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Abstract.  The dispersive long wave (DLW) equations are very important coupled nonlinear partial 10 

differential equations that appear for describing nonlinear water wave model in harbor and 11 

coastal design. In this paper, the exp(-Φ(ξ))-expansion method has been implemented to find the 12 

explicit solutions of the coupled (1+1)-dimensional DLW equations. The efficiency of the method for 13 

finding exact solutions has been demonstrated. With the help of symbolic computation, it has been 14 

shown that the method is direct, effective and can be used for many other nonlinear partial differential 15 

equations (NPDEs) in mathematical physics and engineering.  16 
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1. Introduction  21 

 22 

 Nowadays nonlinear partial differential equations (NPDEs) have been the topic of all-embracing 23 

studies in various branches of nonlinear sciences. It is well known that the traveling wave solutions of 24 

NPDEs play an important role in the study of nonlinear wave phenomena, because most of the 25 

phenomena that arise in mathematical physics and engineering fields can be described by NPDEs. The 26 

wave phenomena are observed in various fields, such as fluid dynamics, plasma, elastic media, optical 27 

fibres, biology, solid state physics, chemical kinematics, geochemistry, meteorology, electricity etc 28 

(see for instance Ref. [1]). In the recent decade, several methods for finding the exact solutions to 29 

NPDEs have been proposed, such as the homogeneous balance method [2-4], the Hirota method [5], 30 

the tanh method [6], the extended tanh-method [7], Modified extended tanh-function method [8], the 31 



Exp-function method [9], , the (G'/G)-expansion method [10-12],  the modified simple equation 32 

method [13,14], the exp(-Φ(ξ))-expansion method [15, 16], new generalized (G'/G)-expansion method 33 

[17], enhanced (G′/G)-expansion method [18] and others. The aim of this paper is to implement of 34 

the exp(-Φ(ξ))-expansion method to construct the explicit solutions and exact traveling wave solutions 35 

for the DLW equations which are very important in mathematical physics. 36 

 The paper is organized as follows: In section 2, we present the descriptions of the exp(-Φ(ξ))-37 

expansion method. The explicit solutions and exact solutions of the DLW equations are derived in 38 

section 3. In section 4, conclusions are given. 39 

2.  Description of the exp(-Φ(ξ))-expansion method  40 

 This section presents the briefly descriptions of the exp(-Φ(ξ))-expansion method. 41 

Let us consider the nonlinear PDE with two variables x and t as follows: 42 

0),,,,,,( =Kxtttxxxt uuuuuuF ,                           (1) 43 

where, F  is function of K),,(),,(),,(),,( txutxutxutxu xxxt  including nonlinear terms and the 44 

subscripts denote the partial derivates. Let  ,),(),( twxutxu ±== ξξ  where w is an arbitrary 45 

constant, then the equation (2) reduces to an ordinary differential equation (ODE) for )(ξuu = : 46 
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 Let us consider the traveling wave solution of equation (2) as 49 
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where the coefficients  )0( NiAi ≤≤  are constants to be evaluated and )(ξΦ=Φ  satisfies the first 51 

order nonlinear ODE: 52 

  ,))(exp())(exp()( λξµξξ +Φ+Φ−=Φ′              (4) 53 

where λ  and µ   are arbitrary constants.  54 

The value of the positive integer N  can be determined by balancing the higher order derivative term 55 

with the nonlinear term of the highest order in ODE.  By substituting (3) into (2) and using (4) 56 

rapidly, we obtain a system of algebraic equations for wNiAi ,,),0( µλ≤≤ . With the help of 57 

symbolic computation, such as Maple, we can evaluate the obtaining system and find out the values58 

wNiAi ,,),0( µλ≤≤ . It is note that the equation (4) has the following five types of general solutions 59 

[15, 16]: 60 
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where 0ξ  is the integrating constant. 66 

Thus the multiple exact solutions of nonlinear PDE (1) are obtained by combing the equations (3) and 67 

(5).  68 



3. Explicit and exact solutions of (1+1)-dimensional dispersive long wave (DLW) equations 69 

 In this section, we will apply the exp(-Φ(ξ))-expansion method to find the exact solutions and 70 

then the solitary wave solutions of DLW equations[14,19]. 71 

Let us consider the (1+1)-dimensional dispersive long wave (DLW) equations as  72 
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where ),( txv  is the elevation of the water wave,  ),( txu  is the surface velocity of water along x-74 

direction. The solutions of equation (6) are very helpful for coastral and civil engineer to describe 75 

nonlinear water wave model in harbor and coastal design.  76 

The traveling wave transformation is 77 

                              twxvtxvutxu −=== ξξξ ),(),(),(),( ,      (7) 78 

Using the transformation (7), the equation (6) reduces to a set of ODE as follows: 79 
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where the prime denotes differentiation with respect to ξ . Integrating the system of ODE (8) with 81 

respective toξ , choosing constant of integration as zero, we obtain 82 
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From the first equation of (9), we have 84 
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Substituting the equation (10) into the second equation of (9), yields 86 
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Balancing the higher order derivative u ′′ with nonlinear term 3u  gives 1=N . Therefore, the exp(-88 

Φ(ξ))-expansion method allows us to use 89 

 
)(

10)( ξξ Φ−+= eAAu  01 ≠A  (12) 90 

By substituting (12) into eq. (11) and using eq. (4) rapidly and then equating the coefficient of 91 

,)( )( ie ξΦ− )4,3,2,1,0( =i  to zero, we obtain a system of algebraic equations as follows: 92 
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 Solving the algebraic system (13) by using Maple, the following set of solution is obtained: 94 
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where 0A   and λ  are arbitrary constants. 96 

By combining the equations (5), (7), (10), (12) and (14), we have, 97 

(1) If ,0,0,042 ≠≠>−=Ω µλµλ  then the DLW equation has the following explicit solutions  98 
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where 2
00 4

3

2

3
AA +±= λµ  and 00 ,, ξλA  are arbitrary constants. The explicit solutions (15) and (16) 101 

represents the exact solitary wave solutions of kink-type for ),( txu  and exact solitary wave solutions 102 

of bell-type for ),( txv respectively  corresponding to the  fixed values ,5.00 =A ,3=λ ,10 =ξ  with 103 

10,10 ≤≤− tx , which are shown in Fig. 1.  104 

 105 

Fig. 1 Exact traveling wave solutions of (a) kink type for ),(1 txu  and (b) bell type for ),(1 txv . 106 

 (2) If ,0,0,042 ≠≠<−=Ω µλµλ  then the DLW equation has the following explicit solutions 107 
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where 2
00 4

3

2

3
AA +±= λµ  and 00 ,, ξλA  are arbitrary constants. The explicit solutions (17) and (18) 110 

are both represented periodic traveling wave solutions for ),( txu  and ),( txv   corresponding to the 111 

fixed values ,50 =A ,3=λ ,10 =ξ  with ππ ≤≤− tx, , which are shown in Fig. 2.  112 

 113 

Fig. 2 Exact periodic traveling wave solution for (a) ),(2 txu  and (b) ),(2 txv . 114 

(3) If 0,0,042 =≠>−=Ω µλµλ , then the DLW equation has explicit solutions as  115 
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(20) 117 

where 2
00 4

3

2

3
AA +±= λµ  and 00 ,, ξλA  are arbitrary constants. The explicit solutions (19) and (20) 118 

are both represented solitary wave solutions of singular kink-type corresponding to the fixed values 119 

,10 −=A ,3=λ ,00 =ξ  with 10,10 ≤≤− tx , which are shown in Fig. 3.  120 

 121 

Fig. 3 Exact traveling wave solutions of singular kink type for (a) ),(3 txu  and (b) ),(3 txv . 122 

(4) If ,0,0,042 ≠≠=−=Ω µλµλ  then the DLW equation has the following explicit solutions  123 
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where 2
00 4

3

2

3
AA +±= λµ  and 00 ,, ξλA  are arbitrary constants. The explicit solutions (21) and (22) 126 

are both represented solitary wave of single soliton type for ),( txu  and ),( txv   corresponding to the 127 

fixed values ,10 =A ,2/)153( +=λ ,50 =ξ  with 10,10 ≤≤− tx , which are shown in Fig. 4.  128 

 129 

Fig. 4 Exact traveling wave solutions of single soliton type for (a) ),(4 txu  and (b) ),(4 txv . 130 

(5) If ,0,0 == µλ  then the DLW equation has the following non-traveling wave solutions  131 
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(24) 133 

The exact non-traveling wave solutions (23) and (24) are shown in Fig. 5, where we have used 134 

,00 =ξ  and 10,10 ≤≤− tx .  135 



 136 

  137 

Fig. 5 Exact non-traveling wave solutions for (a) ),(5 txu  and (b) ),(5 txv . 138 

4. Conclusions  139 

The exp(-Φ(ξ))-expansion method has been successfully implemented to obtain the explicit solutions 140 

of the DLW equations. The obtaining results indicate the DLW equations admit multiple exact 141 

traveling wave solutions with few parameters as well as non-traveling wave solutions. The type of 142 

exact solitary wave solution is different along with different value of arbitrary parameters. So we can 143 

choose appropriate parameter value to obtain solutions we need in practical problems. With the aid of 144 

Maple, we have assured the correctness of the obtained solutions by putting them back into the 145 

original equation. We hope that the traveling wave solutions of DLW equations are very helpful for 146 

coastral and civil engineer to describe nonlinear water wave model in harbor and coastal design.   147 

 148 

Acknowledgements     149 

The authors would like to express their sincere thanks to the anonymous reviewers for their valuable 150 

comments. This work also partially supported by Simulation Lab, Department of Mathematics, 151 

Chittagong University of Engineering and Technology, Bangladesh.   152 

 153 

References 154 

1. Z. Y. Zhang, New exact traveling wave solutions for the nonlinear Klein-Gordon equation, Turk. 155 

J. Phys. 32(2008), 235. 156 

2. X. Zhao and D. Tang, A new note on a homogeneous balance method, Phys. Lett. A., 297 (1–2) 157 

(2002), 59–67.  158 



3. X. Zhao, L. Wang and W. Sun, The repeated homogeneous balance method and its applications to 159 

nonlinear partial differential equations, Chaos, Solitons and Fractals., 28 (2)(2006), 448–453. 160 

4. F Zhaosheng.Comment on “On the extended applications of homogeneous balance method”, 161 

Appl. Math. Comput., 158 (2) (2004), 593–596. 162 

5. R. Hirota, Exact solution of the KdV equation for multiple collisions of solutions, Phys. Rev. 163 

Lett.,  27 (1971),1192-1194. 164 

6. W. Malfliet and W. Hereman, “The tanh method: I. Exact solutions of nonlinear evolution and 165 

wave equations, Physica. Scr., 54 (1996), 563-568. 166 

7. M. A. Abdou, The extended tanh-method and its applications for solving nonlinear physical 167 

models, Appl. Math. Comput., 190 (2007), 988-996. 168 

8.   M. A. Abdou and A. A Soliman, Modified extended tanh-function method and its application on 169 

nonlinear physical equations, Phys. Lett. A, 353 (6) (2006), 487–492. 170 

9.   J. H. He and X. H. Wu, Exp-function method for nonlinear wave equations, Chaos, Solitons and 171 

Fract., 30 (3) (2006), 700–708. 172 

10.   M. L. Wang, X. Z. Li and J. Zhang, The (G'/G)-expansion method and traveling wave solutions 173 

of nonlinear evolution equations in mathematical physics. Phys. Lett. A, 372 (2008) 417-423. 174 

11.   H. Naher and F.A. Abdullah, New approach of (G'/G)-expansion method and new approach of 175 

generalized (G0/G)-expansion method for nonlinear evolution equation, AIP Advan., 3 (2013) 176 

032116. http://dx.doi.org/10.1063/1.4794947. 177 

12.   M. N. Alam, M. A. Akbar and S. T. Mohyud-Din, A novel ( / )G G′ -expansion method and its 178 

application to the Boussinesq equation, Chin. Phys.  B, 23(2) (2014), 020203-020210. 179 

13.  A. J. M. Jawad, M. D. Petkovic and A. Biswas, Modified simple equation method for nonlinear 180 

evolution equations, Appl. Math. Comput., 217 (2010), 869-877. 181 

14.  K. Khan and M.A. Akbar, Solitary wave solutions of some coupled nonlinear evolution 182 

equations, J. Sci. Res. 6(2) (2014), 273-284. 183 



15.  K. Khan and M.A. Akbar, Application of exp(-Φ(ξ))-expansion method to find the exact 184 

solutions of modified Benjamin-Bona-Mahony equation, World Appl. Sci. J., 24(10) (2013), 185 

1373-1377. 186 

16.  M. G. Hafez, M. A. Kauser, and M. T. Akter, Some new exact travelling wave solutions for the 187 

Zhiber-Shabat equation, British. J. Math.  Com. Sci., 4(18) (2014), 2582-2593. 188 

17. M. N. Alam, M.  A.  Akbar and K. Khan, Some new exact traveling wave solutions to the (2+ 1)-189 

dimensional breaking soliton equation. World Appl. Sci. J.  25 (3) (2013), 500-523. 190 

18. K. Khan and M.  A.  Akbar, Traveling wave solutions of nonlinear evolution equations via the 191 

enhanced (G′/G)-expansion method. J. of the Egyptian Mathematical Society, 22(2) (2014), 220–192 

226. 193 

19.   C. Yong and Q. Wang, New complexiton solutions of (1+1)-dimensional dispersive long wave 194 

equation, Commun. Theor. Phys. 45 (2006), 2224-230. 195 


