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Abstract. The dispersive long wave (DLW) equations are vempartant coupled nonlinear partial
differential equations that appear for describimgnlinear water wave model in harbor and
coastal designin this paper, the expB{£))-expansion method has been implemented to fied th
explicit solutions of the coupled (1+1)-dimensioBdlW equations. The efficiency of the method for
finding exact solutions has been demonstrated. ighhelp of symbolic computation, it has been
shown that the method is direct, effective andloanised for many other nonlinear partial differanti

equations (NPDEs) in mathematical physics and emging.

Keywords: The dispersive long wave equations, The ek(f{p)-expansion method, Solitary wave

solutions, NPDEs.

1. Introduction

Nowadays nonlinear partial differential equatigN®DES) have been the topic of all-embracing
studies in various branches of nonlinear sciericé&swell known that the traveling wave soluticofs
NPDEs play an important role in the study of nozdin wave phenomena, because most of the
phenomena that arise in mathematical physics agishe@gring fields can be described by NPDEs. The
wave phenomena are observed in various fields, asifluid dynamics, plasma, elastic media, optical
fibres, biology, solid state physics, chemical kiragics, geochemistry, meteorology, electricity etc
(see for instance Ref. [1]). In the recent decad@®eral methods for finding the exact solutions to
NPDEs have been proposed, such as the homogenalansd method [2-4], the Hirota method [5],

the tanh method [6], the extended tanh-methodNIgllified extended tanh-function method [8], the
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Exp-function method [9], , thed/G)-expansion method [10-12], the modified simplaiagpn
method [13,14], the expP{(&))-expansion method [15, 16], new generaliz8d@)-expansion method
[17], enhanced@'/G)-expansion method [18nd others. The aim of this paper is to implenoént
the exp(@(&))-expansion method to construct the explicit Sohg and exact traveling wave solutions
for the DLW equations which are very important iathematical physics.

The paper is organized as follows: In section &, present the descriptions of the efgf))-
expansion method. The explicit solutions and esattitions of the DLW equations are derived in

section 3. In section 4, conclusions are given.
2. Description of the exp(-®(&))-expansion method
This section presents the briefly descriptionthefexp(®(&))-expansion method.

Let us consider the nonlinear PDE with two variaBlandt as follows:

F(u,u,,u,, Uz, Uy, Uyy,...) =0, 1)

X1 XX

where, F is function of u(xt),u, (xt),u,(Xt),u,,(Xt),... including nonlinear terms and the

subscripts denote the partial derivates. Lei(x,t) =u(¢), { =x+wt, wherew is an arbitrary

constant, then the equation (2) reduces to an angltifferential equation (ODE) for=u(¢) :

du d2u d3u

ez ag )0 @

Q(

2 3
where, Q is a function ofu,g,d—l:,d—g,mwith nonlinear terms.
dé dé* dé

Let us consider the traveling wave solution of ¢qua(2) as

N

u(#)=> Ale9), A %0 3)

i=1
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where the coefficientsA (0<i< N) are constants to be evaluated ama ®(&) satisfies the first

order nonlinear ODE:

P'($) =exp-®(4)) + Lexp@($)) + A, (4)

where A and 4 are arbitrary constants.

The value of the positive integdd can be determined by balancing the higher ordevatere term
with the nonlinear term of the highest order in ODBY substituting (3) into (2) and using (4)
rapidly, we obtain a system of algebraic equatiors A (0<i<N),A, u,w. With the help of
symbolic computation, such as Maple, we can evaltla obtaining system and find out the values

A (0<i<N), A, u,w. Itis note that the equation (4) has the follayiive types of general solutions

[15, 16]:
®(&) = In[_ \/gtant{o.Sf(£+ &)= },,ui 0,0=A2 - 44>0, (5a)
D) = |n[ﬁtan{o'5‘/f(‘r+ &)}~ ] [#0,0= N —4u>0, (5b)
D) =- In(exp@(f/-]l- ) _J, U=0A1%20,0=)%-44u>0, (5¢)
qa({):ln(—%}wo,ﬁo,e:/lz—zw:o, (5d)
®(&)=In(E+&) A=0,u=0. (5€)

where &, is the integrating constant.

Thus the multiple exact solutions of nonlinear PJare obtained by combing the equations (3) and

(5).
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3. Explicit and exact solutions of (1+1)-dimensional dispersive long wave (DL W) equations
In this section, we will apply the exg{))-expansion method to find the exact solutions and

then the solitary wave solutions of DLW equatiods]B].

Let us consider the (1+1)-dimensional dispersivelovave (DLW) equations as

u, +uu, +v, =0

(6)

Vi +(UV)X +§uxxx:0 '

wherev(x,t) is the elevation of the water wavey(x,t) is the surface velocity of water along x-

direction. The solutions of equation (6) are vegjpful for coastral and civil engineer to describe

nonlinear water wave model in harbor and coastsigde
The traveling wave transformation is

ux)=u(g), vixt)=v($), §=x-wt, (7)
Using the transformation (7), the equation (6) meduto a set of ODE as follows:

-wu'+uu' +v' =0

(8)

-wv' + (uv)’ +:—:;u’" =0
where the prime denotes differentiation with resgecé . Integrating the system of ODE (8) with
respective td , choosing constant of integration as zero, weinbta

2
—wu+u7+v=0
(9)

—wv+uv+1u" =0
3
From the first equation of (9), we have

u
V=wu-— 10
5 (10)
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Substituting the equation (10) into the second gguaf (9), yields
—W2u+§wu2—%u3+£u":0 (11)

Balancing the higher order derivativ€ with nonlinear termu® givesN =1. Therefore, the exp(-

®(&))-expansion method allows us to use

u@)=A +Ae ™ A =20 (12)

By substituting (12) into eq. (11) and using eq) fdpidly and then equating the coefficient of

(e ®9)') (i = 01,234) to zero, we obtain a system of algebraic equatisrisllows:

s, 3psel 2
—=A F-WA +ZAA-W A =0
A+ WAS + A - WA,

WA =2 AT +BNAA + AN 2 A=

(13)
AA =2 A+ WA =0
1., 2
—— + = = O
2 A 3 A
Solving the algebraic system (13) by using Maible,following set of solution is obtained:
V3 3 A 2
A=A U= AA+Z A2 Ww=F =+ A, A=A, A =", 14
{uon4Ao A AT A (14)
where A, and A are arbitrary constants.
By combining the equations (5), (7), (10), (12) &bd), we have,
(1) If Q=A% -4u>0,A#0,u#0, then the DLW equation has the following explicitigions
(6= A F o 2 (15)

J3 \/atanh(o.sx/a(xingAOH{O))Hl



_ A _ 2 2u
vp = +—+A)j AF—=
( V3 V3 \/Etanh(O.S\/ﬁ(xijét+Aot+£o))+/l

100 ,  (16)

2u

2
V3 \/Etanh(O.S\/E(xi/;t +AL+E)) +A

N

A F
73

101  whereuy= 173 A/ +%A§ and Ay, A, ¢, are arbitrary constants. The explicit solutions) @53d (16)

102  represents the exact solitary wave solutions df-kype for u(x,t) and exact solitary wave solutions

103 of bell-type forv(x,t) respectively corresponding to the fixed valugs= 05, A =43, &, =1, with

104 -10< x,t €10, which are shown in Fig. 1.

105

106 Fig. 1 Exact traveling wave solutions of (a) kigke foru,(x,t) and (b) bell type fov, (x,t) .

107 () If Q=X -4u<0,A%0,u%0, then the DLW equation has the following explicitutions

A+ 2 2u 17
108 U ()= At y a7
ﬁtan(o&/—n(xtﬁt+A0t+5o))—/1



2/1

v2:(¢i+ AOJ Aoii
V3 V3 V=-Q tan(05vV-Q(x £ t+ At +&)) -4
109 */_ (18)

1 Aoii 2/'1
2 V3| V=0 tan(05V=Q (x £

ft+Aot+fo» A

V3

110 whereyu= 17 A +%A02 and Ay, A, &, are arbitrary constants. The explicit solutions) @7d (18)

111 are both represented periodic traveling wave smtstifor u(x,t) and v(x,t) corresponding to the

112 fixed valuesA, =5, A =43, &, =1 with-nn<x,t<n, which are shown in Fig. 2.

113

114 Fig. 2 Exact periodic traveling wave solution faj ¢, (x,t) and (b)v,(x,t).

115 (3) f Q=A-4u>0,A#0,u=0, then the DLW equation has explicit solutions as

116 Ug(£)= Ayt = (19)
‘f exp(/](xiﬁHAOH{O))—l




A 2 A
Vs = $_+Aoj A t—=
[ V3 V3 XPU(cE -t AL+ E) -1

117 , (20)

A
exp@(xtjéHAono))—l

7

118  whereu= 173 A +%A§ and Ay, A, ¢, are arbitrary constants. The explicit solutions) @®d (20)

119  are both represented solitary wave solutions afudar kink-type corresponding to the fixed values

120 A =-1 A1 =43, &, =0, with—-10< x,t <10, which are shown in Fig. 3.

121

122 Fig. 3 Exact traveling wave solutions of singulankktype for (a)u;(x,t) and (b)v;(x,t) .

123 (4) If Q=X -4u=0,120,u%0, then the DLW equation has the following explicitugions

A
Axxt+ At +&,
124 U, () = A, £ -2 A (21)
V3 2(A(xi\7§t+A0t+£0)+2)
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_[_ A j Az(x+j§t+Aot+fo)
Vi S F=t A A E=
3 V3 2000 L+ AL HE)+)

; ) (22)
1 5 A (xiﬁt+ﬁbt+£0)
2 AbiT 2(/l(x+it+A0t+{)+2)
\/§ 0

V3

where y = 17 A +%A§ and Ay, A, ¢, are arbitrary constants. The explicit solutions) @1id (22)

are both represented solitary wave of single soliype foru(x,t) and v(x,t) corresponding to the

fixed valuesA, =1, A= (\/§ +\/1_5)/2, &, =5, with-10< x,t <10, which are shown in Fig. 4.

Fig. 4 Exact traveling wave solutions of singleitsol type for (a)u, (x,t) and (b)v,(xt).

(5) If A=0,u=0, then the DLW equation has the following non-tringlvave solutions

L2 1

Us(f)—— 3(X+{oj (23)
_af 2 Y

Vs = Z{i\/S(X+€o]} (24)

The exact non-traveling wave solutions (23) and) @#& shown in Fig. 5, where we have used

é, =0, and-10< x,t<10.
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137

138 Fig. 5 Exact non-traveling wave solutions for (g)x,t) and (b)vy(x,t).

139 4. Conclusions

140  The exp(@(&))-expansion method has been successfully implezdetat obtain the explicit solutions
141  of the DLW equations. The obtaining results indicdte DLW equations admit multiple exact
142  traveling wave solutions with few parameters asl wslnon-traveling wave solutions. The type of
143  exact solitary wave solution is different alongtwitifferent value of arbitrary parameters. So we ca
144  choose appropriate parameter value to obtain solsitive need in practical problems. With the aid of
145  Maple, we have assured the correctness of thenaotasolutions by putting them back into the
146  original equation. We hope that the traveling waugtitions of DLW equations are very helpful for
147  coastral and civil engineer to describe nonlineatewwave model in harbor and coastal design.
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