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Abstract

In this paper, the bi-level large scale quadratiegpamming problem with stochastic
parameters in the constraints (SBLLSQPP) is solRamhdomness is assumed only on the
right-hand side of the constraints and the randanmbles are assumed to be normally
distributed. The main features of the proposedtgwmiyprocedure are based on convert
the probabilistic nature of this problem into anuieglent deterministic, Taylor
transformation and decomposition algorithms. Auasiltative numerical example is given
to clarify the main results developed in the paper.
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1. Introduction

The basic concept of the Bi-level programming (BltBghnique is that a first level
decision maker (FLDM) - the leader - sets his gaad/or decisions and then asks each
subordinate level of the organization for theirio@ which are calculated in isolation;
the second-level decision maker (SLDM) - the folbow decisions are then submitted
and modified by the FLDM with consideration of thxerall benefit for the organization;
and the process continued until an optimal solutsoreached. In other words, although
the FLDM independently optimizes its own benefit® decision may be affected by the
reaction of the SLDM [12].

Real world optimization problems are often largd aonlinear. A financial optimization
problem can have hundreds of thousands of variand<onstraints.

Stochastic or probabilistic programming deals vdituations where some or all of the
parameters of the optimization problem are desdribg stochastic (or random or



probabilistic) variables rather than by determinigfuantities. There may be several
sources of random variables depending on the nahdehe type of problem.

Many studies are focused on bi-level problem [§,12L.and 13]. In [6], Emam proposed
an algorithm for solving bi-level integer multi-@gjtive fractional programming problem.
In the first phase of the solution algorithm, itghe by finding the convex hull of its
original set of constraints then simplifying thaua@lent problem by transforming it into
a separate multi-objective decision-making problend finally solving the resulting

problem by using the-constraint method.

Approaches for solving large scale mathematicaganms are divided into two classes,
direct methods and indirect methods. Direct methedan existing algorithm such as
simplex method in the linear case, which is esjlgcaalapted for solving the problem,
indirect methods such as decomposition and partitgomethods.

In [7] Osman, et. al. presented a method for sgharspecial class of large scale fuzzy
multi-objective integer problems depending on tleeainposition algorithm. El-Sawy,
et.al.[5] introduced an algorithm for decomposihg parametric space in large scale
linear vector optimization problems under fuzzyiemwvment.

Recently, notable studies have been done in tha afestochastic programming

problems[1,8, and 9]. In [9] Pramanik and Banepeesented an approach to deal with
the fuzzy goal programming approach to solve charmestrained quadratic bi-level

programming problem. The presented approach canwbg chance constraints into
equivalent deterministic constraints with presaliliéstribution functions and confidence
levels. Then a quadratic membership function bpgigndividual best solution based on
first order Taylor’'s series is formed.

In this paper, an attempt to solve bi-level largals quadratic programming problem
with stochastic parameters in the constraints (SBRPP) based on a decomposition
algorithm is considered.

This paper is organized as follows: we start intisa2 by formulating the model of a bi-
level large scale quadratic programming problemhwstochastic parameters in the
constraints. In Section 3, the decomposition metlobdiarge scale bi-level linear
programming problem is presented. An algorithm $olving a bi-level large scale
guadratic programming problem (BLLSQPP) with st@tltaparameters in constraint is
suggested in Section 4. In addition, a numericalng{e is provided in Section 5 to
clarify the results and the solution algorithm. &y, conclusion and future works are
reported in Section 6.

2. Problem Formulation and Solution Concept

The bi- level large scale quadratic programmindfmm [BLLSQPP] with stochastic
parameters in the constraints may be formulatddlmsvs:



[First Level]
Max F(x) = x X Lx, (1)
%%

Whekg, X, solves
[Second Level]

MaxF,(x) :czx+leL2x, ) (2
Xa Xy 2
Subject to
xOG'. (3)
Where
G ={ pr(axX +a,% taxsh)za,
pr(dlxl = bl) =,
pr(d <b)za,
pr (d4x4 S bm) 2 am’
XyeeeXy 2 0.

F:R" - R,(i =12)be the first level objective function, the secoegel objective

function, respectively,L,,L,) aremxn matrices describing the coefficients of the
quadratic terms andC,,C,)are 1xmmatrices, in the above problem (1) — ¢)is m
real vector, Gis the large scale linear constraint set whebes (b,,...pb,)" is
(m+1)vector, anda,,,...,a,,,d,,...,d, are constants. Therefore, the first level decision

maker (FLDM) hasx,, X, indicating the first decision level choice and tezond level
decision maker (SLDM) has,x, indicating the second decision level choice.
Furthermore p means probability ands a specified probability value.

This means that the linear constraints may be tadlasome of the time and at most
100(1-a, ) % of the time. For the sake of simplicity, wesase that the random

parametersb, (i =1, 2,..., m) are distributed normally with knowneans Ep } and
variances V{, }and independently of each other.

Definition 1.

If x OR™ is a feasible solution of the BLLSQPP with proli&pi I_lai ; no other

feasible solutionxJG exists, such thaFl(x*) < F,(x) ; so xis the Pareto optimal
solution of the BLLSQPP.



The basic idea in treating problem(SBLLSQRPjo convert the probabilistic nature
of this problem into an equivalent deterministit this case, the set of constraints X
can be rewritten in the deterministic form as[10]:

X':{XDR”

>a,x <E()+K, War(0),( =12....m),x 2 0] 212,...m)}(4)

Where K, is the standard normal value such tHdK, ) =1-a;; and ®(a) represents

the “cumulative distribution function” of the staard normal distribution evaluated at a.
Thus, problem (BLLSQPP) with stochastic parameitersonstraints can be understood
as the following deterministic BLLSQPP.

[First Level]

Max 1,(x) = e+ XL G
XX

Wherex;, ..., X, solves
[Second Level]

Max f,(x) = czx+£xT L,X, (6)
X3, %y 2
Subject to
xOG'. (7)
Where
G ={ 8% + % +a,%, <h,,
dix, <b,
d, X, <b,,
dx <b,
XyeeesX, 20},

3. Decomposition algorithm for the bi-level large scale linear programming
problem

To solve bi-level large scale quadratic programmprgblem using decomposition
algorithm very complex problem, Taylor series caroome this problem by obtains
polynomial objective functions which are equivalemtjuadratic objective functions.

o . L Of (X)) .
H.00 08700 = 1,00+ 2 0x -x) 2% ()= 12 ©®
j=1 j
So the equivalent BLLSLPP can be written as:
[First Level]
Max H,(x), 9)
X1, %

WhereX;, X, solves
[Second Level]



Max H, (x), (10)

Subject to

The bi-level large scale linear programming problsnsolved by adopting the leader-
follower Stakelberg strategy combined with Dantaigd Wolf decomposition method
[4].

One first gets the optimal solution that is acckletdo FLDM using the decomposition
method to break the large scale problem into npublems that can be solved directly.

The decomposition principle is based on represgntive BLLSLPP in terms of the
extreme points of the satsx; <b;, X; 20, j=12,..,m. To do so, the solution space

described by each x; <b;,x; 20, j = 12,..,mmust be bounded and closed.

Then by inserting the FLDM decision variable to tBeDM for him/her to seek the
optimal solution using Dantzig and Wolf decompasiti method [4], then the
decomposition method break the large scale probtgm n-sub problems that can be
solved directly until the SLDM obtains optimal sodun of problem which is the optimal
solution to BLLSLPP.

Theorem 1.
The decomposition algorithm terminates in a finmember of iterations, yielding a
solution of the large scale problem.

To prove theorem 1 above, the reader is referrgdto
4. Analgorithm

A solution algorithm to solve Bi-level large scaigiadratic programming problem
(BLLSQPP) with stochastic parameters in constrgintescribed in a series of steps. The
suggested algorithm can be summarized in the faligwanner:

Step 1. Determine the means B{ and Var{h } (i =1, 2,...m).

Step 2. Convert the original set of constraints X of peahl (SBLLSQPPS) into the
equivalent set of constraints.X
Step 3.
Formulate the equivalent problem (BLLSQPP).
Step 4.
Convert problem (BLLSQPP) into (BLLSLPP) using Taykeries approach the
transformation for the FLDM, SLDM.
Step 5.
Start with the FLDM problem and go to Step 6.
Step 6.



Convert the master problem in terms of extreme tpoiof the sets
d,x <b,x 20,1 =123
Step 7.
ki o
Determine the extreme poini§ =z ,Bjk Xjk., ] =123 using Balinsks algorithm [2].

k=1
Step 8.
Setk =1.
Step 9.
ComputeZy, — Cy =CgB™ Pik—Cjc , go to Step 10.
Step 10.
O |
If zk—Cik <0 , then go to Step 11; otherwise, the optimal tsmuhas been
reached, go to Step 16.
Step 11.
O O O
DetermineX , associated with min£jx—c}, go to step 12.
Step 12.
O
B, associated with extreme poirX , must enter the solution, go to step 13.
Step 13.
Determine leaves variable, go to step 14.
Step 14.

The new basis is determined by replacing the veatsociated with leaving
variable with the vectoB,,, go to step 15.

Step 15.
Setk =k +1, go to Step9.
Step 16.
If the SLDM obtain the optimal solution go to Ste®, otherwise go to Step 17.
Step 17.
Set(x,,%,) = (X ,X; ) to the SLDM constraints, go to Step 18.
Step 18.
The SLDM formulate his problem, go to Step 8.
Step 19.

(xlF XL XS, xf) is as an optimal solution for bi-level large sdatear
programming problem, then stop .

5. Numerical example

To demonstrate the solution for (SBLLSQPP), letassider the following problem:



[First Level]
Max F,(x, %,) = Max2x; +3x; +Xx,
X1 %o %%

Where X,, X, solves

[Second Level]

MaxF,(x,,X,) = Maxx, +3xZ +4x’
X3, %X X3, %y

vl

Subject to

prx, +X, + X; + X, + X; + Xs <Vv,) 2 0.0228
pr(4x, +x, <Vv,) 20.0668

pr(4x, +2x, <Vv,;) = 0.0287,

X, %Xy, X, X, 2 0.

where v, (i =1,2,3) has independent normal distribution with the faflog means and
variances :

Random A v, v,
Variable

Mean 10 8 5
Variance | 225 256 100

From standard normal tables, we have:
Ka,=2 , Ka,=1.5, Ka,=1.9.

Now the (SBLLSQPP) can be understood as the folgwlieterministic bi-level large
scale quadratic programming problem (BLLSQPP):
[First Level]

Max F,(x, %,) = Max2x; +3x; +x,
X1 %o %%

Where X,, X, solves

[Second Level]

MaxF,(x,, x,) = Maxx, +3xX +4x’
X3:% X3:%

Subject to

X + X, + X, +X, <40,

4x, + X, < 32,

4x, + 2%, < 24,

X, Xy, X, X, 20

Using thel® order Taylor polynomial series to convert the qa&idrfunction to linear
function. Therefore, the (BLLSQPP) is written as:
[First Level]



Max F,(x, x,) = Maxdx, +6x, +x, =2

WhereX,, X, solves

[Second Level]

MaxF, (x;, ,) = Maxx, +6x, +8%, =72
Subject to

X + X, +X +X, <40,

4x + X, <32

4x, + 2%, < 24,

X %1 %, %, 2 0.

The FLDM problem formulation is as follows:
Max F,(x )= Max4x, +6x, +x, =2
Subject to

X + X, +X +X, <40,

4x, + X, <32,

4x, + 2%, < 24,

X, %, X5, X, = 0.
After 3 iterations the FLDM obtain his optimal stun.

(XlF ’ XzF ’ XSF ,X4F ): (0,32,6,0).
Now set(X, %) = (032 to the SLDM constraints.

Secondly, the SLDM solves his/her problem as foiow
MaxF,(x,, x, ) = Max6x, +8x, + 25,

Subject to

X, +X, <8,

4x, + 2%, < 24,

X, X, = 0.

The SLDM perform the same action like FLDM till bbtains optimal solution

(%7, %%)= 08

So ( i X2F , x3S , X4S)= (032,08) is the optimal solution for bi-level large scaledar
programming problem, whefe =198 F, =89,

6. Conclusions

In this paper, a powerful approach was based oordpgosition algorithm to solve bi-
level large scale quadratic programming problemhwstochastic parameters in the

constraints (BLLSQPP). We assumed that there idammess in the right-hand sides of
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the constraints only and that the random variablesnormally distributed. The basic
idea in treating problem (SBLLSQPP) was to conibké probabilistic nature of this
problem into an equivalent deterministic. Then Bayseries was combined with a
decomposition algorithm to obtain the optimal solutof this problem.

Certainly, there are many other points in this arekarge scale multi-level optimization
that should be studied. One may have to considefdtowing open points for future
research:

1- Multi-level multi-objective large scale fractiongrogramming problem with
stochastic parameters in both objective functiord@nstraints.

2- Multi -level multi-objective large scale fractiongrogramming problem with
fuzzy parameters in the objective functions andthe constraints and with
integrality conditions.

3- Multi- level large scale fractional programming plkem with rough parameters in
the objective functions and in the constraints &itt integrality conditions.
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