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ABSTRACT

B. Alspach, C.C. Chen and Kevin Mc Avaney [1] have discussed the Hamiltonian laceability of
the Brick product C'(2n,m,r) for even cycles. In [2], the authors have shown that the (m,r)-
Brick Product C(2n + 1,1, 2) is Hamiltonian-t-laceable for 1 < ¢ < diamn. In [3] the authors have
defined and discussed Hamiltonian-t-laceability properties of cyclic product C'(2n, m) cyclic product
of graphs. In this paper we explore Hamiltonian-t*-laceability of (W, k) graph and Cyclo Product
Cy(n,mk) of graph.
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1 INTRODUCTION

Let G be a finite, simple, connected and undirected graph. Let v and v be two vertices in G. The
distance between v and v denoted by, d(u,v) , is the length of a shortest u — v path in G. A graph
G is Hamiltonian-t-laceable [4] if there exists in G Hamiltonian path between every pair of vertices
uw and v with d(u,v)=t, 1 < t < diamG, where ¢ is a positive integer. A graph G is Hamiltonian-¢*-
laceable [2] if there exists in G a Hamiltonian path between at least one pair of distinct vertices
and v such that d(u,v)=t, 1 <t < diamG. In [1] B. Alspach, C.C. Chen and Kevin McAvaney have
explored Hamiltonian Laceability in the Brick Products of even cycles. In [3], Leena Shenoy and R.
Murali have discussed the (m,r)-Brick Product of odd cycles C'(2n + 1,m,r). Using this concept
we define (W1,,, k) graph and Cyclo product, C, (n, mk) of graph and explore Hamiltonian laceability
properties.

First we recall the following definitions.

2 HAMILTONIAN LACEABLE GRAPH

Definition 2.1. Let G be a finite, simple, connected undirected graph. A graph G is Hamiltonian
laceable if there exists a Hamiltonian path between every pair of vertices at an odd distance in G.

Example: Hamiltonian laceable graph is shown in figure 1.

Definition 2.2. Let G be a finite, simple, connected undirected graph. The graph G is Hamiltonian—
t —laceable if there exist a Hamiltonian path between every pair of distinct vertices a; and a; in G

*Corresponding author: E-mail: girisha@acharya.ac.in

100



%

Figure 1: A Hamiltonian laceable graph

al
X
3 & & &
NN
% a a

Figure 2: Hamiltonian-2*- laceable graph and Hamiltonian-3-laceable graph

with the property d(a;,a;) = ¢; 1 < t < diamG and Hamiltonian — t* — laceable if there exists a
Hamiltonian path between at least any one pair of distinct vertices a; and a; such that d(a;,a;) = t;
1 <t < diamG.

Example: Hamiltonian — 3 — laceable and Hamiltonian — 2* — laceable graphs are shown in
figure 2.

3 THE GRAPH (W, k)

Let W1, be a wheel graph. We shall denote the vertices of W1, by < a; >, 1 < ¢ < n and a root
vertex ao.

Let G = (W1 ., k) be a graph obtained by taking disjoint union of k copies of cycle C}, with the vertices
Ak kg y Akgy Qg evennnes ak,, -

If k=1, For 1 < i < n, draw an edge connecting vertices a; of W1, 10 a1, of C1.
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If k >2, starting from k=2 proceed recursively joining the vertices a(,_1), 10 ax;, by an edge. Where
1<i<n.
Example: The graph (W1,,, k) is shown in figure 3.
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Figure 3: Hamiltonian laceable graph (1 g, 3)

Theorem 3.1. The graph G = (W1, k), n > 3,k > 1 is Hamiltonian-t* -laceable for 1 < t < 3.

Proof. Let G = (Wi, k). The vertices of interior cycle (W1,,) be a1, az, as, as......... an-1,a, and
vertices on the k™ cycle be ax,, ar,, arg, Gy veveeeveen: ak, ,,ak,- The graph G has n(k + 1) + 1 num-
ber of vertices and 2(k + 1)n number of edges. To establish the result, we consider the following
cases,

Case(i): For ¢=1

In G, let d(ao, a1)= 1 then the path

P : (ao,a2)U{(az,a3)U(as,as)U............ U(an-1,an)}U(an, a1, )U{(a1,,a1.,_,,)U(a1, 4,a1,,_, )V
......... U(a13,a12)}U(a12,a22)U{(a22,GQS)U(agg,a24)U(a24,CL25)U..........U(ag(n_l),CLQn)}U(agn,a3n’)U
{(a3n,a3"_1) U (a3n_1,a3n_2) U (a3"_2,a3n_3) U e, U (a33,a32)} U (a32,a42) [ T JuTuU
(akl,a(k_l)l) U (a(k_l)l,a(k_Q)l) U.nee. U (azl,all) U (a11,a1) is a Hamiltonian path from ag to a1.
Where,
T — { (akn, akn_l) U (akn_l,akn_2) [ U (akg, akz) U (akz,akl.), . if k£ is odd ;

(ak2, ak3) U (akg,a;m) Ui @] (a/kn7170’kn) U (akn,akl), if &k is even .

Case(ii): For t=2

In G, let d(ao, a1, )= 2 then the path

P : (ao,a1) U{(a1,a2) U (az,a3) U (az,as) U ............ U (an—2,an-1) U (an—1,an)} U (an,a1,) U
{(aln,al(n_l)) U (al(n_l),al(n_2)) U (alnfz,al(n_g_)) U U (CL14,CL13) U (CL13,CL12)} U (CL12,CL22) U
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{(a22 ) a23)U(a23’ a24)u(a24, a25)U """"" U(a2(n71) ) a’2n)}u(a’2n ) a3y, )U{(G’Sn7 as, 1 )U(a’?’n—l ) a3n72)U

(a3n72,a3n73)u .......... U(a34,ags)U(a33,a32)U(a32,a42)U .......... UTU(akl,a<k,1)1)u(a(k,1)1,a<k,2)1)u
........ U (a2, a1, ) is a Hamiltonian path from ao to a1,. Where
T— (Qhys Q1)) U (@l gy Ty gy ) U s U (Akg, @iy ) U (aky, ak, ), if kis odd ;

(akz, ak3) U (ak3,ak4) [ U (ak(n_l),akn) U (akn,akl), if k£ is even .

Case(iii): For t=3
In G, let d(as, a1, )= 3 then the path

P :{(as,a1)U{(as,as)U(as,as)U............ U(an,a1)}U (a1, a0)} U (ao,a2) U{(az,a1,)U{(a1,,a15)U
(als,a14)u(a14,a15)u ........... U(a1(n71),a1n)}U(a1",agn)U{(ag,”,agnil)U{(agn717a2n72)U .......... @]
(a24,a23) U (a23,a22)} U (a22,a32) U {(a32,a33) U {(ags,a34) U (a34,a35) U vveeenns U (agnil,agn)} U
(agn,a4n) Uerenans uTu (akl,a(k,l)l) U (a(k,1)1 s a(k,g)l) U.eeenn U (agl,ah) is a Hamiltonian path
from a3 to a1,. Where

T_ { (Akgs ks ) U (Akg, Gy ) U e U (ar,_y)s k,) U (ak,, ak,), ifkis 0<.:ld ;

(Qhys Q1)) U (@ gy Ty gy) U e U (akg, aky) U (aky,ak, ), if kiseven.
Hence the proof. O

Figure 4: Hamiltonian laceable graph (W g, 3)

Figure 4, shows a Hamiltonian path between ag to a1, in (W1 s, 3). This path is

P (ao,a1)U(a17a2)U(a2,a3)U ........ U(a7,ag)U(ag,alg)U(als,a17)U(a17,a15)u ........... U(a13,a12)u
(a1y,a2,)U(az,, az;)U(azg, az,)U......... U (az;, azg) U (azg, asg) U (asg, as;) U (as;, ass) U (as,, az,)U
(az,,a1,)-
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4 CYCLO PRODUCT

Definition 4.1. Let n, k be positive integers and m > 2. The cycloproduct Cy(n, mk) is defined by
joining each vertex a; in Cy, 10 a;4mi under modulo n.

Cyclo product Cy (15, 3k) under modulo 15 is shown in fig 5.

Figure 5: Cyclo product C, (15, 3k) under modulo 15

Theorem 4.1. The graph Cy(n, 3k), n > 6 is Hamiltonian-t-laceable fort =1, 2.

Proof. Let G=Cy(n, 3k) be a graph with n no. vertices. Let this vertex setbe V={ao, a1, as, as, as, as..
...... an—2,an }. We consider the following cases

Case(i): For t=1.

Let d(a;,a;)=1and | i« — j | =1 then we find a path P in G such that P : (ai,a;—1) U (ai—1,ai—2) U
(ai_z, ai_3) U (ai_3, ai_4) Ui U (a]'+2, aj+1) U (a]-+1,aj) is a Hamiltonian path

Hence G is Hamiltonian-1-laceable.

Case(ii): For t=2.

Let d(as;,a;)=2 and | i — j | =2 then we find a path P in G such that P: (a;,ai+1) U (ait1,ai—5) U
(aizs,ai—a) U (ai—1,ai—1) U (ai—1, ai—2) U (ai—2,ai—3) U (ai—3, ai—¢) U (ai—6,ai—7) U (ai—7,ai—g) U
(04;87 aifg) U (aifg, ai,m) Uoeenns U (aj+2, aj+1) U (aj“, aj) is a Hamiltonian path from a; to aj.
Hence G is Hamiltonian-2-laceable.

Hence the proof. O

In figure 6, a Hamiltonian path in G = C, (15, 3k) under modulo 15, between the vertices a1 to a3
is shown. This pathis P : (a1, a2)U (a2, a12) U(ai2,a13)U(a1s, ao) U(ao, ais) U (ais, a14) U(aia,a11)U
(@11, a10) U (@10, a9) U (a9, ag) U (as, ar) U (ar, as) U (as, as) U (as, as) U (a4, as).
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Figure 6: Hamiltonian path from a; to a3 is shown by dark lines in C, (15, 3k)
Theorem 4.2. The graph G=Cy(n,2k), n > 6 is Hamiltonian-t-laceable for t=1,2.

Proof. Let G=Cy(n, 3k) be the graph of order n, (n > 6). Letthe vertex set V' = {ao, a1, az, as, a4, as...

Case(i): For t=1

Let d(as,a;)=1and | i —j |=2,0 < 4,j < n. There exists a path P in G such that P : (a;,aiy+3) U
(ai+3, ai+5)U(ai+5, ai+7)U(a,’+7, ai+9)u(ai+9, ai+11)U(ai+11, ai+12)U ........ U(ai_l, a.7'+1)U(aj+1, ai_z)U
(ai_g,ai_4)u(ai_4,ai_8)u ......... U(ai_l,a]‘+1) U(aj+1,ai_2)U (CLZ'_Q,CLZ‘_4)U (a¢_4,ai_8)U ......... U
(ajt4,aj42)U(aj42,a;) is a Hamiltonian path from a; to a; under modulo n. Hence G is Hamiltonian-
1-laceable.

Case(ii): For t=2.

Let d(ai,a;)=2 and j —i=1, 0 < 4,5 < n. There exists a path P in G such that P : (as,ai+1) U
(ait+1, ait2) U (ait2, ai—2) U (ai—2,ai+1) U (ait1,ai—3) U (ai—3, ai—a) U (@i—a,ai—5) U (ai—5,ai—¢) U
(az-_@, ai_7) U @] (aj+3, aj+2) U (aj+2, aj+1) U (CL]'+1, CLJ') is a Hamiltonian path

Hence Hamiltonian-2-laceable. O

In figure 7, a Hamiltonian path in G = C, (15, 2k) under modulo 15, between the vertices a1 t0 a4
is shown. This path is P : (al, az) U (az, (13) U ((1,37 a14) (@] (a14, ao) (@] (ao, a13) U (a13, a12) (@] (0,127 a11) U
(a11, alo) U (CL107 ag) U ((197 ag) U (ag, a7) U (a7, llﬁ) @] (ae, a5) U (a5, CL4).
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Figure 7: Hamiltonian path from a; to a4 is shown by dark lines in C, (15, 3k)

5 LACEABILITY IN SQUARE OF A GRAPH

Let G be a simple connected graph with n vertices. G2 of G is the graph obtained by inserting edge
between every two vertices v and v at a distace d(u, v)=2.

Theorem 5.1. IfG = C(2n, 1)then G* — G is Hamiltonian-t*-laceable fort=1,2.

Proof. Let G = C(2n,1) be a graph of order n. Let G* — G is the graph having same vertex as in G.
Consider the following cases

Case(i): For t=1

Let d(as, a;)=1 where i=0 and j = ™2 then there exists a pathP : a,J[P] "= JJ[P]"Z is a Hamilto-
nian path from a;toa;. Hence G, is Hamiltonian-1*-laceable.

Case(ii):For t=2

Let d(ai, a;)=2 where i=0 and j = “;*
P :a;JP"z JJ[P)¥ KJ is a Hamiltonian path from a; to a;. Hence G; is Hamiltonian-2*-laceable.

O

6 CONCLUSIONS

In this paper we have explored Hamiltonian properties of Cyclo product, the graph G = (W1 ,, k) and
square of a graph. Further, Hamiltonian-t-laceability properties of of these graphs for higher values
of .
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