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ABSTRACT

The study at hand presents a numerical methodrfarations of the dynamics of slender rigid fibers
mersed in an incompressible fluid. The underlyiraghematical formulation is based on a slender body
approximation as applied to a boundary integrabéiqn for Stokes flow. The curvature and torsionhaf
fibers can be arbitrarily specified, and we consfi®er shapes ranging from moderately bent to leigh
vature helical shapes. Two different settings aresitered; naturally buoyant fibers in shear flowl a
heavier fibers sedimenting due to gravity. The dyica show a very rich behavior, with fiber trajects
that display a very different degree of reguladgpending on the initial conditions and fiber shape

Keywords. Curved rigid fibers; Helical rigid fibers; Fluid dgmics; Slender body theory; sedimentation;

shear flow; Stokes equations
1. INTRODUCTION

Understanding of translational and rotational motixd immersed fibers is an important concern fonyna
applications, such as pulp and paper industriedotical structures (e.g. D.N.A.) and medical agggdiions.

Extensive work has been done in the field of fiespension flows.

Orientation change of fibers in viscous flows waarfd by Jeffery [1] for the case of slow movingwilo
past an ellipsoidal body. Gallily and Eisner [2}died the gravitational deposition of fibers in @stant
gradient laminar flow. Gallily and Cohen [3] inviggited the inertial collection of fibers by spheatidrop-
lets by numerically solving the coupled equatiohranslation and rotation simultaneously. Fosalef4],
following the same approach, studied the collectibdibers on spherical collectors in two dimension
Chen and Yu [5] studied the sedimentation of urgbérand charged fibers in a horizontal circulartduc

They presented semiempirical formulas for fiberatgfon efficiency.
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With the development of computational fluid dynaspithe numerical simulation of fiber migration in a
viscous fluid has become an effective tool to stfidgr orientation [6] [7] [8] [9], avoiding diffialt or
impossible theoretical derivations. Sugihara-Sékigvaluated the fiber motion in a paraboloidairvlos-
ing the finite element method, with results that dot quite agree with Chwang’s results [6] becafdfie

bounded wall effect.

Additionally, this work was limited to planar fibemotions and ignored three-dimensional fiber migre.

Feng et al. [8] used the method proposed by Hli §f]ao simulate the fiber motion with two-dimeagal

finite element simulations. Unfortunately, the tdipaensional problem ignores important three-
dimensional flow behavior. Zhang et al [10] presentin approach that addresses the general three-
dimensional motion of an axisymmetric fiber withrieais geometries. Zhang et al [10] demonstratetl tha
fiber shape had a significant impact on the fibeergation, which would affect the rate of fibefgaiment

in short-fiber-reinforced composite materials.

Shelley and Ueda [11] developed a method basetieondn-local hydrodynamic of the fiber. They stddie
an extensible fiber in order to simulate a growliogid crystal. Qi [12] studied flexible fiber in shear
flow at finite Reynolds numbers. A flexible fibera& modeled as a chain of spheres with differeffihass.

It was observed that the rotation of a flexibleefilthanges from rigid fiber rotation to springyerththe
more flexible fiber shows S-turn finally. Tornbeemd Shelley [13] employed non-local slender body

theory to simulate single and multiple fibers witbe ends suspended in a background shear flow.

Our work presents a numerical method for simulatiohthe dynamics curved rigid fibers immersedrnn a
incompressible fluid. The underlying mathematicairiulation is based on a slender body approximation
as applied to a boundary integral equation for &dlow. We consider different fiber shapes randiom

moderately bent to high curvature helical shapesraling to arbitrarily chosen curvature and torsion
2. PROBLEM FORMULATION

The flows we are considering are at very low Reglaalumbers, so it is appropriate to consider to&est
equations. Denote the velocity field hyx), the pressure by(x), and letf(x) be a force acting on the
fluid, wherex = (x,y,z) € R3. The Stokes equations read

Vp—uViu=f
V-u=0

wherep is the viscosity of the fluid.

Assume that we have a fiber in the flow, andldte its surface and, be its surface velocity. A no-slip
condition is enforced ofi and we require that far awayx) is equal to the background velocliy(x),
also a solution to the Stokes equations. Thus

u=u, onl’

u - U, for ||x]|| - .
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A boundary integral formulation for this problem wld end up with an integral equation on the fibar s
face [14]. In the case of slender fibers, numetigztment of this problem would be very expens$ii.
As a remedy, slender-body approximation suggestsliaction by replacing the surface of the fibetwis

centerline. This is done using fundamental solwimnStokes equations.

One such fundamental solution is Btekedet. If f = §(x —x')e;, where ise; the unit vector in direction
i, X is an observation poink’ is the source point andlis the three-dimensional delta function, then
u(x) = G(x — x)e; is a solution to the Stokes equations, with thé&&let tensor given by
I+RR

IR|

wherel is the identity tensoR = x — x" and R = R/|R| is a unit vector.

G(R) =

Another fundamental solution, so-calldoublet, can be obtained by differentiating the Stokesidt re-

spect to the source poixt The doublet is defined as

I-3RR

Gr(R) = TE

2.1 The Slender-Body I ntegral Equations

In slender-body theory the solution is found bytechang an inner solution for radial distances mieds
than the fiber length to an outer solution valueaatial distances much greater than the fiber sadiith
the inner solution satisfying the no-slip boundeoydition on the fiber surface and the outer sofusatis-
fying the condition at infinity [16] [17].

Let the centerline of each fiber be parameterize@rolengths € [0, L], whereL is the fiber’s length, and
letx(s,t) = (x(s,t),y(s,t),z(s, t)) be the coordinates of the fiber centerline. Assignthat the fiber does

not reapproach itself, and the radius of the fisegiven bya(s) = 2&,/s(L — s), wheres =% is the as-

pect, a slender body approximation of the velooftyhe fiber centerline is given by [17]

81'[[1(“()((5, t)' t) - UO(X(Sﬁ t)' t)) = —A[f](S) - K[f] (S) (21)
wheref is the force per unit length on the fiber. Thedlomperaton\[f](s) is given by
A[fl(s) = [-c(1+ TT(s)) + 2(1 — TT(s))]f(s), (2.2)
and the integral operat&({f](s) is given by

e
I+ R(s,5)R(s,s) f(s) Wf(s) ds’.
R] Is =51

mm9=f (2.3)

0
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HereR = x(s) — x(s), R = R/|R| andT is the tangent vector defined. ARR andTT are dyadic prod-
ucts, i.e.(ﬁﬁ)ij = R;R;. The constant = log(&?), ¢ < 0.

The operatoK[f] (s) is a so-called finite part integral as each temrthe integrand is singular sit= s,

and the integral is only well defined when the gnend is kept as the difference of its two termsteNhat
the operatord[f](s) andK]f] (s) both depend on the shape of the fiber, as givex(by). The asymptot-
ic accuracy of Eq. (2.1) B(%log(g)).

The immersed rigid fiber performs a rigid body matiin this situation the velocity of the fibergsven by
the formula [18]

u(x(s,t)) =V+Qx (x(s,t) —x.) , X€T (2.4)

wherex, is the center of mass (the centriod in case otémgerline)V = (1,1, V;) is the translational

velocity andQ = (w,, wy, w,) is the rotational velocity. Then Eg. (2.1) can eeritten as
sm(v+nx@@w—xg—udqgw»=-@uxg+xukg)%m¢] (2.5)

To close this system of equations we need to impleseconstraints that the integrated force anduirq

over the fiber equal to the externally applied éoand torque, i.e.
L L
f f(s)ds =F,, f (x—x.) xf(s)ds=L (2.6)
0 0 ’

The system of equations (2.5)-(2.6) is solved flogitiesV andQ, and the forcé. In the case that there is
a density differencép between the fiber and the surrounding fltg = A’)Lﬂeg, whereg is the gravita-

tional acceleration and is the volume of the fiber, assuming that the yag acting in direction oé,. If
we consider the case of naturally buoyant fibesssaf interest for exampler fibers in shear flow, then

simplyE; = 0. In both case& = 0, since there is no externally applied torque.

To evaluate the rigid fiber rotation, we defineathonormal framdT, N, B} fixed to the fiber and update

the frame together with the location of the ceofemass [19][10], i.e.

x.=V, (2.7)
Q=0xQ (2.8)
whereQ = (T N B)”. Eq. (2.8) can be written as
Q = BQ (2.9)
0 —w, Wy
whereB =| w, 0 —wy).
—Wy, Wy 0

2.2 Non-Dimensionalization
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2.2.1 Shear flow

AssumingU,(x) to be a shear flow of a shear rateve non-dimensionalize Eq. (2.1) by introducing th

following characteristic parameters:

characteristic length., = L
characteristic timet, = 8w /y
characteristic velocity/, = yL

characteristic forcef, = 8muLy

Then we define the dimensionless variallles: x/L. ,u* = u/U, ,t* = t/t, andf* = f/f.. Substituting

these variables in Egs. (2.1) and (2.6), we obtain
(' (x") — Us(x)) = —(A[f*](s) + K[f](s)) (2.10)

Now, dropping all * superscripts, we get with ttenrdimensional version of Eq. (2.1)

(u(x(s, 1) — Ug(x(s, t))) = —(A[f1(s) + K[F](5)), 5€[0,1] (2.11)
And

flf(s)ds =0, fl(x —x.) Xf(s)ds=0 (2.12)
0 0

such thas € [0,1]. Thus, Eqg. (2.11) is controlled only by the partane = log(s?) that appears in the
definition of A[f ] in (2.2).

2.2.2 Sedimentation dueto gravity

To non-dimensionalize Eqg. (2.1) in the presencgratitational forces, we use the following charsdste

parameters:

characteristic length:, = L

o 8muL?
characteristic time, = —=
Apgv
.. . A
characteristic velocity/, = =2%
8muL
Apgv

characteristic forcef, =

L

Similar to the shear flow case, we define the disimmniess variables™ = x/L. ,u* =u/U; ,t" = t/t;
andf* = f/f. . Substituting these variables in Egs. (2.1) @hd)(and dropping all * superscripts, we get

with the same dimensionless equation as in(2.1ib), a
1 1
f f(s)ds = ey, f x—x.)xf(s)ds=0 (2.13)
0 0
such that € [0,1], where gravity is acting in the direction&.

2.3 Regularization of K|[f ]
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Each term in the integral kernel Kff ] (see Eq. (2.3)) is singular at’ = s, and the integral is only well
defined when the integral kernel is kept as théedihce of its two terms. To overcome this problem,

introduce a regularized integral operagyf ], defined as

K;s[f1(s) = fl (I * RES SORE S gy - wf(s)> ds’. (2.14)

VIRGs, s + 62 VIs = s’ + 62
wheres € R.
Tornberg and Shelley [13] definédas a function o such that(s) = §,¢(s), wheres, = me, m > /2,
andg(s) € C1(s) is given by

w(s/y), 0<s<y
(p(s)z{l, y<s<l-y (2.15)
w((l-95)/y), 1—-y<s<l1

wherew(¥9) = 9%(3 — 29).
The regularized integral in Eq. (2.14) differs ®§Z log §) to the unregularized one (for the proof see
[13], p 35).

2.4 Multiple Fibers

In the case of multiple fibers, we introduce aneixidg and denote the fibers by, n=1,...,N,
and the coordinates of the fiber centerline Ry(s,t) = (x,,(s,t), y.(s,t), z,(s,t)). For fiber
I,,, we have [17]

8nﬂ(u(xn(s' t), t) - UO(Xn(sl t), t))

—An[f1(5) = Kn[fa](s) + Z G(R)f,(s)ds’ (2.16)

=1 "T1
l#n

whereR,(s,s") = x,, (s,t) —x, (s’,t) ; R, = R;//|IR;|. The sum ovef G(R)f;(s")ds' represents the

contribution from all other fiber to the velocity fiber n, andG(R;) is given by the sum of a Stokeslet and

a doublet,
I + ﬁlﬁl I - Sﬁlﬁl
G(R) = a? (2.17)
R =R,] R
wherea is the fiber’'s radius. Similar to equations (2aRf (2.3), the operatoss, [f,,](s) andK,[f,](s)
are given by
ALlf1(s) = [—c(T+ T, To(s)) + 2(1 = T, To(s)) | £ (), (2.18)
and
I+R R I+ T, T,
£,](s) = 2(5,5)R,(s,5") £,(s") — n(s),n(s) £.(s) | ds’ (2.19)
IRy ls —s'l
HereR,(s,s") = x,,(s) — xn(s ) R, = R, /IR,,| andT, is the tangent vector of the centerline of finer

6
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The dimensionless version of Eq. (2.16) for a slflear can be written as

L
(0305 0) = Ua(305.00)) = ~Anl£](5) = Kol ) + Y. [ GRIf(5ds (2.2
=1"0

l#n

se[0,1], whereu(x,,) =V, + @, X (x, — xnc), V,, andQ,, are the translational and rotational velocities,
respectively, of fiber;,, andx,, is the centriod of the centerline Bf.

In order to close this system of equations we rieédhpose the constraints that the integrated farmk

torque over each fiber equal to the externally igpdpforce and torque, i.e.

flfn(s)ds =0, fl(xn — xnc) x f,(s)ds =0 (2.21)
0 0

3. NUMERICAL TREATMENT

To define an instantaneous position of the immefied, we need only to update the reference paint,
and the orientation (i.e., tangent) veclorFirst the translational and rotational velociti€sandQ, have to
be determined by solving the dimensionless versadrisgs. (2.5) and (2.6). Then the reference pait
the orientation can be updated using Egs (2.7 2:&).

3.1 Updating thefiber position

To update the position of the fiber, Egs. (2.7) éh8) must be discretized in time. A forward tiseheme
can be used for this purpose since there are nustar the equations that impose a strict stabititric-
tion. We have used th&dams-Bashforth 2-step method which is an explicit second order multi-step me-
thod.

Starting witht, = 0, let the time stept = ¢, — t,_, Wheret, = qAt, q = 0,1, .... And denote‘ the nu-

merical approximation aof (tq). Then the discretization of Egs. (2.7) and (2a) be written as

At
x9+1 = xq 4 7(3\/11 —-Vi Y g=12,.. (3.1)
and
QI+t = e%(ﬂ?q—Bq_l)Qi g=12,.. (3.2)
0 _wz(tq) w}’(tq)
where B9 = wz(tq) 0 _wx(tq) .
_wy(tq) wx(tq) 0

The discretization (3.2) yields a method wheretthet of vectorqT, N, B) remains an orthonormal frame
up to round-off errors. In the first time stey3,andQ! are computed with the first order forward Euler me
thod.

3.2 Discretization of the Integral equation
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In this section we introduce the discretizatiortaf dimensionless integral equations (2.11) ant2jXor a

shear flow. Similar discretization can be donehim presence of gravitational forces.
First we rewrite Eq. (2.11) using the regularize@grandK s[f | as

V+Qx (s, t) —x.) +A[f1(s) + Ks[f](s) = Uo(x(s))

flf(s)ds =0, fl(x —x.) Xf(s)ds=0
0 0

The centerline(s, t) will change with time. At each instant in time, weed to solve (3.3). Dropping the

(3.3)

index notation with respect to time, we derwte= x(s;) andf; = f(s;). Then the discretized version of

Eq. (3.3) can be written as

V+Qx (Xi - XC) + A[f](sl) + K(g[f](sl) = UO(X,:) ,i = O, ,M

M M (3.4)
Zaifi=0 ) Zai(xi_xc)Xfizo
i=0 i=0

As/2 ,i=0,M

whereq; = { As  o.w

The unknowns are the vectofs,i = 0,.., M, together withtWV andQ, a total of3(M + 1) + 6 unknowns.
The number of equations is the same, Biti + 1) equations on the first line of (3.4), and the rivimg

6 on the second line. Note that the centeqid= (x., y,, z.) is computed as [20]

1 u 1 u 1 u
— . = . = . 3.5
Xe M+1Z oo Ye M+1Z Yio Ze M+1Z Zi (35)
i=0 i=0 i=0

3.3 Evaluation of Kg[f ]

RewriteKs[f ](s) as two separate integralg,andl,

T+ R(s,s")R(s,s") I+ T(s)T(s)

VIR(s, )% + 62 ViIs = s'|? + 62
11(s) I2(s)
The first integrall; can be approximated using trapezoidal method, i.e,

1
Ks[f1(s) =f f(s’)ds’+f — f(s)ds' (3.6)

M M

1+ R(s,s;)R(s, s;
L) =Y a (55)R(s,5) f-=ZK1(s,s]-) f,

] ]
= RGP e R S

K1(ss))

The second integrd} can be evaluated analytically. As the integral

(s—1)2+82+s—1>

1 1
————————ds' =log
fo Vs —s'[? + 62 < Vs2+82+s

thenl, can have the following closed formula



(s—12+6%24+4s5-1

,(s) = log ( ) [+ TOTOIE) = OIS (55

Vs2+62+s
K>(s)
197 K, andK, are3 x 3 matrices. Then
M
Ks[f1(s) = Z Ki(s,57) £ + Ky (5)E(s) (3.9)
=0
198 Now we write an approximation dkz[f | as
M
muma:}kﬂ%wq+&@mhi=QLwM (3.10)
=0

199 Eq. (3.10) can be written in matrix form as

K1 (S0, S0) + K3(50) K1(s0,51) K1 (S0, 5m) f_o
1
K1(s1,0) Ki(s1,81) + K> (s1) : :
Kslf]=| ) I |
| Ky (Sp—1,Sm) | f
M-1
! Ky (sm, So) Ky (sp,Sm-1) Ki(sy,sm) + KZ(SM)J[ fy J
X F
Ks([f] = XF (3.11)
200 whereX is3(M + 1) x 3(M + 1) matrix andF is 3(M + 1) column vector. Note that
201 fi = (flx fiy fiz)T-
202 3.4 Therest of the equation
203 Similarly we discretize the rest of the equation:
Alf](s) = [-c+T; ;) + 2(1 = T; T)] f; = D(spf; (3.12)
D(sy)
204  whereD is a3 x 3 matrix. In matrix form, Eq. (3.12) can be writtas
fo
[D(SO) 0 0 1[ f; ]
_| 0 D(sp) | —
Alf s = | o || |TPF (3.13)
l 0 OD(sM)J fr-1
5 L £, |
F
205 whereD is 3(M + 1) x 3(M + 1) matrix, and0 is a3 x 3 zero matrix. The velocity tertfV + Q x
206 (x; — x.)) can be written in matrix form as
[l 01] \%
E 314
L o,
3(M+1)x6

207  wherel is the3 x 3 identity matrix, and
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0 (Xi - Xc)z _(Xi - Xc)y Vv
0; = [-(x; —x.), 0 (x; —X.)y |, and =V V; wx wy wg]".
(Xi - Xc)y _(xi - xc)x 0 Q
The right-hand side can written as
Uy = [Ug(x9) Up(xy) - Uog(xy-1) Uo(xp)]” (3.15)

whereU,(x,) = [Uo(X)x Up(xy)y Up(x),]”.

3.5 Constraints

We used trapezoidal method to approximate the liat@yer the force and torque. These approximations

can be written in matrix form as

M fo
z af, = [a] al - aul]| |=0 (3.16)
i=0 3x3(M+1) f
M
and
M fo
z a; (x; —x) xf; =[agCy ayC; - ayCy] “I=0 (3.17)
i=0 3x3(M+1) £
M
where
0 _(Xl’ - xc)z (XL' - Xc)y
Ci = (XL' - Xc)z 0 _(xi - Xc)x
_(XL' - Xc)y (Xi - Xc)x 0
3.6 Full system
Using Egs. (3.11) - (3.17) the full system can espnted in matrix form as
A x &
I 0, | 1r Vi 1Usx]
ro, | Q Uop(x1)
: | K+D fo
| ol S AX = & (3.18)
I 0Oy | :
———m—— - - - Uy (xu)
0 0 | aJd - ayl ||fu 0
L 0 0 | aoco e aMCM_ N fM o _ 0
3(M+3)X3(M+3) 3(M+3)X1 3(M+3)X1

where X andD are defined in equations (3.11) and (3.13) respdgt Now we can solve faX to find

the velocitie andQ, and the forcef, ..., fy.

4. MULTIPLE FIBERS

10
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In addition to what we have done in sec 3, we disoe the integral terrfb1 G(RHf!(s")ds’ in Eq.(2.20).
First we rewrite Eq. (2.20)as
vV + 0" X (x™(s) —13(?) + A" ](s) + K[ 1(s)
- Z f G(RU(s, s (s )ds' = Uy (x"(s))
~Jo

l#n
For simplicity, let us writég(s,s") = G(R!(s,s’)). We use the same method that we have used inaec 2

(4.1)

The centerline of fibet is discretized by the parametgr= jAs’,i = 0,1, ..., M, whereAs’ = 1/M. Then

the integral term can be approximated as

M

1
f G(s,s") fi(s)ds" = z a; G(s,s]) f! (4.2)
0 j=0
As'J2 ,j=0,M

wherea; = {
J As" |, o.w

Then we discretize the centerline of the fibhdry the parametes; = iAs,i = 0,1, ..., M, whereAs = %

The equation and the constraints become

N M
VI @7 (= XE) + AR T R0 = ) o 65 5]) £ = Up (D)
=1 j=0

M M l#n (4.3)

Zaiff=0 , Zai(x?—x?)xfi”=0

i=0 i=0

According to Eq. (3.18) the quantiy™ + Q" x (x}' —x7) + A*[f' ] + K"5[f' ]) can be written in ma-

trix form as
AX" = 4" (4.4)
where
O V') U (x1)]
! 05 | Qo Up(x1)
: | X"+ D" fy
n | a_|
A" = JXt=| . [ 6" =
1 oy | :
L i Uy (x3)
0 o0 | al ayl fii-1 0
0 o0 | ayCl ayChl L f17 L0

whereﬁ(", D™, 0 and([* were defined in Egs. (3.11), (3.13), (3.14) and {3 respectively, ak’, D, 0;
andc;.
The remaining summation term can be written in imditrm as

11



[QOG(SO'S(’)) aIG(SOlS],_) aMG(SO'SI’VI)-l{ f[l) -!
M 1 ! .
N ol IaoG(sl,so) a;G(sqy,81) .. : h fi |
ZajG(Si,Sj)fj = : . 1 45
=0 | ’ ' [|£4-1 (4-3)
laoc'(SM'S(’)) aMG(SM'SIIVI)J fl,
= nl?l ,l n
239  wheres;el, ands’;el}, i,j =0, ..., M.
240 LetH,,; be
0 0 |
0 0 |
| Hnl
o = I
"Tlo o | (4.6)
0 0 | 0 0
0 0 | 0 0
BM+1)+6)x(3(M+1)+6)
241 Then the full system faW fibers can be written as
[ A Hyp Hyz o .. Hiv 1 X [ 61 ]
Hyy AP Hys .. Hay Xx? b*
: : ~ : (47)
AV Hy_pn xN-1 N1
[Hy1 Hyz - Hyw-p AY 11 xv | [ 4N |
3N(M+3)X3N(M+3) 3N(M+3)x1 3N(M+3)x1
242 Now we can solve fakK™ to find the velocitie¥™andQ", and the forcefy, ..., fy; for each fibed™.

243

244  5.CONVERGENCE AND ACCURACY

245 Since the exact solution of the problem is not knpte test the convergence of our numerical metnod
246 number of test runs are performed for different etistep,At, and spatial-ste@ds . Unless men-
247  tioned otherwisgall runs are performed with constant shear yate1, and constant curvature & 20)
248 and torsion{ = 4).

249

250 The order of convergence is determined by measutingdifference in fiber positions at the end time
251 (t = 1) of consecutive solutions that are computed bynghmy one of the parameters while the other is
252 kept fixed. The fiber position and orientation \@stare updated using the second order methods.in E
253 (3.1) and Eq. (3.2), respectively.
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To check the convergence in time, six sets of hm& been made witht = L1 L and—.
3264 128" 256" 512 1024
For the fiber with positiolix, y, z), obtained witht and for the same fiber but with positi(®) §,Z) ob-
tained WithAz—t, we define the difference as
1

°= (%Z(x — %)+ =9+ (2 —z:)2> S

wherex, y, z, andg, 9, Z are 1 + 1) column vectors. The results are presented inlFigVe usedis = i
(M = 63).
Based on the consecutive solutions, the rate ofargence varies betwedr995 and2.009 which is very

close to the second order accuracy expected fonaumerical method. Moreover, in this case we got an

error of ordert0~* when At = % ~ 0.0313 which is sufficiently accurate for our purposes.

10°

107L E

1071 E

107 4

10 E

10'8 L L L) L L P S| L T R
4 3 -2 1
10 10 At 10 10

Fig. 1 loglog plot of the error in fiber position plotted asumétion ofAt at the end time = 1. In this case
1
As = —

64’

. . . 1 1 1 1 1
As for spatial convergence, we performed five ruith As = 3751’ 138’ 35" In the same manner, for

the fiber(x,y, z) obtained at = 1 with As and for the fibe(R,y,Z) obtained at = 1 with % we define
the difference as before. The results are giveRign 2. Here we useflt = % The rate of convergence

varies between.866 and2.340. In this case the error is of ordsd~2 whenAs = % = 0.0313.
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285
286

10

10°F i

10° : — : —
10° 10° 10"
As
Fig. 2 loglog plot of the error in fiber position plotted asumétion ofAs at the end time = 1. In this case
1
At = —

32
Note that the same approach has been followedttorrdime the rate of convergence in the case ofesing
fiber sedimenting due to gravity. Almost the sames of convergence have been gotten. Time refinesme
gave a rate varying between 1.98 and 2.01, whesgsttal refinements gave a rate between 1.78 dgj 2.

which are, as expected, very close to second a®mracy.
6. NUMERICAL RESULTS

6.1 shear flow

In this section, we present numerical simulatiohs @ingle fiber suspension in shear flow, and ubsc

some results.

Fig. 3 presents the configuration of the fibethate different times of a simulation with singlbéefr in

shear flow with constant shear rgte= 1 (U, = y) .

In Fig. 3, the initial orientation has been deterad according to the initial fran@, = (T, N, By) where

1 . . .
T, = m(l 0.2) = (0.9806 0 0.1961), N, =(010) andB, =T X N. As in previous section, we

used constant curvaturec & 20) and torsion € = 4). The aspect ratio used in the simulatiore is

0.0001, As = i andAt = —

32°
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287
288 Fig. 3 Fiber configuration withk = 20 and t = 4 att = 0,t = 50 andt = 100 in shear flow.

289 Jeffery [1] studied a single ellipsoidal fiber ritg in a Newtonian, incompressible, homogeneoos.fin
290  Jeffery’s theory, the fiber orientation is defineg three angleép, 6,1) in terms of the global coordinate
291 systemxyz, where a local coordinate systarny’z’ translates and rotates with the fiber [1] [10]][Xee
292 Fig 4. Jeffery assumed that the ellipsoidal fibeester translates with the same linear velocityhasun-
293 disturbed simple shear flow evaluated at the fdentroid. Formulas o{g, 8,y) have been found by Jef-
294  fery. Jdfery’s formulas predict a periodical behavior for a fiber in a pure shegtiow with an orbital
295 period [22].

£
|.“ - T

fl

-
2 i
-"'.

296
297 Fig. 4 Coordinate system for ellipsoidal fiber suspended shear flow.

298 Unfortunately, we don’t have such formulas for #agne angles in the curved fiber case; thereforejewe
299 fined the angl@ as the angle between the helix axis and the xyepldhis angle will give an indication

300 about the fiber orientation.

301 The helix axis needs to be determined first. Mamgraaches have been suggested to define the hdix a
302 [20] [23] [24]. Here we will use the method suggestin [20]. Approximate local centroids’ =

303 (x},ylzh), of the helix were determined by dividing the Relito parts and computing the centroid of
304 each partThe helix axis will be the line that passes throtiggse. Once we have the helix axis, we com-

305 pute the anglé.

306 In Fig. 5, the anglé is shown as a function of tinte Looking at Fig. 5 we see that there is a drifiNeen

307 t = 0 andt = 100, the drift mainly occurs due to the initial oriatibn of the fiber. This can be explained
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by observing the dynamical process. After some ,tin¥e 100, 6 starts having a periodic behavior with a
period of lengtil" = 10.4 and lies in the interval [0.38, 0.62].

|

Fig. 5 Angle 8 as a function of time for a helix.

To make a comparison, we perform a run of a sttdigbr, i.e.x = 0 andt = 0. All other numerical pa-

rameters are kept as we defined them for the cufimat case, i.eT, = (0.9806 0 0.1961), N, =

(010) andB, = T x N, £ = 0.0001, As = — andAt = 1/32.

In this case we measure the anlg,;,n between the fiber's centerline and xy-plane. 19. B, 0s¢yqign:

is shown as a function of time. As expected, weehaperiodical behavior and we compute the period

T = 3.625.

Back to curved fiber, with the same numerical patmbut the initial frame, we performed three runs

using three different initial configurations accimgito T, = (1//1 + T?) (10 T,), whereT, = 1,0.2 and

0.
2 T T T T T T T T T
I I I I I I I I I
I I I I I I I I I
I I I I I I I I I
15F---- [ [ [FE [ [P I P —
I I I I I I I I I
I I I | I I I I
I I I I | I I
1 - [Ty & [ b R § N 5 R ) R A N i [ B N ) WRNY A [ -
£ | | | | | | |
b I I I | | I | I
3 I I I | I I | I
S ost-L A\ bV - AN A
I I | I I I |
| I | I I I | |
I | I | I |
oLV _ _ [N VAR V A\ VS V A TR V AU VS V AN V SN V AN VAR V S V A
I | | I I I I I I
I I I I I I I I I
I I I I I I I I I
-0.5 | 1 1 1 1 | 1 | 1
(0] 5 10 15 20 25 30 35 40 45 50

Fig. 6 Angle 04,4i4ne as a function of time for a straight fiber.
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In Fig. 7 the trajectory of the centroid in xy-péais shown. We observe that we have periodic t@jies
with different periods according to the initial @ntation. Moreover, we can see that the initiabmtation

strongly affects the drift of these trajectories.

2.2

2

T,=1

..... e T, = 0.2 |

——=--T,=0

I I I I I I I T
(o] 10 20 30 40 50 60 70 80 90 100
X

Fig. 7 Trajectories of the fiber's centroid with diffetanitial configuration in shear flow.

6.2 Sedimentation

In this section the case of one single fiber sediimg due to gravity is considered. The gravitadcsing in
the negative z-direction. First, we investigatefiber's sedimentation speed by performing a rungishe
same previous numerical parameters. Fig. 8 preflemtsedimentation speed as a function of timeook-
ing at Fig. 8, we observe that the speed fluctgdtietween 1.21 and 1.42. The reason behind thasuth-

tion in the speed is that orientation of the filsechanging with time.

For example, betwean= 11 andt = 15, the sedimentation speed increases from a lo¢drhdl.2149 to
a local peak 1.3753. The orientation of the hekils avithin this time interval varies from = 1.11 rad at
t = 11 to being almost parallel to xy-plane with= 0.0039 rad att = 15, see Fig. 9(a), and the speed

starts decreasing after= 15.

t=15

Sedimentation speed
B !
w
T
I

t=11

I I 1 I I 1 1 I 1
o 10 20 30 40 50 60 70 80 90 100
t

Fig. 8 Sedimentation speed of one fiber.
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In Fig. 9, the angle between helix axis and xy-plaithin the time interval11,15] is shown (a) as a func-
tion on time, and (b) as a function of sedimentapeed. According to Fig. 8 and Fig. 9 we conclind¢
the sedimentation speed decrease® iasreases.

@ (b)
1.4 : : . . 1.4 : :

1.21 1

0.8+

0.6

0.4+

0.2

0 . . . . 0 . . .
10 11 12 13 14 15 1.25 1.3 1.35 1.4

t Sedimentation speed

Fig. 9 Angle 6 between the helix axis and xy-plan within the timerval [11,15] (a) as a function of time
(b) as a function of sedimentation speed.
Using the same run we plot the trajectory of tierfis centriod in xz-plane, see Fig 10, where w rzo

drift and irregular displacement in the x-direction

Next we performed three runs whéte= 0 and the other numerical parameters were keptrasqusly
determined. However, we used different curvaturas tarsions. We considered the following combina-

tions:(k = 1,7 = 1), (k = 10,7 = 10) and(x = 30,7t = 10).

20F - - — —

40F - — — —

B0 - — - — - — - — = — — — — —

80F - — — —

100f — - - b o

-120

-140
-1.6

Fig. 10 Trajectory of the fiber’'s centroid in xz-plane.

In Fig. 11, we present the trajectories of fiberé&ntroids. They look very different from each othdp
conclusion can be addressed regarding the relagbmeen the curvature and torsion, and the behavior

the fiber. However, the figure can give indicat@mout the relation between curvature and sedinientat
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357  speed.

----------- K=1,Tt=1
————— kK =10, Tt = 10
K =30, T =10

20}

40+

-60 -

-80

-100 -

-120

-140
-5

L L L L L L L L L
-4 -3 -2 -1 (o} 1 2 3 4 5

358 )
359 Fig. 11 Trajectories of fiber’s centroids with differenireatures and torsions.

360 Next we performed 15 runs with the same three coatltins as above and for five different initialesria-

361 tions according td@, = (1/{/1+T2) (1 0T,) whereT, = 1.3,0.7,0.2,0 and — 0.7. Again, we observe
362 that the initial orientation has a great influeeethe fiber's behavior. But here we can see dlsddrger

363 curvature we use the more regular trajectoriesate g

364 To have a better indication about the influencahef curvature on the sedimentation speed, we perfor
365  four runs with fixed torsiom = 10 and four different values of curvature= 20, 30,40 and 50, te[0,50].
366 The average sedimentation speed as a functioreofuhvature is shown in Fig. 12. The thing that ban

367 seenis that the larger the curvature we use titechithe sedimentation speed we get.

1.6
1.55 - -
1.5F -
:
S 1451 e
5
32; 1.4 -
c
§ 135+ B
el
& 13¢ i
2
5 1.25+ —
2
1.2 -
1.15+ —
11 L L L L L 1 1
15 20 25 30 35 40 45 50 55
368 Curvature
369 Fig. 12 Average sedimentation speed as a function of turea

370 Centroids trajectories in xz-plane and yz-planeshi@vn in Fig. 13. The figure agrees with the cosicin
371 that we have made before, moreover, we observétbdiber with higher curvature is sedimenting enor

372 perpendicularly than that with lower curvature.
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Fig 13 Trajectories of the fibers centroids with= 20,30,40 and 50 (&) in xz-plane, and (b) in yz-plane.
6.3 Multiplefibers

In this section we consider the case of multipberfs sedimenting due to gravity. We present nurakric
simulations of collections of 2, 3 and 4 fibers aliscuss a variety of results obtained. Here werass-

ested in identical fibers. To construct identicdélefs we use the same initial orientation fraQg=
(To Ng By) and the same curvature and torsion, and we chdiffexent initial points,x({, wherej =
1,2, ..., N are the indices of fibers. Initially, we deterndnde initial points as vertices ofi*sided" regular

polygon.

First, we perform a simulation of 2, 3 and 4 fibersing the initial fram&, = ;(1 0.2),N, =

V140.22
(010)andB, =T xN, k =20and 7 = 4. The average sedimentation speed is obtainedFigeel4.

Looking at Fig. 14 we observe that at the begintirgsedimentation speed is slightly higher wiNes 4,

however, at the end of the simulation, the sediatent speed for different cases became much closer.

2 fibers
==-e-== 3 fibers
..... e 4 fibers

Average sedimentation speed

ot

o 10 20 30 40 50 60 70 80 90 100

Fig. 14 Average sedimentation speed as a function of toneollections of 2,3 and 4 fibers.
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Next, we perform a run with two fibers; one is lmhabove the other and having the same axis which
perpendicular to xy-plane. Let us call the uppesfilver-1 and the lower onfber-2.

In Fig. 15, we present the configuration of fibatdour different times. Observing this figure, s&e that
the vertical distance between the two fibers beclamger over time, which means that fiber-2 is sestit-

ing faster than the fiber-1.

Fig.15 Fiber configuration for 2 fibers with a verticasttibution shown at = 0, t = 25,t = 59 and
t =100.
In fact, the average sedimenting speed of fibex-2.8114 which is slightly higher than that of fidethat
equals 1.2884. From the trajectories of the twerBbwe can note the very different dynamic betrawio

these two fibers with identical shapes.

The average sedimentation speed of the collecti@hdown as a function of time in Fig. 16. To sttity
behavior of the fibers, we picked one local bottatn = 50.0626 and a local peak at= 52.75. On the
bottom the speed was 1.2325 whereas on the paasil.3429.

1.45

1.4L t = 52.75, speed = 1.3429

1.35 -

1.3 -

Average sedmertation spesd

1.25F

t = 50.0625, speed = 1.2325
I I I I I I 1 | I

[e] 10 20 30 40 50 60 70 80 90 100
t

Fig. 16 Average sedimentation speed as a function of ton2 fibers with a vertical distribution.
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Examining the fibers at these two times and atiatpo the middlet = 51.375, we found the behaviors
are totally agreed with the conclusions we haveegoin single-fiber case. Separately, the sedintienta

speed of single fiber increasesfadecreases.

7. CONCLUSIONS

We have developed a numerical method for the sitomlaf curved rigid fibers immersed in Stokes flow
based on slender body formulation, which we haysiegh to simulations of immersed fibers in linebear

flow and sedimentation.

The slender body theory allows us to reduce a thilieeensional problem to a set of coupled one-
dimensional integral equations along the fiber edimes. The formulation is valid for Stokes floand
contains the aspect rato The slender body equations are closed by impdb@gonstraints of rigid body

motions.

Manipulating the equations, we obtain a lineareysof equations that needs to be solved to findrtres-
lational and rotational velocities of the fiber, \wsll as the force distributions on each fiber. ®tice ve-
locity coefficients are known, the positions anénortations for the fibers can be updated by tinegsing

separate ordinary differential equations.

We have performed simulations of single and midtfibers in Stokes flows: shear flow and sedimenta
tion. Results from these simulations are used vestigate different properties of the suspensiahsas

orientation, trajectory and sedimentation speetth@fibers during the process.

It has been found that the translation and rotadibtine fiber are very sensitive to the curvatkée have
found that the fiber with higher curvature transigt(in shear flow) and sedimenting (due to grgviaster
than the fiber with lower curvature. Moreover, gimulations have demonstrated that the curvature of

fiber affects the translation and sedimentatiojettaries.

In the helix case, we have found that the sedinientapeed is well correlated with the orientatidhere

is a marked increase in the sedimentation spedittaangle between the helix axis axyiplane decreases.

In order to increase the number of fibers in oomwations, there are two main improvements to bdena
The first is to implement a fast summation stratesgich as is done for potential flows [25], for lerading
the Stokeslets and doublets arising from discrétinaf the fiber-fiber interactions. The seconddgaral-
lelize the method. This is rather straightforwasdnaost of the computations are done on each fifyea-s

rately, and interaction terms are treated in adigkmanner.
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