25 days 759 

It should be noted that the system (4.1) represents HAART during constant continuous caplet drug matrix input 760 
which is different from the scenarios used in the simulations of this section.   761 

The complete mathematical analysis of the non-autonomous system (7.1) using Floquet Theory and Theory of 762 
non-linear periodic Dynamical Systems will be done in a future publication.   763 

The numerical estimates used are variations of estimates published in the references: [3, 4, 11, 19, 20, 23].  764 
Some techniques for estimating HIV-I dynamical parameters include Monte Carlo simulation and polynomial 765 
regression analysis. The investigative computer simulations elucidate several dynamical aspects of HIV-1 AIDS 766 
dynamics which are based on the respective parametric configurations. The x-axis of the simulation graphs is 767 
calibrated in months. 768 

 769 

7.1 Simulation results for hypothetical AIDS patient #1  770 

The AIDS patho-physiological parametric configuration of hypothetical patient #1 is denoted by P1 and 771 
exhibited in Table 1. The simulation results show that the HAART protocol impairs HIV-1 dynamics in this patient 772 
leading to eradication of plasma HIV-1 viremia. The simulation results for patient #1 are exhibited in Figure 1. It can 773 
observed that the HIV-1 infected CD4+ T cells are eradicated in this patient with the use of anti-AIDS 774 
pharmaco-therapeutic drug protocols.  In addition, patient #1 experiences HAART- induced immune system 775 
reconstitution as the uninfected CD4+ T cells and HIV-1 specific CD8+ T cells repopulate.  776 

 777 
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Table 1 Hypothetical AIDS Patient Parametric Configuration 1 779 

S1 = 800 /day/l 

a1 = 0.15 /day/cell/l 

b1 = 0.019 /cell/l 

α1 = 

0.5/day/virion/l 

k1 = 0.0005/day/l 

q1 = 

0.00045/day/l/cell 

e10 =  

0.0025 cells/day/l 

x10 = 500 cells/l 

S2 = 800 /day/l 

a2 = 0.03 /day/cell/l 

b2 = 0.004/cell/l 

α2= 0.5/day/virion/l 

k2 = 0.005/day/l 

q2 = 

0.00001/day/l/cell 

1 = 1.05 

virons/CD4+/day 

K1 = 0.0001/day/l 

e20 = 0.005 cells/day/l 

2 = 0.85 

x20 = 400 cells/l 

 

S3 = 10 /day/l 

2 = 0.0015 

      virons/CD4+/day/l 

3 = 1.05 

virons/CD4+/day 

α3 = 0.027 

/day/virion/l 

k3 = 0.0001/day/l 

e30 = 0.0001 /day 

η1 = 0.25 

3 = 0.001 

x30 = 500 cells/l 

S4 = 10 /day/l 

a4 = 0.35 

/day/cell/l 

b4 = 0.01/cell/l 

K2 = 0.0024 

/day/l 

k4 = 0.08/day/l 

e40 = 0.0002 

cells/day/l 

η2 = 0.45 

x40 = 730 cells/l 

D = 5000 units 

0 = 0.5 mg/day 

2 = 30 mg/day 

3 = 5 mg/day 

0 = 5 mg/L 

2 = 15 mg/L 

3 = 0.025 mg/L 

x50 = 1500 

cells/l 

k5 = 0.0 /day 

constant 

infusion 

 780 

   781 

  782 

 783 

Figure 1 Simulation results using parametric configuration 1 784 

7.2 Simulation results for hypothetical AIDS patient #2 785 

 The hypothetical AIDS patient #2 is assigned the patho-physiological parametric configuration P2 as 786 
presented in Table 2. The simulation results are exhibited in Figure 2. It can be observed that this patient does have a 787 
clinically favorable prognosis under HAART treatment protocol.  The AIDS patho - physiodynamics during the 788 
given HAART protocol is similar to that for patient #1, as the patient #2 also undergoes immune system 789 
reconstitution in which the CD4+ T cells repopulate. On the other hand, the proliferative activity of the HIV-1 790 
specific CD8+ T cells appears to be down-regulated. 791 
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Table 2 Hypothetical AIDS Patient Parametric Configuration 2 792 

S1 = 800 /day/l 

a1 = 0.15 /day/cell/l 

b1 = 0.005 /cell/l 

α1 = 0.5/day/virion/l 

k1 = 0.0005/day/l 

q1 = 

0.00045/day/l/cell 

e10 = 0.0025 

cells/day/l 

x10 = 500 cells/l 

S2 = 800 /day/l 

a2 = 0.03 /day/cell/l 

b2 = 0.004/cell/l 

α2= 0.5/day/virion/l 

k2 = 0.005/day/l 

q2 = 

0.00001/day/l/cell 

1 = 1.05 

virons/CD4+/day 

K1 = 0.0001/day/l 

e20 = 0.005 cells/day/l 

2 = 0.85 

x20 = 400 cells/l 

 

S3 = 10 /day/l 

2 = 0.0015    

       virions/CD4+/day/l 

3 = 1.05 

virons/CD4+/day 

α3 = 0.027/day/virion/l 

k3 = 0.0001/day/l 

e30 = 0.0001 /day 

η1 = 0.25 

3 = 0.001 

x30 = 500 cells/l 

S4 = 10 /day/l 

a4 = 0.35 /day/cell/l 

b4 = 0.01/cell/l 

K2 = 0.0024 /day/l 

k4 = 0.08/day/l 

e40 = 0.0002 

cells/day/l 

η2 = 0.45 

x40 = 730 cells/l 

D = 5000 units 

0 = 0.5 mg/day 

2 = 30 mg/day 

3 = 5 mg/day 

0 = 5 mg/L 

2 = 15 mg/L 

3 = 0.025 mg/L 

x50 = 1500 cells/l 

k5 = 0.0 /day 

constant infusion 
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Figure 2 Simulation results using parametric configuration 2 796 

7.3 Simulation results for hypothetical AIDS patient #3 797 

For this scenario, the patho-physiological parametric configuration of hypothetical patient #3 is as shown in 798 
Table 3. It must be noted that HIV-1 AIDS dynamics during HAART treatment protocol in this patient is 799 
exacerbated by contributions from latent reservoirs in contrast to the other hypothetical patients. The results of the 800 
simulation are shown in Figure 3. This is a non-equilibrium AIDS configuration simulation as it is evident 801 
parametric configuration and by the simulation time profile. The simulation results show that during the given 802 
HAART protocol, the hypothetical AIDS patient #3 experiences annihilation of uninfected CD4+ T cells and the 803 
HIV-1 specific CD8+ T cells . Consequently, immune system paralysis occurs as a consequence of the low CD4+ T 804 
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cell number density, leading to an exponential increase of the blood plasma HIV-1 viremia. This simulation 805 
represents an unfavorable AIDS outcome during HAART.  806 

Table 3 Hypothetical AIDS Patient Parametric Configuration 3 807 

S1 = 800 /day/l 

a1 = 0.15 /day/cell/l 

b1 = 0.003 /cell/l 

α1 = 0.5/day/virion/l 

k1 = 0.0005/day/l 

q1 = 

0.00045/day/l/cell 

e10 = 0.0025 

cells/day/l 

x10 = 250 cells/l 

S2 = 800 /day/l 

a2 = 0.03 /day/cell/l 

b2 = 0.004/cell/l 

α2= 0.5/day/virion/l 

k2 = 0.005/day/l 

q2 = 

0.00001/day/l/cell 

1 = 1.05 

virons/CD4+/day 

K1 = 0.0001/day/l 

e20 = 0.005 cells/day/l 

2 = 0.85 

x20 = 400 cells/l 

S3 = 10 /day/l 

2 = 0.0015    

       virions/CD4+/day/l 

3 = 1.05 

virons/CD4+/day 

α3 = 0.027/day/virion/l 

k3 = 0.0001/day/l 

e30 = 0.0001 /day 

η1 = 0.25 

3 = 0.001 

x30 = 500 cells/l 

S4 = 10 /day/l 

a4 = 0.35 /day/cell/l 

b4 = 0.002/cell/l 

K2 = 0.095 /day/l 

k4 = 0.08/day/l 

e40 = 0.0002 

cells/day/l 

η2 = 0.45 

x40 = 730 cells/l 

D = 5000 units 

0 = 1.0 mg/day 

2 = 30 mg/day 

3 = 5 mg/day 

0 = 5 mg/L 

2 = 15 mg/L 

3 = 0.025 mg/L 

x50 = 3000 cells/l 

k5 = 0.0 /day 

Constant Infusion 
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 811 

Figure 3 Simulation results using parametric configuration 3 812 

7.4 Simulation results for hypothetical AIDS patient #4 813 

In this scenario, the drug input is continuous for 6 months and off for another 6 months until HAART is 814 

discontinued. Figure 4 presents an unsuccessful HAART therapy for a hypothetical AIDS patient with the 815 

patho-physiological parametric configuration P4 in Table 4. In this HAART scenario, the plasma HIV-1 virions (x3) 
816 

completely overwhelmed the non-infected CD4+ T helper cells (x1) and the HIV-1 specific CD8+ cytotoxic T cells 817 

(x4). The HIV-1 infected CD4+ T cells (x2) exhibit periodic dynamics and the prognosis for the hypothetical patient is 818 

unwholesome (see Nani and Jin [15, 16]).     819 
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Table 4 Hypothetical AIDS Patient Parametric Configuration 4 820 

S1 = 400 /day/l 

a1 = 0.09 /day/cell/l 

b1 = 0.01 /cell/l 

α1 = 0.5/day/virion/l 

k1 = 0.0005/day/l 

q1 = 

0.00045/day/l/cell 

e10 =  

0.0025 cells/day/l 

x10 = 800 cells/l 

S2 = 800 /day/l 

a2 = 0.03 /day/cell/l  

b2 = 0.004/cell/l 

α2= 0.5/day/virion/l 

k2 = 0.005/day/l 

q2 = 0.00001/day/l/cell 

1 = 1.5 

virons/CD4+/day 

K1 = 0.0001/day/l 

e20 = 0.0005 

cells/day/l 

2 = 0.85 

x20 = 400 cells/l 

 

S3 = 10 /day/l 

2 = 

0.0015virons/CD4+/day/l 

3 = 1.05 virons/CD4+/day 

α3 = 0.027 /day/virion/l 

k3 = 0.0001/day 

e30 = 0.0001 /day 

η1 = 0.25 

3 = 0.001 

x30 = 500 cells/l 

S4 = 10 /day/l 

a4 = 0.35 /day/cell/l 

b4 = 0.01/cell/l 

K2 = 0.0024 /day/l 

k4 = 0.08/day/l 

e40 = 0.0002 

cells/day/l 

η2 = 0.45 

x40 = 730 cells/l 

D = 3000 units 

0 = 0.5 mg/day 

2 = 30 mg/day 

3 = 5 mg/day 

0 = 5 mg/L 

2 = 10 mg/L 

3 = 0.025 mg/L 

x50 = 1500 cells/l 

n = 5 
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Figure 4 Simulation results using parametric configuration 4    825 

 826 

8. Summary, Discussion and Future Work 827 

The current paper is elaborate and quantitative attempt to construct medically applicable mathematic models 828 
and derive criteria for efficacious HAART protocol for an AIDS patient. The mathematical equations presented in 829 
Section 3 are a generalization of the models by Perelson  et al[3], Wodarz and Nowak [5],  and Tan et al. [23],  and 830 
many other authors by incorporating more clinically relevant parameters of HIV-1 patho-physiodynamics. In 831 
particular, interleukim-2 activation of both CD4+ T cells and CD8+ T cells are implicitly incorporated into the model. 832 
In this paper, it has been demonstrated that the parameters (a1, b1) and (a4, b4) play a significant role in determining 833 

0

100

200

300

400

500

600

700

800

900

0 10 20 30

t (months)

x1

0

100

200

300

400

500

600

700

800

900

0 10 20 30
t (months)

x2

0

100

200

300

400

500

600

700

800

0 10 20 30
t (months)

x3

0

100

200

300

400

500

600

700

800

0 10 20 30
t (months)

x4

0

200

400

600

800

1000

1200

1400

1600

0 10 20 30
t (months)

x5



30 

 

the efficacious outcomes of HAART. Clearly, the clinically desirable outcomes are the rest points E4 and E3. The 834 
criteria for the existence of E4 and E3 are listed respectively in Theorem 5.1, and Theorem 5.4. These theorems give 835 
the conditions under which both E4 and E3 can be temporarily or transiently attained. The criteria for E4 and E3 to 836 
become global attractors are listed in Theorem 6.1 and Theorem 6.2. These theorems, expressed in terms of simple 837 
clinically attainable and measurable parameters, give the sufficient conditions for the cure of AIDS. It will be 838 
emphasized that there exist other therapeutic criteria but these are intractable and extremely arduous to achieve in a 839 
clinical setting.  840 

One essential feature of this research is that the HAART protocol is implemented by using the constant 841 
continuous intravenous infusion or constant continuous transdermal infusion of the drug. As such, the criteria 842 
derived in this paper are applies to these settings. The mathematical model for intermittent caplet or matrix tablet per 843 
oral drug administration can be derived using the non-autonomous version of the model equations involving the drug 844 
input function f(t) discussed by Nani and Jin in [7].  845 

The scenarios for clinical failure during HAART due to extreme drug toxicity are represented by the rest points 846 
E1 and E5.The criteria for these therapeutic outcomes are described by Theorem 5.3 and Theorem 5.2, respectively.  847 

The future work will involve the construction of mathematical models which will describe an AIDS therapy 848 
using HAART in addition to ACI (Active Cellular Immunotherapy) involving interleukim-2. Also, in the future, the 849 
mathematical model for HAART will include the roles of mutations such as the delta32 CCR5 on therapeutic 850 
outcomes.     851 

 852 
  853 
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