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Abstract

We construct gradient-orthonormal bases of momentum-entire wavelets in dimen-
sion n in the case where n is odd. The scale factor is /2 and the coherence on a given
scale is based on the propagator exp(§ - ﬁA) This propagator can be described in
terms of two one-variable functions. One of them is the Airy function, while the other
satisfies an ordinary differential equation less familiar than the Airy equation. This con-
struction is part of our on-going quest for compactly supported, gradient-orthonormal

wavelets that have some kind of coherence on a given scale.
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1 Introduction

As in [1] we define the momentum-entire property as follows.

Definition 1. An integrable function of n real variables is a momentum entire function
if the analytic continuation of its Fourier transform is an entire function of n complex

variables.

A natural example of a momentum-entire function in n variables would be a Gaussian
on R".

Orthonormal bases of momentum-entire wavelets are not really new, at least in the
Hilbert space L?(R™). Any continuous compactly supported function is momentum-
entire, so the obvious examples are the Daubechies bases [2], which are L2-orthonormal.
Any given Daubechies basis in n dimensions consists of compactly supported wavelets

with a certain order of smoothness. If we denote this basis by D, then
D={2"39, (2" F—35):rek,Fcl p=1,2,..,2" -1}, (1.1)

where
Dy = {f% cp=1,2..,2" -1} (1.2)

is the set of mother wavelets generating this wavelet basis.
The focus of this paper is on gradient-orthonormal bases of wavelets — i.e., wavelet

bases that are orthonormal in the Hilbert space

H1(R) = { feS'®M: (H / ) dh) k21 (R) > < oo} , (13)
s

where §’'(R™) denotes the space of tempered distributions — i.e., the dual of the space

S(R™) of Schwartz functions. Since the operator |v7|! on S/(R") defined by
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V171 f (k) = |k f (k) (1.4)
is a unitary transformation from L2(R") to #1(R"), one can easily obtain such a basis
by simply applying this operator to the elements of D, but the output wavelets are
not compactly supported. Indeed, [§|_1 destroys the momentum-entire property, so
another approach is needed for the construction of any gradient-orthonormal basis of

momentum-entire wavelets.



Definition 2. An integrable function f on R”™ is exponentially localized if there are

constants cg, o, 7o > 0 such that
1F(@)] < coe™IF, || > 7o, (1.5)

Remark 1. Many years ago [3, 4], a method of constructing gradient-orthonormal
bases of exponentially localized wavelets was found. (The operator |§|_1 destroys ex-
ponential localization as well.) It was a constrained minimization technique — adapted
to the continuum - that was originally used by Kupiainen and Gawedzki [5] in a renor-
malization group approach [6] to the lattice dipole gas [7]. While the Fourier transform

of such a wavelet is real analytic, it is not entire.

For each Daubechies basis we construct a gradient-orthonormal basis of momentum-
entire wavelets in the case of odd dimension n. The basic scale factor is v/2 instead of 2,
and the coherence on each scale is based on the propagation exp(3- 6&) instead of on
translation, where 6 is the gradient operator and A is the Laplacian. This directional
propagation is infinitesimally generated by a 3rd-rder differential operator. (By way
of contrasting this to translation, recall that the latter unitary operator is given by

exp(5- v7.) We derive a basis of the form

B={U,z :r€Z,5cZ"pu=12,..,2" -1}, (1.6)
U, 5-(Z) = 276730, £(257), (1.7)
U5 = exp(s" §A)‘I’m (1.8)

where each mother wavelet ¥, is momentum-entire. By the nature of our construction,
the 1st partial derivatives are at least square-integrable. In Section 3 we find that to
guarantee the class C' property for ¥,, we need to choose the Daubechies basis in a

way that depends on the dimension n.

Remark 2. This construction is a product of our current effort to construct the com-
pactly supported wavelets that are gradient-orthonormal and have some coherence on
a given scale. The wavelets constructed here do not have compact support — just the

momentum-entire property. However, we should mention that in [8] we constructed
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gradient-projective bases of wavelets that were not only momentum-entire, but com-
pactly supported. In any given Hilbert space H, a projective basis is just a set {vx} of

elements for which the expansion

p= Z(’U,’Uk>’Uk (1.9)

k
of an arbitrary v € H is valid but not unique. In particular, the set is not orthogonal,
or even linearly independent - at least for infinite series combinations — so the result

in [8] is very different from the result here.

Our construction is based on a succession of transformations with Daubechies bases
as input. The key is a unitary transformation U from the Hilbert space L?(R") to
another Hilbert space which preserves the momentum-entire condition. Our focus is
on the family of Hilbert spaces considered in [1]. Recall that Soo(R™) denotes the
topological vector space of Schwartz functions whose moments all vanish. For each

real number p we considered the Hilbert space

Hy(R") = { f e S (H I dh) PP < oo} AT
t=1v—"%°

where S. (R"™) denotes the dual space of Seo(R™). This is an enlargement of the space
S'(R™) of tempered distributions designed to allow momentum-space singularities of
the form |E|_M for arbitrarily large M - and therefore designed to include 7,(R™)
regardless of how positive p happens to be.

We introduce our unitary transformation U in the next section. While the definition
is essentially independent of the dimension n, the target space is actually the p = n
Hilbert space. If we choose any Daubechies basis in L?(R™), then the image basis is
orthonormal in H,(R™), so the application of U must be followed by the application
of a unitary transformation from #,(R™) to H1(R"™). The operator |7|*"! is such a
transformation, as we will see later. On the other hand, only positive even powers of
|{7’| preserve the momentum-entire property, so this scheme works only for odd n. This
is the reason for the dimensional restriction on our construction.

In Section 4 we investigate the propagation exp(5- ﬁA), which naturally decomposes
into two parts. One of them is a directional convolution with a scaling of the Airy

function [9]. The other part is an n-variable convolution which can be calculated from



a one-variable function F'(z) such that
oF" (z) + (— - —n) F'(z) — F(z) = 0. (1.11)

This ordinary differential equation is obviously a little different from the Airy equation,
but the solution of interest to us has an integral representation.

To get a sense of what these new wavelets are like, consider the odd-dimensional
case n = 3 and recall the the Oth-order Daubechies basis is just the Haar basis [10].

The mother wavelets of this input basis are

VY1(Z) = Y(z1)p(z2)0(23),
P2(Z) = p(z1)¥(z2)p(23),
Y3(Z) = p(z1)p(w2)Y(23),
P4(Z) = Y(z1)p(z2)p(23),
P5(Z) = Y(z1)p(22)9(x3),
¥6(Z) = p(z1)Y(22)9(23),
Y7(%) = Y(21)Y(z2)9(23), (1.12)
Tl 1Sy,
wli)= (1:18)
0, otherwise,
W BB E
PE)=49-1, I<t<], (114)
0, otherwise.
Clearly,
V1(k) = P(R)P(ka)P(ks), (1.15)
and so on. Moreoever,
sin(Lw
Plw) = %e‘ié“’ Ej ), (1.16)
~ oyl ke W)
Yw) =51 = e72)p(5w). (1.17)



The mother wavelets ¥, arising from our construction are given by

U, (k) = VBIEbu(|EIE). (1.18)

Remark 3. We have not yet considered vector-valued momentum-entire wavelets
where the gradient is replaced by the curl. Such a construction would be interesting
because it involves a gauge-fixing problem. Some time ago, such bases of exponentially

localized wavelets were constructed by Federbush and Williamson [11].

2 The Transformation

Our unitary transformation is induced by a nonlinear transformation in the momentum

coordinates. We define the homeomorphism I';, : R" — R"™ by
L, (k) = |k|°k. (2.1)

This formula is independent of dimension, but the important property is that the

analytic continuation of I'j, is the transformation
- n
Tn(2) = (Z 23> z. (2.2)
1=1

If h is an entire function on C", then so is the composition h o 'y, of h with T,,. Let

G(k) denote the Jacobian matrix of Iy, — i.e., with & = T, (k),

GulP) = e ). 23)
We calculate
G (k) = 6, |k% + 2K,k (2.4)
The Jacobian determinant
J(k) = det G(k) (2.5)

is easy to calculate because the vth column of G(k) is just

3,(k) = |k|%e, + 2k, k, (2.6)



where €, denotes the vth standard coordinate vector in R™. Indeed, since EANk = 0,

we have the determinant expansion

-

(k) = Gu(R) A Ga(R) A ... A Gn(R)
= [k ELAE A . Ay + 20k 2(kik Ao A ... A&,

+ B AkEAGA o A8+ o+ ELAE A o ARyk). (2.7)

Since

ELNEN...NE,=det [, =1, (28)

the th term is clearly

El ANE L AkENE 11 AE,

I
NE

kkx€INA ... ANE_1NENXANE L1 N ... NEp

>
Il

1

I
=

25 - = - .
1IN ANE 1 ANENELI N NE

k2 det I, = k2. (2.9)

Hence

n
J(B) = IR + 2fR P2y b
=1

=3k (2.10)

is the Jacobian determinant of I',,.
We are interested in the covariant action of this coordinate transformation on the

Fourier transform of a function. Consider the mapping g — Ug defined by
Ug=V3GoTy. (2.11)
Proposition 1. U is a unitary transformation from Hy(Ry,) to He(R™) with
g=3p+n. (2.12)
In particular, U is unitary from L?(R") to H,(R™).

Proof. With
k' =Tn(k). (2.13)



we calculate
n [e'e) L .
1 Ug 13, = <H/ dkb> Ug(k)|?|k[*
dkL> 1G(Tn (K))[?|]
H/ d’ﬂ) |G(Tn (B)) 2|2~ |2

/ dki) [ PITT (R e,
On the other hand, the obvious mapping property
ITn (k)| = ||

implies

so it follows that

=Il g I3,

with p = (¢ — n). The inversion of this relation yields (2.12).

Note that the Hilbert space #_1,, is special because it is fixed under U.
2

(2.14)

(2.15)

(2.16)

(2.17)

In the context of this paper, the important property of U is that if ¢ is a momentum-

entire function, then so is Ug. In particular, the application of U to a Daubechies

wavelet yields a momentum-entire function.

3 The Wavelet Basis

If we apply U to the wavelet basis D described in the Introduction, we obtain a wavelet

basis that is orthonormal in H,(R™). Moreover,
Uwu,é‘,r(lz) = \/gwu,E,r (Pn(];))
= 27"3V3 ¢, (27T (k))
= 2775 V3 4, 5(Tn(27FR))
= 2780, 5(27FE),

(3.1)



and so

(Ulbu,é‘,r)(f) = Q_T%(U¢u7§)(2§f), T € L. (3'2)

The scale coherence is based on the scale factor /2 instead of 2.

What kind of coherence do we have on the unit scale? It we denote the translation

Yu(- — 8) by .5 we have
Yu,s(k") = exp(—i& - E)Pu(k"). (3.3)

Thus

= exp(—i§ - k|E]?) U, (k). (3.4)
If we apply the inverse Fourier transform, this equation becomes
Utpz=exp(8- VAU, FeZm (3.5)

Now consider the unitary transformation |/|"* from Hn(R™) to Hi(R™) and let
UD denote the orthonormal basis of #,(R™) given by (3.2) and (3.5). If we apply

|§]”“1 to UD, we obtain an orthonormal basis of H;(R™) - namely,
- B={¥,s,:r€Z5L", p=1,2,..,2" -1}, (3.6)

where

\If,u,é‘,r = Iﬁ'n_lUw,u,E',r- (37)

This is the basis (1.4) promised in the Introduction. Indeed, from (3.1) we see that

where



Applying the inverse Fourier transform to (3.8), we obtain

bl

U,50(F) = 276780, £(25F), reZ, (3.10)
which is precisely the scaling relation (1.5). On the unit scale we have the coherence

U, s=exp(5- YA, FeZm - (3.11)

v, = |V U, (3.12)

as an immediate consequence of (3.5).
We have yet to remark on the order of smoothness. If we choose D to be the Nth-
order Daubechies basis, then the mother wavelets 1, of that wavlet basis are class

CN=¢ functions, but the spherically symmetric estimate in momentum space is

Du (BN < k7N, R > 1. 3.13
n
This estimate implies
U (B)| < clk|™3N-3, k| > 1, 3.14
")
and so
U, (R)| < clR™3N, [k > 1. (3.15)

This insures that the smoothness of ¥, has order 3N + 4 — 2n — € for arbitrarily small

€ > 0. This is the reason why we must choose

2
N>zgn—1 (3.16)

if we expect to obtain C! wavelets.
Finally, it is clear that n must be odd for ¥, to be a momentum-entire function.

Indeed,
T (k) = k" T,
~ (Z k?) T, .17

where we have already observed that Us),, is momentum-entire. The point is that only

a positive integer power of > " ; k2 extends to an entire function on C™.
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4 The Propagator

It is worthwhile to examine the new type of coherence that has replaced the transla-
tional coherence. We are interested in the unitary operator exp(s - ﬁA) where § now

ranges over R" instead of just the lattice Z". Let s = |5] and set
§=181, (4.1)
where the unit vector ¥ denotes the direction of §. Thus we may write
exp(5- Y A) = exp(sfzA), (4.2)
where we have introduced the directional derivative operator
By =7-v. (4.3)
We fix the unit vector ¥ and consider the propagation
u(Z, s) = lexp(s950) f1(Z) (4.4)

for an arbitrary initial configuration f(Z).

Let f denote the transform of f given by

Fe, 7) 2 \/%7 /_ Z de exp(—ika) (@7 + ) (4.5)

for i € U-, where 7 denotes the orthogonal complement of #. It follows from (4.4)
that

u(Z, s) dk exp(ikZ - U)[exp(isk(=k? + A") f(k, )|(Z"), (4.6)

7 ..

g =F— (T 0, (4.7)
A=A -5 (4.8)
Proposition 2. For Z € R",
oo
u(Bpg)= / doh(Z -0 —z,8)(Tsf)(zT+ '), (4.9)
—c0
where
h(w, dk exp(ik sk>), 4.10
(w, s) \/ﬁ/ xp(ikw) exp(—isk”) (4.10)

11




and Ty is the operator given by

(TH@ = J% / Z dk exp(ikt - §) exp(iskA') F(k, ))(@). (4.11)

Remark 4. h is essentially an Airy function:

h(w, s) = \[ / dk cos(kw — sk®)
B [t e
= \/Z_W‘\’/;Ai(—i/;w). (4.12)

u(E, 8)'= \/%_W /_C: dk exp(ikZ - U) exp(—isk®)[exp(iskA") f (k, (@), (4.13)

Proof. Writing (4.6) as

we see that

u(Z, s) dz h(Z-U—x,s) /00 dk exp(ikx)[exp(iskA) f(k, (&) (4.14)

\/ 27 / =5
with h given by (4.10). If we now insert (4.11) with §= &’ + 27, we obtain the desired

formula. O

This proposition reduces the analysis of our propagator to an analysis of the oper-
ator Ts. Now recall the expression for the kernel of the free Schoridnger propagator.

=il

In the subspace U~ we have

Ry L |Lj’—ﬂ|2
exp(itA') (@, §) = (2mit) 212 exp g (4.15)

so if we set t = sk, we have

p ny1 2 ~
[exp(iskA") f(k, )](§') = (2misk) ™2 5/ dy exp (—z 1ok — 4 )f( ),  (4.16)

where —%n + % is an integer for odd dimension n. If we define

n(Z, 8) = \/%_w /_Z dk exp(iki - £)k~5+3 exp ( |ZS/]|5> : (4.17)
then
Tof = (2m) "% (—is) " ¥ 3n(,8) * f (4.18)
because
(9 @ = [ s [ dgu@=si-goiGo+e. @19
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Thus ng is the function of interest in our study of Ts.
If we introduce the change
2"

S el 4.9
P=L (4.20)

of integration variable in (4.17), we see that

n_; 3
. |f’|2 —3+3 |a—:>/|2_‘ B
= [ — F . .
n(Z, s) ( P P v-T), (4.21)
P@) == [ dp esplipe) e (~i2) (4.22)
z) = —— exp(ipz exp | —i— ). .
V2m ) T PUPEP P\

Since this integral diverges at p = 0, it is not immediately clear that F'(z) is defined
— even as a tempered distribution. We give a rigorous definition in Section 5. The
point here is that the propagator has been reduced to two single-variable functions —
the Airy function and this function F'(z) for which we have an integral representation.

Since (4.22) does not directly reveal much about the behavior of F(x), it may be

useful to study the ordinary differential equation that F(z) satisfies. Notice that

d? —f [ d no 1 1
— (zF — ; 22 \p—ats =
—3(2F(2)) /_ . dp exp(ipz)p i [p 2 2e><p< 2p>]

V2

=|—-=n+- dp exp(ipz)p 212 ex (—i—)
(-3n+3) 735 [ oo omtrm~¥h o (=5

T /Ood exp(ipz)p 573 e ( '1> (4.23)
— pexp(ipx xp | —i— ) . ;
V2T J o D

Combining the factor ip with exp(ipx) in the first contribution, we obtain

d? 1 1\ .,

This may be written as (1.11).

5 Appendix
Let Ko be the tempered distribution over R defined for each Schwartz function f by

Kol = [ dof(p)exo (—5) . 51)

The tempered distributions
Kp(z) = 2™ Ko(x) (5.2)
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are given by

; o i
Km(f) = (=)™ / dpft™ (p) exp (—;) : (5.3)
How do we make sense of the tempered distribution H, formally defined by the integral
Ha () " /ood exp(ipz)p~ ™ ex < Z) (5.4)
= X —_ 3 .

which is obviously divergent at p = 07

Even with a test function f, the divergence is still in the integral formula

Hn(f) = /Oo dpf(p)p™™ exp <—£> - (5.5)

—0o0

However, we can define H,, inductively by using the distributions K,,. We first observe

' d i
2 ox <—3>=—i—ex <——), 5.6
e~ el R (5.6)

so we may regard the left-hand side as a distributional derivative. Accordingly, we

that

define Hs by the formula
() =i [~ anf yess (1)
= —Ki(f), (5.7)

and simultaneously define H; by the formula

m(H) =i [ dpofo) e (—5)

= /_ ioodpf’/(p) exp (—%)
= iKi(f") = —iK1(f). (5.8)

Thus Hy = —iK] and Hy = —Kj.

To address the induction step we observe that

) -cmirmen () nl ) o

and therefore

p ™ Lexp (—%) =i(—m+1)p ™ exp <—%> - i% <p_m+1 exp <—%>> - (5.10)
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We can define Hy,41 by the formula

oo

Honaf) =it-m+1) [~ dpflo)r™exp (—}—)) wi |

= —0o0

7 —mAl o _1'
dpf (.p)p p < p>
= ilem+ DH() = [ doaf@ o e (-1

= i(=m + 1) Hn(f) — Hn1(3f(z)). (5.11)
The formal relation is

Hpyi1(z) =i(—m + 1)Hp(z) — zHpp—1 (). (5.12)

In the context of (4.22) we have
(5.13)

ST
|
[

with n odd.
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