PRODUCTS AND ECCENTRIC DIGRAPHS
MEDHA ITAGI HUILGOL AND SYED ASIF ULLA S.

ABSTRACT. The eccentricity e(u) of a vertex w is the maximum dis-
tance of u to any other vertex of G. A vertex v is an eccentric vertex
of vertex w if the distance from w to v is equal to e(u). The eccentric
digraph ED(G) of a graph(digraph) G is the digraph that has the same
vertex as G and an arc from w to v exists in ED(G) if and only if v is
an eccentric vertex of © in G. In this paper, we consider the eccentric
digraphs of different products of graphs, viz., cartesian, normal, lexico-

graphic, prism, etc.

1. INTRODUCTION

Many classes of graphs like hypercubes, Hamming graphs, prisms, etc.
which find enormous applications in wide variety of fields like natural and
social sciences, computer science, engineering, etc. are graph products
themselves or are closely related to them. The development of large-scale
networks has been graph theoretically supported by products. Different
kinds of products act as powerful tools to construct bigger(wider) graphs,
given smaller ordered/sized graphs. Many parameters are tested for the
products in literature [3]], [13], [22]], etc. Cartesian product has been widely
used by graph theorists and others too. Recently, a monograph by Imrich et
al. [23] on graphs and their cartesian products reiterate the importance of
the concept. There are other products like, normal product, lexicographic
product, prisms, etc., which have also found lot of applications in many

fields.
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2 MEDHA ITAGI HUILGOL AND SYED ASIF ULLA S.

Distance in graphs is another major area for applications, which is an un-
der current for various concepts. Many distance-based topological invari-
ants like Wiener index, Siezed index, eccentric connectivity index, etc. find
applications in Mathematical Chemistry. Many binary relations are defined
by distances in a graph, viz., antipodal digraphs [13]], eccentric graphs [2],
eccentric digraphs [7]], etc. These relations can be represented as smaller
sized graphs/digraphs(compared to the original ones) so that they are easy
to handle. Many properties of original graph are retained in these, but not
all. So, the study of these graphs is interesting. One such concept, the ec-
centric digraphs is considered in this article for the product of graphs. The
concept of eccentric digraphs of graphs was introduced more than a decade
ago by Buckley [7]. It was generalized for digraphs by Boland and Miller
[6]. We can find many articles on these in recent years by Gimbert et al.
[11], Boland et al. [S], Medha Itagi Huilgol et al. [14], [16], [17].

In this article we shall consider both directed graphs and symmetric di-
graphs. Unless mentioned otherwise for terminology and notation, the reader
may refer Buckley and Harary [[8] and Chartrand and Lesnaik [9]], new ones
will be introduced as and when required.

A directed graph or digraph G consists of a finite nonempty set V(G)
called vertex set with vertices and edge set E/(G) of ordered pairs of vertices
called arcs; that is, E(G) represents a binary relation on V' (G). A graph is
a symmetric digraph, if in G for any arc (u,v) € E(G) implies (v,u) €
E(G). If (u,v) is an arc, it is said that u is adjacent to v and also that v is
adjacent from u. The set of vertices which are adjacent from (to) a given
vertex v is denoted by Nt (u)[N~(u)] and its cardinality is the our-degree
of v[in-degree of v]. A walk of length k from a vertex u to a vertex v in G is
a sequence of vertices u = ug, U1, Us, . . . , Up_1, Ux = v such that each pair
(u;—1,u;) is an arc of G. A digraph G is strongly connected if there is a u
to v walk for any pair of vertices u and v of G. The distance d(u,v) from u

to v is the length of a shortest u to v walk. The eccentricity e(v) of v is the
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PRODUCTS AND ECCENTRIC DIGRAPHS 3

distance to a farthest vertex from v. If dist(u,v) = e(u)(v # u) we say
that v is an eccentric vertex of u. We define dist(u,v) = oo whenever there
is no path joining the vertices u and v. The radius, rad(G) and diameter,
diam(G) are minimum and maximum eccentricities, respectively. A graph
G is self-centered if rad(G) = diam(G). An eccentric path of a vertex v is
a geodesic from v to an eccentric vertex of v.

The distance degree sequence (dds) of a vertex vina graph G = (V, E) is
a list of the number of vertices at distance 1,2, . .., e(v) in that order, where
e(v) denotes the eccentricity of v in G. Thus, the sequence (d;,, d;,, d;,, - . .,
di;, - - .) is the dds of the vertex v; in G where, d;; denotes number of ver-
tices at distance j from v;. The concept of distance degree regular (DDR)
graphs was introduced by G. S. Bloom et al.[4]], as the graphs for which all
vertices have the same dds. A graph is said to be an unique eccentric node
(u. e. n.) graph if every vertex has a unique eccentric vertex. Moreover, if
G is u. e. n. graph then, by Nandakumar and Parthasarathi [[18] each vertex
is eccentric.

Buckley [7]] defined the eccentric digraph ED(G) of a graph G as hav-
ing the same vertex set as G and there is an arc from u to v if v is an eccentric
vertex of u. In [[7], Buckley has listed the eccentric digraphs of many classes
of graphs including complete graphs, complete bipartite graphs, antipodal
graphs and cycles and has given various interesting general structural prop-
erties of eccentric digraphs of graphs.

In [2], Akiyama et al. have defined eccentric graph of a graph G, denoted
by G. , has the same set of vertices as G with two vertices u and v being
adjacent in G, if and only if either v is an eccentric vertex of u in G or u
is an eccentric vertex of v in G, that is distg(u,v) = min{eg(u), eq(v)}.
Note that G, is the underlying graph of ED(G).

In [6], Boland and Miller introduced the concept of the eccentric digraph
of a digraph. In [10], Gimbert et al. have proved that G, = ED(G) if and

only if G is self-centered. In the same paper, the authors have characterized
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4 MEDHA ITAGI HUILGOL AND SYED ASIF ULLA S.

eccentric digraphs in terms of complement of the reduction of G, denoted
by G—. Given a digraph G of order p, a reduction of G, denoted by G~,
is derived from G by removing all its arcs incident from vertices with out-
degree p — 1. Note that ED(G) is a subgraph of G—.

In [I1], Gimbert et al. have studied on the behaviour of sequences of
iterated eccentric digraphs. Given a positive integer k > 2, the k'" iterated
eccentric digraph of G is written as ED*(G) = ED(ED*1(G)), where
ED°(G) = G and ED'(G) = ED(G). The iterated sequence of eccentric
digraphs concerns with the smallest integer numbers p > 0 and ¢ > 0
such that ED'(G) = EDP(G). We call p the period of G and ¢ the
tail of G; these quantities are denoted p(G) and ¢(G) respectively. In [5],
[6] Boland et al. have discussed many interesting results about eccentric

digraphs. Also, they have listed open problems about these graphs.

2. ECCENTRIC DIGRAPH OF PRISM AND LEXICOGRAPHIC PRODUCT

In this section we consider prism and lexicographic product of two graphs,

which are defined as follows:

Definition 2.1. The prism of a graph G is defined as the cartesian product
GOK5; that is, take two disjoint copies of G and add a matching joining

the corresponding vertices in the two copies.

Remark 1. If the distance between any two vertices in G is t, say d(u,v) =
t, then in the prism of G, d(f (u),v) = t+1, where f(u) is the mirror image
of u.

Remark 2. For any graph G, degree of a vertex v is same in its eccentric

digraph and eccentric digraph of prism of G.

Remark 3. If G is any (p, q) graph, then the eccentric digraph of prism of
G is (2p, 2q) graph.

Proposition 2.1. For any graph G, if ED(G) is disconnected then eccentric

digraph of prism of G is also disconnected.


admin
Highlight

admin
Highlight

admin
Highlight

admin
Highlight

admin
Highlight


PRODUCTS AND ECCENTRIC DIGRAPHS 5

Proof. Let ED(G) be disconnected having at least two components, say
C; and Cy. In G no vertex of V(C}) has its eccentric vertex in V/(Cy)
and vice-versa. In the prism GOK,, let G and G' be the two copies of
G, having V(C}) C V(G') and V(C,) C V(G') as the mirror images of
V(CY) and V (Cy), respectively. In GOK5, using the distance in prism, no
vertex of V(C}) has its eccentric vertex in V' (C,), and vice-versa, and no
vertex of V(Cy) has its eccentric vertex in V(C}), and vice-versa. Hence

ED(GOK,) is disconnected. O

Note: The converse of the above theorem need not be always true. Con-
sider the eccentric digraph of prism of K5, which is a disconnected graph,

but the eccentric digraph of K, is connected.

Theorem 2.1. Eccentric digraph of a prism of an odd cycle C, is isomor-

phic to an even cycle Cyy, that is, ED(C,0K5) = Cy,,.

Proof. Let C,0 K, be the prism of an odd cycle C), and let Cz/) and C’; be two
copies of C,, in the prism. Clearly d(u,v") = [ implies d(u/,v") = 1 + 1,
where v/ € C) and v" € C) is an image of ' € C, and d(u”,v") = |
implies d(u”,v') = | + 1, where v’ € C, and v/ € C, is an image of
v € C’; . Since C), is an odd cycle, in G every vertex of C’;, has exactly
two eccentric vertices in C’; and vice versa. Hence ED(C,0K5) is a reg-
ular graph of regularity 2 on 2p vertices. If ED(C,0K>) is disconnected,
then clearly C), is disconnected, a contradiction. Therefore £ D(C,0K>) is
connected 2-regular graph. Hence eccentric digraph of a prism of an odd
cycle C,, is isomorphic to an even cycle C5,, given by 1, f (1%1),]9, f (’%1 -
D,p—1, f(H*=2),p—2,..., (B =25),p— 55, f(p),p— 5=, f(p—
,p— (B + 1), flp—2)p — (B +2),...,f(p = (]5°)), 1, where
f(1), f(2),..., f(p) are the images of 1,2, ..., p, respectively in the prism.

0

Remark 4. Prism of an u.e.n. DDR graph is of tail =1 and period = 2.
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6 MEDHA ITAGI HUILGOL AND SYED ASIF ULLA S.

As prism of an u.e.n. DDR graph is again u.e.n. DDR graph. Hence the
result follows from the Proposition 3.3 in [14].

Note: In particular, prism of an even cycle C, is of tail =1 and period = 2.

Lemma 2.1. Prism of odd cycle C,,, p > 3 is of tail =2 and period = 2.

Proof. Let C), be an odd cycle, labeled as 1,2, ..., p and G be the prism of
C,. Let C, labeled as f(1), f(2),..., f(p) be a copy of C,, in G. From
Theoremn ED(G) is an even cycle Cy, given by 1, f(Z1), p, f(2E —
1), p—1, f(5F =2),p=2,..., f(5* = 250),p— 5%, f(p),p—B5*, f(p—
D.p = (B4 1), f(p = 2),p — (B2 +2),..., f(p — (52)),1, where
f(1), f(2),..., f(p) are the images of 1,2, ..., p, respectively in the prism.
Hence ED(G) is u.en. graph. Clearly ED?*(G) is the union of disjoint
K,s. ED3(G) is 2p — 2 regular u.e.n. graph and hence £D*(G) is again
union of disjoint K,s. Therefore ED?*(G) = ED*(G). Hence the proof.

U

The lexicographic product is defined as follows:

Definition 2.2. Given graphs G and H, the lexicographic product G[H| has
vertex set {(g,h) : g € V(G),h € V(H)} and two vertices (g, h), (¢, 1)
are adjacent if and only if either |g, ¢'] is an edge of G or g = ¢' and [h, /]
is an edge of H.

In [20], the distance between two vertices in the lexicographic product is

given by,

da(g,9), if g#4
deun((g:h), (g, h) = dy(h, b)), if g=g¢,anddg(g) =0
min{dg(h,h'),2}, if g=g,anddg(g) #0
Theorem 2.2. Eccentric digraph of prism of lexicographic product of an

odd cycle C,, p > T with a graph G, C,[G] is isomorphic to Cy,[K,,),

where G is any graph of order m.
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PRODUCTS AND ECCENTRIC DIGRAPHS 7

Proof. Let C,, p > 7 be an odd cycle and G be any graph of order m. Let
C,|G] be lexicographic product of C), with the graph G. We know from
Theorem @ eccentric digraph of prism of C), is an even cycle C5, given
by 1, f(B5),p, (B —1),p— 1, f(B= —2),p—2,..., f(B = 55%),p—
P f(), p—5, flp—1),p— (B2 +1), f(p—2), p— (557 +2), ..., f(p—
(252)), 1. Now consider the prism of C,[G] as shown in Figure 1. Using the

distances defined in prism and lexicographic products and the above even

cycle, we have the partition of vertex set of eccentric digraph of prism of
C,[G), G'U F(GT)UGPU F(GE " HUuGr U f(G' 2)uGr2.. .U
FGT ") UGr—"7 U f(GPYUGP- "2 U f(GP- 1) GP~ P DU £(GP=2)U
Gr-"2 2 U U f(GP~("39)) U G, where each set contains independent
vertices and the subgraph induced by any two consecutive sets is complete
bipartite graphs and the subgraph induced by the nonconsecutive sets is

totally disconnected. The eccentric digraph of prism of C,[G] is isomorphic

to Cy,[K ], as shown in Figure 2. O

FIGURE 1. Prism of a C},[G]
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8 MEDHA ITAGI HUILGOL AND SYED ASIF ULLA S.

G1

/ +1)/2
f(Gl+(p+1) z) f(G(p ))

FIGURE 2. Eccentric digraph of prism of a lexicographic product

Corollary 2.1. Prism of C,|G] is of period = 2 and tail = 3, where p > 5

is an odd integer.

Proof. From Theorem eccentric digraph of prism of C,[G] is isomor-
phic to Cy,[K,,]. ED*C,[G]OK>) is the union of p complete bipartite
graphs K, ,, UK, mU. . .UK,, . ED?(C,[G]OK>) contains the union of
p sets S1US;U. . .US, each of order 2m, such that each set contains indepen-
dent vertices and every vertex in each S; is adjacent to all vertices in U?_,.S;.
ED*(C,|G]OK,) is the union of complete graphs Ko, U Ko, U .. U Ko,
ED5(C,|G]OK,) contains the union of p sets Ty U Ty U ... U T}, each of
order 2m, such that each set contains independent vertices and every vertex
in each T; is adjacent to all vertices in U, T;. Hence ED*(C,[G]OK>) =
ED?(C,|G]OK,). Hence the proof. O

Theorem 2.3. Eccentric digraph of Co[G]|OK, is isomorphic to disjoint
union of 2k number of complete bipartite graphs K, ,, where n is the order

of G.

Proof. Let Cy[G] be a lexicographic product of an even cycle Cy;, with a

graph G as shown in Figure 3.
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PRODUCTS AND ECCENTRIC DIGRAPHS 9
1
G
& ¢’
2k-
G a?
L] L ]
k+1
G

FIGURE 3. Lexicographic product of an even cycle with GG

Since (% is an even cycle and from the distance in lexicographic prod-
uct, for each G there exists exactly one G’ such that each vertex in G° is
eccentric to every vertex in G7. Hence for each G' there exists G**% and
vice versa.

The structure of the prism of C5;[G] is as shown in Figure 4.

FIGURE 4. Prism of lexicographic product of an even cycle

with G

In Figure 4, each f(G") is the mirror image of G’ and each vertex in G'
is adjacent to its image in f(G"). Hence by Remark |1| each vertex in G*

is eccentric to every vertex of f(G**?) and vice-versa. Since the prism of
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C5:|G] contains 2k number of G s and 2k number of f (G%)'s, the eccentric
digraph of prism of Cy;[G] is the union of 2k complete bipartite graphs.
Hence the proof. U

Corollary 2.2. Eccentric digraph of prism of Cy|K,,] is isomorphic to
Cor[K ).

Corollary 2.3. Prism of Cox|G| is of period = 2 and tail = 2, where k > 4

is an even integer.

Proof. From Theorem eccentric digraph of Cy,[G]OK, is the disjoint
union of 2k number of complete bipartite graphs K, ,,, where n is the order
of G. ED?*(Co;|G]OKS) contains the union of 2k sets S; U Sy U ... U Sy
each of order 2n, such that each set contains independent vertices and every
vertex in each S; is adjacent to all vertices in U?%,S;. ED*(Cy[G]OK,) is
the union of complete graphs Ky, UK>,U. . .UKy,. ED*(Cy,[G]OK>) con-
tains the union of 2k sets 77 UT5U. . .U Ty, each of order 2n, such that each
set contains independent vertices and every vertex in each 7; is adjacent
to all vertices in U3%,T;. Hence E2D?*(Co[G]OK3) = ED*(Cyu[G]OK).
Hence the proof. U

3. ECCENTRIC DIGRAPH OF CARTESIAN PRODUCT OF TWO GRAPHS

Here we consider the cartesian product of graphs and results on eccentric

digraphs of cartesian products of graphs.

Definition 3.1. The cartesian product of two graphs G and H, denoted by
GUOH, is a graph with vertex set V(GOH) = V(G) x V(H), that is, the
set {(g,h)/g € G,h € H}.

The edge set of GOH consists of all pairs [(g1, h1), (g2, ha)| of vertices
with g1, 2] € E(G) and hy = hs, or g1 = g2 and [hy, he] € E(H).
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PRODUCTS AND ECCENTRIC DIGRAPHS 11

In the cartesian product of any two graphs, the distance between any
two vertices (uy,vq) and (ug, v9) is given by dg,oq, ((u1,v1), (uz,v9)) =

de, (u1, uz) + dg, (v, ve) as in [19].

Remark 5. Degree of (u,v) in ED(G10G,) is the product of degree of u
in ED(G4) and degree of v in ED(Gs). Since, the number of eccentric ver-
tices of (u,v) in G10OGYy is the product of the number of eccentric vertices

of u in G and the number of eccentric vertices of v in Gs.

Proposition 3.1. For any two self centered graphs G, and Go, ED(G10G5)
is regular if and only if both ED(G1) and ED(G5) are regular.

Proof. Let ED(G10G5) be regular. Suppose, on the contrary, if one of
ED(G) or ED(G>) is not regular, then three cases arise.

Case(i): ED(G,) is not regular and E'D(G5) is regular.

Case(ii): ED(G) is regular and £D(G53) is not regular.

Case(iii): Both ED(G,) and ED(G5) are not regular.

Case(i): Let £D(G) be not regular and £'D(G2) be regular. There exist at
least two vertices u and v in Gy having k; and ko (5 k1) number of eccentric
vertices, respectively and since F2D(G5) is regular, the number of eccentric
vertices of every vertex remains the same, say k. Using distance in cartesian
product, the number of eccentric vertices of (u, w) and (v, w) is kky and kks
respectively. Hence F D (G10G5) is not regular, a contradiction proves the
result.

Case(ii): Proof follows on the similar lines as in Case(i).

Case(iii): Since no graph is perfect, in £ D(G), there exist at least two
vertices, say u and v having the same degree, i.e., the number of eccentric
vertices from both v and v in (G is the same and let = and y be any two
vertices in £D(G5) having different degrees, i.e., the number of eccentric
vertices from both z and y in (G5 is different. Let A, and A, be the set
of eccentric vertices of u and v respectively in G; and A, and A, be the

set of eccentric vertices of = and y respectively in G5. Using distance in
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12 MEDHA ITAGI HUILGOL AND SYED ASIF ULLA S.

cartesian product, A, x A, is the set of vertices eccentric to (u, z) in G1;0G3
and A, x A, is the set of vertices eccentric to (v, y) in G;0G5. Since the
cardinalities of A, and A, are the same and the cardinalities of A, and
A, are different, the cardinalities of A, x A, and A, x A, are different.
Hence degppc,o6.) (4, ) # degrep(cioc,)(v,y). Hence ED(G10G,) is
not regular.
Now suppose, both ED(G1) and ED(Gy) are regular with regularities k;
and k,, i.e., the number of eccentric vertices of each vertex in G; and G4
is ky and k, respectively. Hence, the number of eccentric vertices of each
vertex in G10G is ky ko, making D (G10G) regular with regularity &y k.
O

Corollary 3.1. If there exist at least two vertices u, v in Gy such that the
number of eccentric vertices of u and v are not same and the number of

eccentric vertices of every vertex in Gy is k then ED(G10G,) is irregular.

Proposition 3.2. If G| is any connected non self centered graph and G5 is
self centered u.e.n. graph then eccentric digraph of G10G5 is the disjoint

union of bipartite digraphs.

Proof. Let Gy be any connected non self centered graph with the vertex set
V(G1) = {x1,22,...,z,} and G, be self centered u.e.n. graph with the
vertex set V(G2) = {y1,92,...,yn}. Let G;OG5 be the cartesian product
of Gy and G3. In G10Gs, (z;,y;) is the eccentric vertex of (z,,y;), if z;
is the eccentric vertex of x, and y; is the eccentric vertex of y;. Since G
is u.e.n. self centered graph, whenever y; is the eccentric vertex of y;, each
vertex of S; = V(G1) x v = {(zs,y1)/x; € V(G1)} has the eccentric
vertex in S; = V(Gh) x y; = {(x;,y;)/x;i € V(G1)} only. There exist
[V(G2)|

—57% such pairs of sets. Hence, the ED(G,0G,) is disconnected having

@ components and each component is bipartite graph, since each set

contains no two vertices such that one is eccentric to other. Also, since (G is

non self centered graph, there exists at least one pair of vertices (x, y;,) and
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PRODUCTS AND ECCENTRIC DIGRAPHS 13

(x4, y1) such that (zy, yi) is eccentric to (z4,y;) but (x4, ;) is not eccentric

to (xs, yx). Hence ED(G10G5) is a digraph. Hence the proof. O

Remark 6. In Proposition each component of ED(G,10G5) is isomor-
phic to eccentric digraph of prism of G\.

Remark 7. If G is a self centered graph and G is self centered u.e.n graph
then eccentric digraph of G10G, is disjoint union of bipartite graphs. In
particular, if Gy is an odd cycle C,, and G5 is an even cycle C,,, n > m > 4,
then ED(C,,0C,,) is the disjoint union of ' number of even cycles each of

length 2n.

Remark 8. If G, and G4 are self centered u.e.n. graphs then eccentric

digraph of G10G, is disjoint union of K,s.

4. ECCENTRIC DIGRAPHS OF NORMAL PRODUCT OF TWO GRAPHS

Here we consider the normal product of graphs and results on eccentric

digraphs of normal products of graphs.

Definition 4.1. The normal product of two graphs G and H, denoted G @ H,
is a graph with vertex set V(GE@ H) = V(G) x V(H), that is, the set
{(g,h)/g € G,h € H}, and an edge [(g1, h1), (92, h2)] exists whenever
any of the following conditions holds:

(i) [91, 92) € E(G) and hy = h,

(i) g1 = g2 and [h1, ho] € E(H),

(iii) [g1, g2) € E(G) and [hy,hs] € E(H).

Stevanovic’ [22]] has considered the distance between any pair of vertices
in normal product. Given two vertices (u;,v;) and (ug, vy,), the distance

between these two vertices in the normal product is given by:

dG1 D G2 ((u“ Uj)? (uk7 Um)) = max{de (ui7 Uk)a dGi(uJ" Um)}
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14 MEDHA ITAGI HUILGOL AND SYED ASIF ULLA S.

Theorem 4.1. If G| and G5 are any two graphs of order p, and ps, respec-
tively, then the number of eccentric vertices of (u,v) in the normal product

G1 @ Gy is given by

p1 - ko, if e(u) < e(v)
k=< py-k, if e(u) > e(v)

p1-ko+pa-ki — ki ke, if e(u) =e(v)

where k is the number of eccentric vertices of (u,v) in G1 ® G, ki and ks

are the number of eccentric vertices of u € G1 and v € G, respectively.

Proof. Let G1 and G, be any two graphs of orders p; and p,, respectively.
Let (u, v) be any vertex in Gy @ G, where u € G and v € Gy. Letu € Gy
has k; eccentric vertices and v € (G5 has k, eccentric vertices. To obtain the
number of eccentric vertices of (u, v) in G1 @ Gs, three cases arise: Case(i):
e(u) < e(v), Case(ii): e(u) > e(v) and Case(iii): e(u) = e(v).

Case(i): Let e(u) < e(v). Let Y C V(G2) be the set of vertices eccentric
to v. From the definition of distance in normal product [22], V(G;) X Y =
{(z,y)/z € V(G1),y € Y} is the set of vertices eccentric to (u,v) in
G1 @ (3, hence the number of eccentric vertices of (u,v) in G; @ Gs is
p1 - ko

Case(ii): Let e(u) > e(v). Let X C V(G) be the set of vertices eccentric
to u. Hence, X x V(Gq) = {(z,y)/z € X,y € V(G2)} is the set of
vertices eccentric to (u,v) in G @ G. So, the number of eccentric vertices
of (u,v) in Gy ® G is py - k.

Case(iii): Let e(u) = e(v). Let X C V(G}) be the set of vertices eccentric
tou and Y C V(G,) be the set of vertices eccentric to v. Clearly {X x
V(Gs) UV(Gy) x Y} \ {X x Y} is the set of vertices eccentric to (u, v)
in G; @ G4. Hence, the number of eccentric vertices of (u, v) in G; @ Gy is

D1 ko +po- ki — ki ko O
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Theorem 4.2. Let Gy be a self centered graph of order py, such that ED(G1)
is regular with regularity k and Go be any graph of order py such that
diam(Gy) > diam(G3), then ED(G1® Gs) is regular with regularity k- ps.

Proof. Let G be a self centered graph such that £D(G}) is regular with
regularity k, hence in GG, the number of eccentric vertices of every vertex
remains same. Let (u, v) be any vertex in G; @& G and S; be a set of eccen-
tric vertices of u in G1. In [22], the distance in normal product is defined as
d[(w;, vj), (Um,vn)] = max{du;, un], d[vj,v,]}, hence S1 x V(Gy) is the
set of eccentric vertices of (u, v) in Gy @ Go, since diam(G1) > diam(Gs)
and G is a self centered graph. Hence deg(u,v) in ED(G; @ Gs) is
|S1| - |[V(G2)| = k- |V(Gs)|. Since, the vertex (u,v) is arbitrarily cho-
sen, the graph £ D (G @ G3) is regular with regularity & - ps. O

Theorem 4.3. Eccentric digraph of normal product of an even cycle C,, and
any cycle C,,, where m < n is the disjoint union of 5 complete bipartite

graphs K, .

Proof. Let C,, : uy,us,...,u, be an even cycle and C,,, : vy, vs,...,0,, be
any cycle, where m < n, hence diam/(C,,) < diam(C,,). Using distance
in normal product [22], for every pair of vertices u;, u; eccentric to each
other in C,,, there exist two sets of vertices S; = {(u;, v;),1 < j < m}
and Sy = {(u, v;),1 < j < m}in C,, & C, such that each vertex of S}
is eccentric to every vertex of S, and vice - versa, as shown in Figure 5.
Hence, the subgraph of ED(C,, & C,,) induced by these two sets forms a
complete bipartite graph K, ,. Since C,, is u.e.n graph, it has exactly 3
such pairs. Hence £D(C,,, ® C,,) has 4 disjoint complete bipartite graphs
K, m. Hence the proof. O
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Cm Cm (“i Vi ) Cm Cm

A Pay

e [X /\
= (g, vy )

Cy < st
Cn
c, \ VJ \ U;

s St

FIGURE 5. Normal product of even cycle and any cycle

Theorem 4.4. Let G and G be any two connected graphs such that diam/(G)
< rad(Gy) then the eccentric digraph of normal product of G and G5 is

isomorphic to G| K ,,|, where G = ED(G5) and m is the order of G.

Proof. Let G; and GG, be any two connected graphs having orders m and n,
respectively. Let V(G1) = {x1, 22, 23, .. ., Zm }, V(Ga) = {y1, 92, Y3, - - -, Un}
and S; = {(z;,y;)/z; € G1}, 1 < j < n be sets of vertices in the normal
product G; @ Go. Using the distance in normal product and diam(G;) <
rad(Gy), it is clear that the vertex (z,%) is eccentric to (2, y') if and only
if y is eccentric to i . Hence, each vertex of S %, 1S eccentric to every vertex
of Si,, whenever y;, is eccentric to yx, and each S; is an independent set.

Hence FD(G; @ Gs) is isomorphic to the lexicographic product G[K ],
where G = ED(G5). O

Remark 9. Eccentric digraph of normal product of an odd cycle C,, and

a cycle C,, is isomorphic to C,|K,,], n > m > 3, if m is odd and n >

m -+ 12> 5, if mis even.

Remark 10. Let G be a connected graph and C,, be an odd cycle such that
diam(G) < diam(C,,) then the eccentric digraph of normal product of G

and C,, is Cp,[K ).

Remark 11. Eccentric digraph of normal product of K,,, and C,, is isomor-

phic to C,,[K ,,], where n > 5 is odd and m > 1 is any integer.
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((m-1)/2)+1) L(m-1)/2)+2) (1
n
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FIGURE 6. Normal product of cycle and complete graph

Note: In the above corollary if l = 3 then the normal product is a

complete graph and hence its eccentric digraph is itself.

Proposition 4.1. Let GG, and G5 be any two connected graphs such that
diam(G1) < rad(Gs) then the period and tail of G1 ® Gy are same as that
Of GQ.

Proof. Let Gy and G be any two connected graphs such that diam/(G) <
rad(G3). Let G; @ G3 be the normal product of G; with G. In G @ G,
the vertex (x,y) is eccentric to (z’,y) if and only if z is eccentric to 2/,
since e(u) < e(v) for all w € V(G;) and v € V(G3). Hence ED(G; @
Gy) = ED(Go[Gh]) = ED(G,)[G1]. ED™(G1 @ Ga) = ED™(G,[G]) =

ED"™(G,)|G4], where n is any positive integer. Hence the period and tail of
G @ G4 is same as that of G,. O

Proposition 4.2. If G is a disconnected graph having k components and
G5 is a connected graph then the eccentric digraph of normal product of G
and Gy is a complete k-partite graph K, 1, noym...nm» Where m is the order

of Gy and n;, 1 <1 < k is the order of each component of (.

Proof. Let G; be a disconnected graph having & components and G, be a
connected graph. Clearly, the normal product GG; & G is a disconnected
graph having k& components. Hence the eccentric digraph of G} & G5 is a

complete k-partite graph. U


admin
Highlight


18 MEDHA ITAGI HUILGOL AND SYED ASIF ULLA S.

Corollary 4.1. If G| and G5 are two disconnected graphs having ki, and ko
components respectively, then the eccentric digraph of normal product of

GGy and G is complete ky - ky-partite graph.

Remark 12. There exist no two graphs Gy and G such that ED(G10Gs) =
ED(G, @ G3) because the number of vertices eccentric to any vertex (u, v)

in G10G, is always greater than the number of vertices eccentric to (u,v)

n G1 D GQ.

Remark 13. There exist no two graphs G and G5 such that
ED(G; ® G3) = Gy & Gb.

5. CONCLUSION

Gimbert et al. had posed a conjecture in the year 2005 on the period of
cartesian product of two odd cycles as follows:
Conjecture [11]: p(Coms1 X Coma1) = p(Comi1) + p(Copma1), where X
denotes the usual Cartesian product of graphs.
Settling this Conjecture seems difficult at this point of time, but the results
discussed in this paper serve as stepping stones for further research in this

direction.
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