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ABSTRACT

The article is dedicated to the creation of the fragment of table algebras theory constructed
on the basis of classical relational Codd'’s algebras. The distinctive peculiarity of the adapted
technique is the use of set-theoretic properties of some constructions (full image of the set
with respect to the function, function restriction with respect to the set, generalized direct
(Cartesian) product, binary relation of functions compatibility) and their transference on a
case of tables. The transference of these properties is possible in view of simplicity of
signature operations representations in terms of indicated set-theoretic constructions.

Keywords: Relational Codd’'s algebras, Table algebras, Restriction, Generalized direct
product, Compatibility relation.

1. INTRODUCTION

The table algebras theory forms a theoretic base of modern table databases query
languages. The papers [1, 2, 3, 4, 5, 6] are dedicated to the investigation of table algebras.
The carrier elements of these algebras are the models of the relational data structures, the
signature operations are constructed on the basis of basic table manipulations in relational
Codd’s algebras [7, 8, 9, 10] and in SQL-like languages: the union, intersection, difference,
selection, projection, join, active complement, renaming and grouping mechanisms on
example of division operation.

2. TABLE ALGEBRAS: BASIC DEFINITIONS

Examinating data structures were abstracted from different attributes’ domains (i.e. we
consider one universal domain), from special value NULL as well as from duplicatoins of the
rows in the table without a primary key (PRIMARY KEY) [6].
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Let's make more precise the tables (the relations) in terms of nominal sets [11, 12, 13]. For
this we fix two sets: A, whose elements are called attributes, and D — the universal domain.

The arbitrary finite set of attributes R [] A is called scheme. We’'ll denote schemes by R,

Ri, Ry, ...
Row of the scheme R is a nominal set on a pair R, D,in which projection on the first
component equals to R. Thus, the row of the scheme R is a function of the form s:R - D.

The rows are denoted by S, S, S,,....

Table of the scheme R is called a finite set of rows of the scheme R. Thus, table of the
scheme R is a finite set of the foom t ={S,,., S,}, where n = 0 and
S, : R - D . The tables are defined as t, t;, t,, .... For N = O we have a case of an

empty table, i.e. a table which does not contain rows. The set of all rows (tables) of the
scheme R are defined as S(R) (T(R), respectively), the set of all rows (tables) are defined as

def def def
S (T, respectively) . Thus, we'll have S'= U S(R), T(R) = 25 TE U T(R).
ROA ROA
Here, 2X denotes a set of all finite subsets of set X .
The scheme can be empty, then in addition there exists a single empty scheme row which is
defined by &£ ( empty row is an undefined function).
The set of all tables T is a carrier of a table algebra. We shall define signature’s operations

which have natural representations in terms of set-theoretic constructions like full image
constructions, restriction and generalized direct product.

Here S| X is a restriction of the row Son set X which is defined standard as
S| X =sn (X xD). The restriction of binary relation on a set is introduced completely

def
analogously: U | X =U N (X x nﬁU) , Where 7Ti2 (U) is a projection of a binary relation on i-
th component.

Let X [] A is a finite set of attributes.

Definition 1. The unary parametric operation 71y is a projection on a set of attributes X.
In this case its values are the tables which consist of restrictions of all rows of initial tables
on set of attributes X .

Thus, 71y i T = T, m (t) E{s| X |sOt}.

Definition 2. The binary operation O is a join. Under join we understood binary operation,
whose values are tables consisting of all unions of compatible rows of the tables-arguments.

Thus, 0:T xT = T, t,0t, (s Us, |3 Ot s, Ot,%s =S5}

Here = is a binary relation of binary relations compatibility (in particular, the compatibility of
def

the functions and rows): U; =U, «U; | X=U,| X, where X = 77U, N 72U, is
an intersection of projections on first component of initial binary relations.

Considering the definition of join it is ought to take into account that the functionality property
is broken in general case of functions union. Therefore, to justify the correctness of the join



81
82

83

84

85
86
87
88
89
90
91

92

93
94

95

96
97
98

99

100

101
102

103

104
105

106

107

108
109

110

111
112
113

114

115
116

117

definition it is necessary to take into account the functionality of the union of functions, which
are compatible [6].

The definiton implies that t, Ot, ={sOS(RUR,)|s|R Ot"s|R,0t,}, where
t, UT(R)), t, OT(R,). This is a definition of a natural join or equijoin [14].

Reference [6, 14] introduced the operation of active addition , which approximates a
set-theoretic addition in a certain sence. Let's consider several subsidiary concepts
necessary for an active addition introduction.

Definition 3. Let A is an attribute, t is a table of the scheme R. Then

Da “fd | Ce(sOt*< Ad >0s)} is an active domain of attribute A with respect to table t
according to the terminology in [14].

. def
Definition 4. Assume C(t) = N D,,. For an empty table we need to choose a
AR '

nonempty scheme, where, as previously, R is the scheme of table t.
Where, C(t) is called saturation of table t [16, 17] and N is an operator of constructing of a
set of all nominal sets with respect to parameter-indexing. We shall give a general definition.

Let's fix sets V and Z. Let {Zv}vEU (ie. vi> ZV ) is a certain indexing of denotation

subsets 2, L1 2 by names of a (finite) set of names U OV .

Definition 5. Under the nominal set corresponding to the given indexing a nominal set on

apar U, U ZV is understood which is the projection on first component coincides with set
viU

U and every V LU value (denotat) belongs to the set ZV.

The set of all such nominal sets are denoted by N ZV. By definition, we assume that there
vilU

exists a single nominal set which corresponds everywhere undefined indexing. This empty

def
nominal set is denoted by &£ . Thus, N ZV :{E} .
VO

Note that the operator for construction of set of all nominal sets corresponding the indexing
coincides, in fact, with a set-theoretic construction of a generalized direct (Cartesian) product

NZX = HZV [15].

viU ViU

Definition 6. Under active complement an unary operation is understood ~ which
corresponds every table its complement up to the saturation.

Thus, ~T - T, T2 C)\t.

Under renaming an unary, generally speaking partial, parametric operation of the form
Rtg ZT{ — Tg is understood, where the parameter is an injective , generally speaking
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partial, map defined on an attributes set f A S A The operation only renames tables-
arguments attributes according to parameter.
The arrow of the form — is used to denote partial operations .

The formal definion of renaming requires additional notions. The table renaming is a
renaming of all attributes of its scheme, therefore table renaming is reduced to renaming its
rows, where two such renaming are connected among themselves by a full image
construction. In turn, the row renaming is renaming of first pair components, e.g. the row

elements. Let’s go down to precise definions.

Let /] . A — A s a certain total function of attributes renaming, generally speaking, not
an injective function, we denote the set of all finite binary relations on a pair of sets A, D by

S

Definition 7. Under rows renaming corresponding to function of attributes renaming 7 is
understood the map of the form

def
Rs,:S - S,Rs; () ={ <7(A),s(A) > AL ()}, Rs,(¢) =¢.

Evidently the functionality rows property can be broken in case of such renaming, we require
the attributes renaming function 77 to have the following structure: we fix an injective partial

-~ def .
function of the form f: A = A and assume n = EU 'dA\domE-

Here id, : X — X is the identical fuction (diagonal) defined on set X .
Informally speaking, attributes of the set domf (i.e. the attributes of domain of map ) are

renamed, attributes of the differences A\dOM ¢ are remained the same. This corresponds

to situation when only part of attributes of database tables is renamed globally, the rest
attributes remain unchanged.

Definition 8. Scheme R is called & -admissible, if {[R]((R\domé) =0, where
def

{[R] ={A|B(BLOR ~ &(B) = A} is a fullimage of scheme R with respect to map ¢ .

Here = —is a generalized equality (strong Kleene’s equality) [18].

The set of all tables of &admissable schemes are defined by TE' It is easily to check that

the functionality property is not broken in case of renaming the rows of &admissable

schemes [6].

Definition 9. Renaming corresponding to injective partial renaming attributes function
f - A > Ais understood as unary parametric operation Rtf which domain is Tg and the
values are set by equalty Rt (t)=Rs/[t], t0T,where, as earlier,

n= f U idA\dom{ and the right part of the last equality is a full image of table-argument.

Assume by definition
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.R ~}p|:|P,{|:E
Q {UR!ﬂRI\Riaplﬂx’D’ .Rg’ Rtg’ XvRlevRZDA,

where P, = are parameter’s sets (for selection and renaiming operations respectively).
The operations of union, intersection, difference, selection and division, which definitions are
omitted, are understood in standard way [6].

def
Pz

Definition 10. The partial (parametric) algebra <T; Q p = > will be called a table algebra
Note, that division and intersection are derived with respect to other signature operations[3] .

For Examinating tables and their schemes we need to take into account some
peculiarities. By definition the empty set or rows in the table is called empty table and

denoted by tD . As far as exists single nominal set on pair 0, D, namely, empty nominal set

& then there exists a single row ¢ of a scheme 0, i.e. S(D) :{S}. Concerning empty

def
scheme 0O tables: there are two of them - tD and té. :{E}. Really,
T(O) =2 ={0{e}} ={ty t.}.

At last, evidently, the scheme of non-empty table can be uniquely recover by the table itself,
and we can ascribe any scheme to empty table, e.qg. tD DT(R) for any scheme R. The
last assertion can be written in form

OR,R(R, # R, = T(R)NT(Ry) ={t,}.

3.REPRESENTATIONS OF SIGNATURE OPERATIONS OF TABULAR
ALGEBRA

The introduced signature operations of table algebras have natural simple representations in
terms of set-theoretic constructions; namely these representations allow relatively easy to
transfer properties of full image, restriction, generalized direct product and other
constructions on a table case.

In the following statesments all designations are used in sense of the monograph [6], in

particular, L_J:SxS Y domL_J ={<s.,s,>|s =5}, le_Js2 =g Us, for all
<s,S, >DdomL_J.

Lemma 1 (about projection representation). The projection has the following
representation:

7T, (t) =t X[t],where 1 X:S - S, 1 X(s)=5s|X. (1)

The proof implys from definitions of projection and restriction.

Lemma 2 (about join representation). The join has the following representation:

t, Ot, = Uty xt,]. 2
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Proof. We show that the left part of equality (2) is included the right one, the right part is
included left one. Thus, let sUt, [Jt,, then there are rows S [It, and S, [t, such, that

S =S, and S=S S, It remains to note accessories < §, S, >[ domU and full
image definition.

Now let SO O[t; xt,], then there are rows s 0Ot and s,0t,, such that

<S,S, >[] domL_J and S=9§ [ S,. The definition of operation U:SxS =S

implies that §, = S, . From here follows that SLIt, [1t,.

Lemma 3 (about saturation representation). The saturation has the following
representation:

C(t) =[] Da: @3)

AR

def
where Dp, ={d|[s(sOt0< A,d >[s)} is an active domain of attribute A with

respect to table t, R is the scheme of the tablet .
The proof implies from definitions of saturation and generalized direct product.

Lemma 4 (about renaiming representation). The renaiming has the following
representation:
def

Rt (t) = Rs,[t] where 7 = &Uida\gome 10T . (@)

The proof implies from definitions of tables and rows renamining.

Theorem 1 (about representations of signature operations of table algebras). The
projection, join, saturation and renaming have the representations (1)-(4) respectively.
The proof implies from lemmas (1)-(4).

Thus, the representations of basic operations of table algebras through set-theoretic
constructions of full image, restriction and direct product have been established. It is worth to
note that the presence of these representations allows to get properties of table operations
in consequences of properties of indicated set-theoretic constructions. This will be done in
the next part of the paper.

4. CONCLUSION
Informative fragment of table algebras theory has been constructed in this paper. The main

peculiarity of adapted technique is contained in establishment of natural representations of
basic sighature operations of these algebras (projection, join, saturation, renaming) in terms
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of set-theoretic constructions of full image, restriction, (generalized) direct product,
compatibility relation. In the second part of the paper the properties of considered set-
theoretic constructions will be transferred on table algebra.
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