Research Article

On the entire solutions of a nonlinear differential

equation of Hayman

Caiping Zhuo!, Zanchun Wang? and Weiran Lii! *

(1. China University of Petroleum, Qingdao 266580, P. R. China)
(2. Dongying Vocational College, Dongying 257000, P. R. China)

Abstract: Hayman [5] proposed to study the meromorphic solutions of nonlin-
ear differential equations of the form:

fI" = () =ko+kif +kaf +ksf”,

where k; (j = 0,1,2,3) are constants. In this note, by using a new method, we give
a unified and simplified proof for these known results.
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1. Introduction and main results

In this paper, we shall adopt the standard notations in Nevanlinna’s value dis-
tribution theory of meromorphic functions. For example, the characteristic function
T(r, f), the counting function of the poles N(r, f), and the proximity function
m(r, f) (see, e.g.,[4, 6] and [10]).

The behavior of meromorphic solutions of differential equations has been the
subject of much study. Research has concentrated on the value distribution of
meromorphic solutions and their rates of growth. The purpose of the present paper
is to show that a thorough search will yield a list of all meromorphic solutions of a
multi-parameter ordinary differential equation introduced by Hayman. Hayman [5]
proposed to study the meromorphic solutions of nonlinear differential equations of
the form:

FI" = () = ko + ko f + kof + ks f”, (1.1)
where k; (j = 0, 1, 2, 3) are constants. By letting w = f—kj, the differential equation
(1.1) can be rewritten as

ww” — (W)? = aw + Bw’ + 7, (1.2)
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where «, 8,7 are constants.

The major result concerning the order of growth of meromorphic solutions of
first-order differential equations is the following theorem due to Goldberg [3]. A
generalization of Goldbergs result to second-order algebraic equations has been con-
jectured by Bank [1]. Steinmetz [8] proved related results for any second-order
polynomial equation which is homogeneous in its dependent variable and its deriva-
tives. Chiang and Halburd [2] studied the Hayman’s equation, and they obtain the
following results.

Theorem A If not both o and « are zeros and § # 0, then the meromorphic
solutions of (1.2) are

w(z) = crexp(—o) = L, if a #0,
az a
and

w(z) =c +agz, if a =0,

—BE+/ %4y
— .

Theorem B If 5 = 0, then the general solution of (1.2) is given by

where ¢; is a constant, and a4 =

1 exp(ii%) -2 ifa#0;
c+iyyz o, ifa=0;
w(z) = Lla+ \/mcosh(clz +c9)] , where ¢; #0;

a 2 'y+c§a2 .
—52° + oz — 52—, ifa#0,

where ¢y, ¢y are constants.
Theorem C If a = v = 0, then the general solution of (1.2) is given by
c1e%* + % ,

wz) =y —Bzt+a
0,

where ¢y, ¢y are constants.

However, their proofs are complicated. In this note, by using a new method, we
give a unified and simplified proof for these known results. Specifically, our main
results can be stated as follows:

Theorem 1.1 If v # 0, consider the solutions of (1.2), we would have
o { coxp(22) — T | a0,

at+z+c , a=0,

=Bt/ B4y

where ¢ is a constant, and a4 = 5



Theorem 1.2 If v = 0, consider the solutions of (1.2), we would have
(1) If aff # 0, then w(z) = ce” 37, here ¢ is a constant;

(2) If @ =0, then
C1€CQZ + g
wiz)=<{ —Bz+c, ,
¢,

where ¢1, ¢y are constants.

(3) If 8 =0, then

—422+az+e , A=0,

where ¢y, ¢o are constants such that ¢ +2ac, = 0if A = 0 or 4cjcp A? = o?if A # 0.
2. Lemmas and Proofs of Theorems
The following lemma is crucial to the proof of our theorems.
Lemma 2.1 ([6]). Let f be a meromorphic solution of an algebraic equation
Pz, f.f' f™) =0, (2.1)

where P is a polynomial in f, f/,---, f with meromorphic coefficients small with
respect to f. If a complex constant ¢ does not satisfy equation (2.1), then

1
f—c

In order to prove the results, we also need the following lemma.

m(r,

) =S f).

Lemma 2.2([10]). Let h be a non-constant entire function, and f = e”, then

T(r,h) =o(T(r.f)), T(rh')=S(rf).
Proof of Theorem 1.1.
Since 7 # 0, then (1.2) and Lemma 2.1 imply
m(r, a) = S(r,w). (2.2)

By the Nevanlinna’s first fundamental theorem and (2.2), we get

N(r,—) =T(r,w)+ S(r,w),

1
w



which, with (1.2), gives

Nyy(r, j}) =T(r,w)+ S(r,w), (2.3)

where Ny (r, %) denotes the counting function corresponding to simple zeros of w.

Let w(z9) = 0, then z is a zero of (w')? + Bw’ + 7, and thus
(w'(20) = a4)(w'(20) —a-) =0
—pr/FP  _ —B/P—h
2  @— = 2 :

First, we assume that w'(29) — a4 = 0, and set

Wlth a, =

/
W — a4
hy = ——-.
w

Next we will show that h; is a constant.

To prove this assertion, we first prove h; is a small function of w. In fact, (2.2)
and (2.3) give m(r, hy) = S(r,w).

By considering the order of any pole of w in (1.2), we can check that there exists
no possibility for such a pole, as shown in [7] and therefore all solutions are entire,
and N(r, %) = S(r,w), where Ny (r, %) denotes the counting function corresponding

to multiple zeros of w. Thus, N(r, hy) = S(r,w), and T'(r, hy) = S(r,w).
Moreover, it follows by the definition of h; that

W=hw+a,, =M +hw+hay,

which, with (1.2), gives 2} = 0, and h; = -*. Thus, ' — ay = *w, and we have

w(z) =cexp(22) =1, ifa# 0 orw=ayz+c, if a =0, where cis a constant.

If W'(29) — a_ =0, we set

w —a_

he =

w
In the same way, we get w = cexp(%) —Llifa#0orw=a_z+c, if a =0, where
c is a constant.

This completes the proof of Theorem 1.1.

Proof of Theorem 1.2.

To prove Theorem 1.2, now we distinguish three cases to discuss.

Case 1. aff # 0. Since v = 0, it follows by (1.2) that

ww/// _w/w// — O[w/+/8w//,



this gives
(W + ) (W)? = ww'w” — Buw'w”. (2.4)

From (1.2) and (2.4), we get
w[(W")? — WW" —a?] = aBu. (2.5)

Note that all the solutions of (1.2) are entire functions, by (2.5), we see that w =0

or w = e, in which h is an entire function.

Substituting w = e" into (2.5), we have

{[(h/)2 + h//]2 o h/[3h/h// + (h/)3 + h///]}GQh — CYQ + Ozﬁh/. (26)
By the standard Valiron-Mohon’ko lemma ( see, e.g., [9] ), Lemma 2.2 and (2.6), we
obtain A/ = —% and so
w=ce 5*,
where ¢ is a constant.
Case 2. «a = 0. In this case, (1.2) gives ww” = W'(w' 4+ B), thus w = ¢, or
w= —0z+ ¢y, or
w// w/
w8 w’
and so
w=ce? + ﬁ,
(&)
where cq, ¢y are constants.
Case 3. § =0. From (1.2), we conclude
w, 27/ 1 /
> — —2a(=
() = —2a(2),
this leads to . 5
Wy Q
— )Y =——+4+A 2.7
Cp=-214 (2.7

where A is a constant.

Again, by (1.2) and (2.7) we find
W= Aw+a=0,

which gives
W — creV A 4 e VAz - T, AF;
—$22 4zt , A=0,

where ¢}, ¢y are constants such that ¢? +2ac, = 0if A =0 or 4¢;c A% = o?if A # 0.

This completes the proof of Theorem 1.2.
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