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1 Introduction

The study of arithmetical identities is classical in number theory and such investigations have been

carried out by several mathematicians including the legend Srinivasa Ramanujan.
Forn,m € N, s,r € NU {0}, ¢ € C with |¢| < 1, we define some necessary divisor functions for

later use, which also appear in many areas of number theory:

os(n) =Y _d°, oo (mm)= > d

d\n d=r mod m
Alg):=> 7(n)g" =q JJ(1—q"*,
B(g) = > b(n)g" = (A(@)A(¢))?, (1.1)
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In general, it is satisfied that

b(n) = —8b(g)

for even n (see ([3], Remark 4.3)). We note that

and

05,1(2n;2) = 0s5,1(n; 2),
We also follow the definition of the convolution sum Se f(n) (e

which is found in ([1], p. 39).
expressed as :

as(n) = 05,1(n;2) + 05,0(n;2)

Z

Of n_m)7

0s,0(2n;2) = 2°05(n).
»f,n € N) by

(1.2)

(1.3)

(1.4)

(1.5)

Ramanujan [8] and Lahiri [5], [6] have shown that S. ¢ can be

36

34557 (")

5 1-6
Sl_’l(’n) Eag(n) + ( 9 n)01(n)7
T (1—3n) 1
S1.8(n) = gros(n) + —5—0s(n) — 57501(n),
5 (1—2n) 1
S1,5(n) = EG(T?(TL) + o (n) 501 (n)
1 1
53’5(71) = EOOW(TL) — an'g(n),
1 (2 —3n) 1
S1,7(n) = @09(71) t g o7(n) — @01(71)
11
Sh5(n) = 51570(m) = 53575() + g705(n >
455 (5 —6n)
St0(0) = gogggon () + g oa(n) + ggen) =
S0.7(n) = 11 (n) — S1-07(n) — =03(n) + S0 (n),
ST T 1105607 240°7 480 2764
65 1 3
S5.5(n) = T713p 011 (M) + 5505(n) = a7 7(0),
691 (1-n) 691
Suu(n) = Geogos(n) + o onn) = eog (),
1 1 1
53,9(77/) = MO’lS(TZ) — %Ug(’rb) + ﬁag(n),
1 1
Ss,7(n) = mmg(n) + @07(71) — @05(71).
Fore, f,m,n € N we set
T.¢(n) = Z oe(m)of(n —2m)
m<L21
and
Im,e,s(n Zmae Jog(n —m).
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And in ([9], p. 45-54) we can see that

Tia(n) = o5t + 2032 + L3,y 4 L2015 (1,
Tus(w) = rsosn) + 1pos(3) + L5 2 au( ) — oo (o)
Tia(n) = o) + 1os(3) + E 00 ) - oo (D),
Ts5,1(n) = 21714207(71) + 5%07(%) + { ;42n) as(g) + 50401(n) - ﬁb(n),
Toa(n) = 5 2507(n) + 5or0n(5) = 5i508(n) = 5100(5) + 5isb(n),
Ti5(n) = %.207(70 + 13; 07(5 + (12—471) os(n) + ﬁal(g) - ﬁb(n),
Tra(n) = Teoo(n) + aoo(m) + B3 oMy - o)

+ T;GC(TL) + %d(n),

1 1 n 1 n 1
T : = —/————=09¢g —_— - ) — —— — — 03
5:3(0) = 3725570 + 3g570(3) ~ 55575(3) + 5772 (™)

~ 15aclm) — (),
T35(n) = 74714009(71) + ﬁégag(g) - ioOB(n) + 50%03(%)
+ ﬁgc(n) + %d(n),
Tir(n) = goroo(n) + pozoo(m) + oW r(n) - Loo(D)
1 16

- @C(") - ?Tld(n)’

1 31 n (5—-6n) n 1
Boa(n) = gz + gomgon () + g 70(3) + 5551 ()

_ 2282
5528 T 3455 2/
1 17 n 1 n 1
T i - i i T,
73(") = 337680711 (M) + 20730711 (2) T 3277(3) ~ 7o (™)
+ 23 7(n) + o1 T(E)
11056 1382727
1 16 n n
T5,5(n) = man(n) + 43533011(5) + @05@) + 5.305(5)
o1 7(n) — ﬁT(ﬁ)
5528 691 ‘27
8 n 1 n
T e - )y — _ -
3700 = 5376807 () F 1036571 () ~ 2277 ~ 1507 (%)
+791 T(n)—&-@r(ﬁ)
22112 601 ‘27
31 25 n, . (5—3n) n
Tio(n) = ma'u(n) + m011(§) + Toag(n) + Tﬂal(§)
141 2688 n

~go10” ™ ~ o1 ")
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In addition, Lahiri [5] gave the value of the sum

> mitmPoy (mi)--on, (mp)  (r>3),
mi+-tme=n
where the sum is over all positive integers ma, - -- ,m, satisfying m1 + --- + m, = n, a; € NU {0},
and b; € N. For some of the history of the subject, and for a selection of these articles, we mention
[1], [5] and [7], and especially [2] and [9].
In this paper, we obtain some formulas for the various convolution sums related to 05,1 (n; 2), 7s,0(n; 2)
and I, . r(n). For instance, we introduce a main theorem as follows :

Theorem 1.1. Letn € N. Then we have

(a)

Z mos,1(m;2)o1,1(n —m;2)

m=1

- ﬁlo [” {"5(") + 48‘75(2) —bo3(n) + 4003(%)} + 4b(n)] ,

n—1

Z mag,o(m; 2)0’1,1(TL — m; 2)

= % [n {05(71) — 2205(%) — 1503(%)} - b(n)] .

n—1

3= mosa(miDora(n — mi2) = o {7x(5) - @n = 5)oa(3)}.
Q
i m0371(m; 2)0’170 (TL —m; 2)

_ Tslzo [n{505(n) = 15205(3) = 3(6n — 5)s1(n:2) } — 26(n)]

2 The Convolution sums related to odd or even divisor
function

Corollary 2.1. Letn € N. Then we have

(@)

i o1,1(m;2)o3,0(n —m;2)
1 n n n
=30 {0’5(17,) - 2205(5) - 1003(5) —o1(n) + 201(5)} .
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n—1

Z a1,1(m; 2)os,0(n —m; 2)

m=1

- 10% {407(n) — 34d04( 2) - 35705( )+ 1701 (n) — 3401(3) - 21b(n)} .

n—1
Z o1,1(m;2)o7,0(n — m;2)
m=1
4 n n n
- = — 34209(2) — 6200,(2) — 31 201 (2
465{ag(n) 84200 (%) — 62007(5) — 31o1(n) + 6201 (5)

+30c(n) + 960d(n)} .

n—1

Z o1,1(m;2)og,0(n —m;2)

m=1

64
= So505 { 2011(n) — 2732011 () — T60100(5) + 69101 ()

~138201(%) — 6937(n) — 110887(3) } .

n—1

Z 03,1(m;2)os,0(n —m;2)

m=1

:%{207@)—24007(%)—1703( n) + 25504 (5) + 15b(n) } .

n—1

Z 03,1(m;2)0s,0(n —m;2)

m=1

n
9765 {509 —239209( )+455705( ) + 31003(n) — 248005 ()
—315¢(n) — 10080d(n )}.

n—1

Z 03,1(m; 2)o7,0(n —m;2)

m=1

n
10365 {011 — 1912011 ( 2) + 967407( ) — 69103(n) + 552803(5)

+6907(n) + 74407(3)} ,
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n—1
Z 05,1(m; 2)0’5,0(?1 — m; 2)
m=1
{2 — 4032011 (2) + 69105 (n) — 4353305(2)
43533 711 Tty 75 755

—6937(n) + 40327(%)} .

Proof. Fore, f € Nand (1.4), we note that

n—1
-m
ZaelmQ)Ufon—mQ Zaelm2 ( 3 )
m=1
=2f Z Oe,1(n —2m;2)or(m)
m<%

=278 > oe(n—2m)os(m) — Y oeo(n—2m;2)os(m)

m< g m< g
=2f { ;L oe(n —2m)os(m) — 2° ; Ue(% - m)af(m)}
m< g m<g

_of {Tf,e(n) - zesf,e(g)} :
0

Remark 2.1. Finding the formula of """, o1,1(m; 2)01,0(n—m; 2), itis similar to Corollary 2.1 except
for using S1,1(n) and 11,1 (n). But here, we introduce another method. Now, we can see that

n—1
mZ:lm(n (m)o(n — m) = %n(m(n) + (%n _ %ﬁ) 1 (n) 2.1)
n ([9], Theorem 12.7). And we expand the above equation as :

Z 0'1 0’1 nfm)
m=1
n—1

> mfo(m;2) + o1,0(m; 2)} {o1,1(n — m; 2) + o10(n — m; 2)}

m=1
n—1 n—1
= Z m0'171(m; 2)0’171(11 —m; 2) + Z m0171(m; 2)0’1,0(11 —m; 2)
m=1 m=1
n—1 n—1 (22)
+ Z mo1,0(m;2)o1,1(n —m;2) + Z mo1,0(m;2)o1,0(n —m;2)
m=1 m=1
n—1 n—1
= Z mo1,1(m;2)o11(n—m;2) +n Z o1,1(m;2)o1,0(n —m;2)
m=1 m=1
n—1 n—m
+4mz::1m01(5)01( 5 )
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where we use

n—1 n—1
> mora(m;2)o10(n —m;2) = Y (n—m)ori(n —m;2)oro(m;2)
m=1 m=1

and 01,0(2n;2) = 201 (n) for the last line. Proceeding the Eq. (2.2), we obtain

n—1
Z mo1(m)oi(n —m)
m=1

n—1 n—1
= mo1,1(m;2)o11(n—m;2) +n Z o1,1(m;2)o1,0(n — m;2)

m=1 m=1

n
+38 ;L mal(m)01(§ —m)
m<g

So we refer to the following equation

n—1

Z mo1,1(m;2)o11(n —m;2) = %{llag(n) —o3(2n) — 201,1(n;2)} (2.3)

m=1

in ([4], Lemma 3.5) and (2.1). Therefore, we obtain

n—1

Z o1,1(m;2)o1,0(n —m;2)

= % {2 (Us(n) - 603(%)) — (3n—1oi(n) + 3(2n — 1)01(3)}
forn € N.

Corollary 2.2. Letn € N. Then we have

(a)
n—1
Z o1,0(m;2)os,1(n —m;2)
m=1
L {50 (n) — 15205(2) — 15n03(n) + 1003(n)
- 120 5 5 2 3 3

n

+40(3n — 2)os () + 701(2)} .

n—1

Z o1,0(m;2)os,1(n —m;2)

m=1

- {840 (n) — 1062407(2) — 357n0s(n) + 35705 (n) + 11424n0s (=)
- 4284 7 7 5 5 5 2

2
—1142405(2) - 52701(3) - 84b(n)} .
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n—1

Z leo(m; 2)0’7,1(71, — m; 2)

m=1

n n
= o 4 = {8509 — 4339200 (%) — 465n0+ () + 62007 (n) + 59520n01 (5)

—7936007( 2) + 393704 ( 2) — 240c(n) — 7680d(n)} .

n—1
Z a1,0(m;2)ag,1(n —m;2)
m=1
456060 {3410"“( ) — 6978560011 ( 2) — 22803n09(n) + 3800500 (n)

-+ nog — o9 — o1(—=)— T(Nn
11675136 2 19458560 2 1765505 Z 18612

n
+13178887(§)} .

n—1

Z 03,0(m;2)os,1(n —m;2)

m=1
{21 ) — 10592 ( ) — 65105 (1) + 2083205( ) — 961005( )
19530 o9 (n 79 geln 7549 7349
+630c(n) + 20160d(n)} .

n—1

Z 03,0(m;2)o7,1(n —m;2)

m=1

1 n
= 11460 {17011( )—34688011(2) — 138207 () + 17689607 (3)

+87757a3( ) + 13657 (n) — 537607(%)}‘

Proof. Fore, f € Nand (1.4), we note that

n—1

Zocng)aﬁ (n —m;2) ZQO’G Yogi(n —m;2)

m=1

=2° Z oe(m)osi(n—2m;2)

= 9¢ { Z ce(m)os(n —2m) — Z oe(m)oso(n — 2m;2)}

=20 N oe(m)os(n—2m) 27 Y Je(m)(ff(g —m)

m<g m< g

=2 {1 () - 2'5.4(3)}
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Corollary 2.3. Letn € N. Then we have

(@)

Z o1,0(m;2)os,0(n —m;2)

m=1

1 n " "
- {2105(5) —5(3n — 2)o3(3) — 01(5)} ,

n—1

Z o1,0(m;2)os,0(n —m;2)

m=1

_ % {2007(2) —21(n — 1)05(2) +JI(Z)}.

n—1

Z o1,0(m;2)o7,0(n —m;2)

m=1

= 1% {1109(%) —503n — 4)07(%) — Ul(g)} .

n—1
Z o1,0(m;2)og,0(n —m;2)
m=1
_ 128 {136500 (Z) = 7601(3n — 5)09 (=) + 345501 (=) —95047(%}
114015 ) o(5 1(3 5) -
(e)
n—1 8 " .
,;USO m; 2)os,0(n —m;2) = IR {07(2) _03(5)}.
(f)
n—1
Z 03,0(m; 2)os5,0(n —m; 2)
m=1
315 {11"9 5) — 2os(5) + 1003(2)}
)
n—1
Z 03,0(m; 2)o7,0(n —m;2)
m=1
10365 {273011(5) — 138207(3) — 6910a(5) + 18007(5) }

n—1

Z o5,0(m;2)os,0(n —m;2)
m=1
256 n
= 13533 {65011(2) + 69105(2) 7567(5)},
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Proof. Fore, f € Nand (1.4), we note that

n-l n—1

Z e0(m;2)os0(n —m;2) =Y 2605(%) : 2faf(n_2m)

= m=1

725+fz O'ff—m)*26+fsef(2)

m<"

Corollary 2.4. Letn € N. Then we have

(a)
n—1

Z o1,1(m;2)os,1(n —m;2)

m=1

:ﬁ{sas(n)ﬂuﬁ(g)—mm( )+8003( )+ Toi(n )—1401(3)},

n—1

Z o1,1(m;2)os 1(n —m;2)

m=1
1
~ 8568

—52701(n) + 105404 ( 2) + 840b(n )}

{#407(n) + 1049607 (3) — 35705 (n) + 11424075(5)

n—1

Z o1,1(m;2)o7,1(n —m;2)

m=1

n
4 4326400(2) — 62 n
14880{ 800(n) + 4326409( %) — 62007 (n) + 7936007(7)

4393704 (n) — 78740 (=

5) — 3360c(n) — 107520d(n)} :

n—1
Z o1,1(m;2)09,1(n —m;2)

m=1

n
182424 {34201 (n) + 1394688011 () — 760100 (n) + 389171205( 1)

~35310101 (n) + 70620201 (5) + 3603607 (n) + 70963207(%)},

n—1
Z 03,1(m;2)o3,1(n —m;2)

m=1

2040 { ) +83207(3) + 11903 (n) — 95203 () — 12Ob(n)} ,

10
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n—1
Z 03,1(m; 2)0’5’1(71 —m; 2)
m=1
—#{13 (n) + 7398400 (2 ) + 455705 (n) — 14582405(2)
= 156240 L7070V D) BT )
—961005(n) + 7688003 2) +5040¢(n) + 16128()d(n)}.
)
n—1
Z 03,1(m; 2)o7,1(n —m; 2)
m=1
_ 1 {90 (n) + 242688011 (=) + 967407 (n) — 123827207 (=)
T 331680 L7 g ’ 2

+8775703(n) — 70205603(%) — 974407 (n) — 23654407(%)} .

n—1
Z 05,1(m;2)0s,1(n —m;2)
m=1
n
2464 — 21421 4720 (™
174132 {U“ ) +6246 ‘7“(2) 05(n) + 68547205 ()

+214207(n) + 6451207(%)} .
Proof. Fore, f € N, we have

ef(nzz m)os(n —m)

n—1
=Y {0e1(m;2) + oeo(m; 2)} {og1(n — m;2) + op0(n —m; 2)}
m=1
o1 - (2.4)
= Z Oe1(m;2)of1(n —m;2) + Z 0e,1(m;2)of0(n —m;2)
m=1 m=1
n—1 n—1
+ Z oe0(m;2)of1(n —m;2) + Z Oe,0(m;2)of0(n —m;2).
m=1 m=1

Thus, applying the proofs of Corollary 2.1, Corollary 2.2, and Corollary 2.3 into (2.4), we obtain

n—1

Ses () =Y cea(mi2ora(n—m;2) + 2/ {Tro(m) - 2°57..(5)}

m=1
+2°{Tor(m) =2 S (5) } + 275 1()
n—1

=3 oea(m;2)opa(n —m;2) + 2/ Tho(n) + 2°Te (n) — 2e+fse,f(g).

m=1

This leads to

11
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n—1

Z 0e1(m;2)of1(n—m;2)

m=1

= Se.j(n) =2 Tyo(n) = 2°Tes (n) + 2 S0 5 ().

Corollary 2.5. Letn € N. Then we have

(@)

> o1(2m —1)os(2n — 2m + 1) = o5(n) — 05(3).

m=1

o1(2m — 1;2)05(2n — 2m + 1)

m=1

= %7 [32 {07(71) - m(%)} - 15b(n)] :

o1(2m — 1)o7(2n — 2m + 1)

m=1

_ 3% [8 {1709(n) — 1700(3) — 28d(2n) + 28d(n)} —7¢(2n) + 7c(n)] _

o1(2m — 1)o9(2n —2m + 1)

m=1

- L [7936011(71) 7936011 (

n
691 3)

2)+105 {137’(2n) + 2437 (n) — 2567(%)}] .

n

S os(2m — Dos(2n — 2m + 1) = % {807(n) ~ 8o2(3) + 9b(m) }.

m=1

n

Z o3(2m —1)os5(2n — 2m + 1)

m=1

= 3% [16 {Ug(n) - ag(g) + 2d(2n) — 2d(n)} +c(2n) — c(n)] _

Z o3(2m — 1)o7(2n — 2m + 1)
m=1
1

— o7 [544011(n) — 544011 (5) — 7 {297 (2n) + 6757 (n) — T04(3) }]

12
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os5(2m — 1)os(2n — 2m + 1)
m=1
n

. n
~ 691 [256"”(”) — 256011 (5;) + 857(2n) + 24757(n) — 25607(5)] :

Proof. Let us consider the case n — 2n in Corollary 2.4. Then we obtain

2n—1
Z Oe,1(m;2)of1(2n —m;2)
m=1
2n—1 2n—1
= Z Oe,1(m;2)oy1(2n —m;2) + Z Oe,1(m;2)of1(2n —m;2)
i i
n n—1
=Y 0e1(2m—1;2)op1(2n — 2m+ 1;2) + > e1(m;2)op1(n — m;2)
m=1 m=1

by 0c,1(2n;2) = o¢,1(n; 2). Thus we conclude that

Z ce(2m —1)op(2n — 2m + 1)
m=1

n

= > 0e1(2m—1;2)07,1(2n — 2m + 1;2)

m=1
2n—1 n—1

= Z Oe,1(m;2)o1(2n —m;2) — Z 0e,1(m;2)of1(n —m;2).
m=1 m=1

Now note that o 1(0dd; 2) = o.(0odd). Especially, to complete the proof of Corollary 2.5 (b) and
(e), we refer to the Eq. (1.2).

O

Lemma 2.6. Letn € N. Then we have

(a)

n—1
o1(2m)os(2n — 2m)

m=1
1

=0 {45305(71) — 43205 (5) — 10(6n — 1)ors (2n) - gl(gn)} ,

1
o1(2m)os(2n — 2m)
1

n

3
Il

_ %68 {277320:(n) - 2730201(%)) — 1428n05(2n) + 357a5(2n)

+1701(2n) + 7560b(n)} .

13
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n—1
Z o1(2m)o7(2n — 2m)
m=1

1
14880
+ 62007(2n) — 3101(2n) 4+ 107520d(2n) — 107520d(n)

+3360c(2n) — 3360c(n)} .

{10965309(n) ~ 10931204 (%) — 1860n07+(2n)

n—1
Z o1(2m)og(2n — 2m)
m=1

n
= 5101 [6 {2915555011(71) - 2913280011(5)} — 7601(12n — 5)00(2n)

+345501 (2n) — 792 {22877-(271) + 425257 (n) — 448007(%)}] .

n—1
Z o3(2m)os(2n — 2m)
m=1

2040 {123307( ) — 121607(5) — 1703(2n) — 1080b(n )}

i o3(2m)os(2n — 2m)

n
15624() {9420800(n) ~ 9895205(5) — 65105(2n) + 31003 (2n)
—161280d(2n) + 161280d(n) — 5040¢(2n) + 5040¢(n)} .

n—1

Z o3(2m)o7(2n — 2m)

m=1
1
~ 331680

+3 {330807(271) + 7560007 (n) — 7884807(%)}] .

[3 {99419011(71) - 99328011(3)} — 138207(2n) — 69103(2n)

1
o5(2m)os(2n — 2m)

1
1

= 174132
—6237007(n) + 6451207'(%)} .

n

3
I

68673011(n) — 68608011 + 69105(2n) — 221767 (2n
2

14
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Proof. From the definition of S, ¢(n) we deduce that

2n—1
Se,r(2n) = oe(m)os(2n —m)
m=1
2n—1 2n—1
= > oc(m)os(2n—m)+ > oe(m)os(2n —m)
i S
n n—1

ce(2m — 1)oy(2n —2m + 1) + oe(2m)oy(2n — 2m).

3
I
3

I

This shows that

3
L
3

oe(2m)os(2n — 2m) = Se 5(2n) — oe(2m —1)oy(2n — 2m + 1).
1 m=1

3
Il

So we use Corollary 2.5.

Remark 2.2. Note that
2n

> o31(m;2)os1(2n+1—m;2) _22031 (2m — 1;2)03.1(2(n — m + 1);2).

m=1 m=1

Hence we obtain

2031 2m )0’3 1(2(n—m+1);2)

2n

1
= 5 Z 0’371(771; 2)0’371(277, + 1—- m,2)

m=1

4080 {o7(2n + 1) + 11903(2n + 1) — 120b(2n + 1)}

by replacing n — 2n + 1 in Corollary 2.4 (e). Therefore we have

Zagl (2m —1;2)03.1(2(n — m + 1);2)

4080 {o7(2n 4+ 1) + 11903(2n + 1) — 1206(2n + 1)} .

3 About the convolution sum 3" mo;(m)o;(n — m)

We can see that

n—1

7 1 1
Z mosz(m)oi(n —m) = Eonag,(n) + (ﬂn — En2) o3(n) (3.1)

n ([9], p. 157), WhICh gives us inspiration to induce some convolution sums as

15
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Z mai(m)oj(n —m) for some odd i, j.

n ([1], p. 42), N. Cheng and K. S. Williams begin by recalling Ramanujan’s functions as :

L@ =1-24) oi(n)g", gl <1, (32)
M(q) =1+240) os(n)q",  lal <1, (3.3)
n=1
and
(9)=1- 5042 os5(n)q", lg| < 1. (3.4)

Also they show the following equations in Proposition 3.1 which is needed to find some formulas
of the various convolution sums.

Proposition 3.1. (See ([1], p. 42-43))

L*(q)=1-2° 32Zn01 n)g" +2*-3. 5203 , (3.5)

M?(q)=1+2°-3-5 Zm(n)q", (3.6)

L(q)M(q) =1+2"-3° SZnag, n)q" —2°-3° 7Zm , (3.7)
=l

L(g)M?(q) =1+ 2*. 3 5Zna7 n)g" —2°.3. 11209 , (3.8)

L(q)N(q) =1—2*.3%. 72_:1na5(n)q” +2°.3.5 Z or(n)q", (3.9)

M(q)N(q)=1-2°-3-11 iag(n)qn, (3.10)

Theorem 3.1. Letn € N. Then we have

I s1( Z mos(m —m) = @n{fnﬁ( n) — (12n — 7)os(n)}.

Proof. By (3.2), (3.6), and (3.9), we obtain

Z Ims1(n)g" = (i mos(m)o1(n — m)) q"

e s m _ (M*(@) — L()N(q)\ (1- L(q) 3.11
= 2 1o 2 rlmla _( 21.32 .7 )( 24 ) o

16
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Then, for the last term of (3.11), we can use (3.4) and (3.5) so that we deduce

L*(q)N(q)

{ —2° 322n01 n)g" +2*-3- 5203 }{1—504205(m)qm}
m=1
=1-504 Z os(m)g™ — 2° - 3 Z noi(n)q
m=1 n=1

(3.12)
2°.3%.504 Z Z noy(n)os(m)qg" ™
n=1m=1
2'.3-5) o3(n)g" —2'-3-5-504) " os(n)os(m)g" .
n=1 n=1m=1
Here the fourth term of (3.12) can be written as
co oo ) K-1
> > noi(n)os(m)g" " = {Z (K —m)o1 (K — m)a5(m>} 7
n=1m=1 K=2 (m=1
oo K—1
= Z { Z (K —m)oi(K — m)ag,(m)} q
K=1 (m=1
oo K—1
= Z {K Z Jl(K—m)a5(m) — m,571(f()}qK7
K=1 m=1
so we refer to S1,5(n). And the last term of (3.12) is
oo oo [} K—1
>3 aslmos(m)g =Y { > sk — m)as<m>} ¢«
n=1m=1 K=2 m=1
= Z {Z o3 (K — m)Us(m)}qK7
m=1
thus we refer to Ss 5(n). Therefore, (3.12) is equal to
L*(q)N(g)
> n (3.13)
=1-24 Z {1109(n) — 240n07(n) + 252n(2n — 1)os(n) + 60481, 5,1(n)} ¢".
Finally, by applying (3.6), (3.8), (3.9), and (3.13), we can complete the Eq. (3.11).
O

Lemma 3.2. We have

L*(¢)N(¢) =1-2°%. 33Zn05 " +2°-3° 527107 )g"

n=1
—23-3-11209(n)q
n=1

17
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Proof. It is obvious by (3.13) and Theorem 3.1. O

Theorem 3.3. Letn € N. Then we have
n—1

Imas(n) = Z mo1(m)os(n —m) = —n{bor(n) — 6nos(n) + o1(n)}.

m=1

Proof. Since, by (3.3), (3.4), and (3.5),

> Inasn)g" = (Z mo1(m)os(n — m)> q"
= . m_ (M(g)—L*(q) (1= N(q)
:Zlal(l)q Z%(m)q = ( 95 32 ) ( 504 )

= to1 o5 32 {M(@) = M(@)N(q) = L*(9) + L*(0)N(9) },

we use (3.3), (3.5), (3.10), and Lemma 3.2.

O
Remark 3.1. From the definition of (1.7) let us investigate as follows :
Imes(n Z maoe(m)os(n —m)
m=1
n—1
= Z (n—m)oe(n —m)os(m)
m=1
n—1
=n)Y oc(n—m) Zmaen— or(m)
m=1
=nSf.e(n) = Im,.e(n)
so this leads to
Im f.e(n) =nSse(n) — Inme,r(n). (3.14)

For example, Theorem 3.3 is obtained easily since

Im,15( Z mo1(m)os(n —m) =nS1,5(n) — Ims,1(n)

by (3.14). So we use S1 5(n) and Theorem 3.1.
Lemma 3.4. We have
2%.32.11 & n 24.32.5.7.13 &
L@M(@N(q) =1 = == " noa(n)g" + —"—2223 " onln)g

691

n=1 n=1

28.3%.11 & "
T 5601 > ("

n=1

18
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Proof. The formula of L(q)M (q)N(q) is found in ([1], (2.12)) but it has a typo. So we search the exact
identity as follows :

By (3.2) and (3.10), we obtain

L(q)M(q)N(q)

= {1 - 24201(71)(]”} {1 —2%.3.11 Z Jg(m)qm}
n=1 m=1
=1-2°-3-11)  o9(m)q" =24 o1(n)q"
m=1 n=1

+24-2°.3-115 3" i (n)oo(m)g™ ™.

n=1m=1

Thus we use S1,9(n).

Theorem 3.5. Letn € N. Then we have

n—1
Im71(n) = Z moz(m)oi(n —m)
m=1
1
= 1800 {33no9(n) — 25m(4n — 3)o7(n) — 87(n)}.
Proof. From (3.2), (3.8), and (3.10), we have

o5}

Z In71(n)g" = Z (Z maoz(m)oi(n — m)) q"

=S lorg S oa(m)g™ = (L(q)MQ(q) - M(q)N(q)> (1 - L(q)> (3.15)

24.32.5 24
=1 m=1

= 5121 32 5 \L@OM(q) = L*(9)M*(g) — M(9)N(q) + M (q)N(q) L(q)} -

Then, to calculate the second term of (3.15) we use (3.5) and (3.6) :
L*(q)M*(q)

= {1 —25-32§:n01(n)q"+24 -3-5iag(n)q"} {1+25 .3.5 i 07(m)qm}

n=1 n=1 m=1
oo

=142°-3-5 o7(m)g" —2°-3°> noi(n)q"
— —~ (3.16)

oo oo

_ 910 33 & Z Z noi(n)or(m)g"t"

n=1m=1
+243.5 os(n)g" +2°-32- 52> N as(n)or(m)g"
n=1 n=1m=1

Here the fourth term of (3.16) can be written as
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n=1m=1 K=2 (m=1

33 nor(m)r(mgt = 3 { S (K — m)ou (K — m)a7(m>} o~

= Z {Z(K m)o1 (K m)07(m)}qK
k=1 \m=1
oo K-—1
= Z {KZ o1(K —m)oz(m) — m7l(K)}qK7

so we refer to Sq,7(n). Similarly, the last term of (3.16) is

S mamor(m) = 3 { S (K - m>o7<m>} s

n=1m=1 K=1 (m=1

thus we use Ss.7(n). Therefore, (3.16) is equal to

L*(q)M*(q)
1+%Z{455 ) — 15202n09(n) + 13820n(3n — 2)o7(n) (3.17)
= 691 0’11 nog(Mn n(on agr(n .

30007(n) + 663360Im.71(n)} "

Lastly, by applying (3.8), (3.10), (3.17), and Lemma 3.4, we can complete the Eq. (3.15).

O

Lemma 3.6. We have
LM = 142035 wor(m)g — 201 352 LS g (m)g”
n=1 n=1
N 24 .326,51.7.132011(@ n . 29;97;
Proof. It is obvious by (3.17) and Theorem 3.5. O
Theorem 3.7. Letn € N. Then we have
Im53( Z mos(m —m) = 8400 {11nog(n) — 35n0s5(n) + 247(n)} .

Proof. Multiplying (3.9) with (3.3), we obtain
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M(q)L(q)N(q)

:{1—&-240%03(71)1]”}{ —2%.3? 7Zma5 m)g™ +2°-3- 5207 m}

n=1 m=1

. 32 7Zma5 m)q™ + 2° 35207 m)q +240203
m=1

n=1
oo oo
—240-2"-32-7> " 3" o3(n) - mos(m)g" "

n=1m=1

+240.25-3-5i§:03 gt

n=1m=1

. 32 7Zna5 n)g" +2°-3- 5207 n)q +2402<73

n=1 n=1

—240-2*.3%.7 Z Ims,3(n)g" +240-2°-3-5% " Ss.7(n)
n=1 n=1

This leads to

M(@)L@N (@) = 1+ 2220 5™ 611 (n)g" — 1008 S nos(n)q

691
n= v (3.18)
, 432000 n
o Z — 241920 Y " I;m,5,3(n)g"

= n=1

Equating (3.18) with Lemma 3.4, we complete the proof.

O
Theorem 3.8. Letn € N. Then we have
(a)
n—1
Im1,7(n) = Z mao1(m)or(n —m)
m=1
= oy {33nos( ) — 50n*07(n) — 15n01(n) + 327(n)}
(b)
Imss5(n) = Z mosz(m)os(n —m)
1
= 19600 {11nog(n) + 25n03(n) — 367(n)} .
Proof. It is obvious by (3.14). O

To prove some theorems ahead we need the following proposition and Corollary 3.9.
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Proposition 3.2.  (a) (See ([1], Theorem 4.1.(i)))

L@M() = 2L()M () + 57N () ~ 2N ().
(b) (See ([1], Theorem 4.1.(ii)))
M(q)L(q") = %L(q)M(q) - %N(q) + ;N(qQ)-
(c) (See ([1], Theorem 5.1.(i)))
L@N (@) = 2LEIN) + 52 M*(0) — 5o M(a) — 2 Bla)
(d) (See ([1], Theorem 5.1.(ii)))
N(a)L(¢*) = %L(Q)N(Q) - %MQ(Q) + %MQ(QQ) - %;63((1)-

Corollary 3.9. We have

(a)

L) La)M(q) = 512 (@)M (@) — 5 LON(@) + oo LN ()

16 1376 | o 384

+ @MQ(Q) - @M () - T7B(Q)
(b)
L@)L(*)M(¢*) = 283 (@)M(¢®) + 75 LN (0) ~ 525 M (a)
+ %M%z) - %L(QZ)N(QQ) - %?B(Q)-
Proof. (a) From Proposition 3.2 (b) we have
L(¢*)L(q)M(q) = L(q) - L(¢*) M (q)
= L(q) {%L(q)M(q) - %N(Q) + %N(qz’)}
= S @M(@) ~ L@N@) + 5 L@N(@)
This leads
L(¢*)L(q)M (q)
= %LQ((I)M(Q) - %L(Q)N(Q)
+ g {EANG + 00 - S - B |
= JL@M() ~ L@N@) + LN + Jroz M2 (0) — om (@)

by Proposition 3.2 (c).
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(b) Itis similar to Corollary 3.9 (a). That is, we note that

= L(q°) {2L(q2)M(f12) - %N( ) — %N( )}
= 2L )M(¢*) + 5 L IN() — o2 L )N (),

by Proposition 3.2 (a). Again applying Proposition 3.2 (d) into the above equation we have the

proof.
O

Lemma 3.10. Letn € N. We have

i mosz(m)o1,1(n —m;2)

m=1

= oo [ {110500) = 3205(5) — 1505w } + a6(m)] .

Proof. First by (3.2), we have

q)=1-24 Z oi(n)g" =1-24Y (01,1(n;2) + 01,0(n:2)) ¢"

n=1

—1—242011712(] —2422012

n=1

=1 —2420171(n;2)q" +2{1 —24ZUl(n)q2"} -2

n=1 n=1

Thus we obtain

24> " 011(n;2)¢" = 2L(¢°) — 1 — L(q). (3.19)

Second by (3.4) and (3.7) we have

21-3%-5) nos(n)g" = L(g)M(q) — N(q). (3.20)

Multiplying (3.19) by (3.20) we obtain

[

= (L(q)M(q) — N(q)) (2L(¢*) — 1 — L(q))

*ZL( )M (q)L(q") — L(q)M(q) — L*(q)M(q) — 2N (q)L(q")

N(g) + N(q)L(q)
)

= L@NG@) + o

— L(q)M(q) + N(q) + 192B(q),

L(¢*)N ((12)4‘%]\42((1)_%]‘42(‘12)
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where we use Proposition 3.2 (d) and Corollary 3.9 (a) for the last line. Therefore we refer to
(1.1), (3.4), (3.6), (3.7), and (3.9) so that we complete the proof.

O
Proof of the Theorem 1.1. (a) Now by (3.4) and (3.7), we have
L(9)M(g) = N(q) +2"-3° -5 " nos(n)g"
n=1
=N(q)+2*-3%-5 Z nosa(n;2)¢" +2*-3-5 Z 16n03(n)g>"
n=1 n=1
=N(g)+2"-3°-5> nos1(n;2)q" +16 {L(¢")M(¢°) = N(¢*)},
n=1
since
L(¢*)M(¢°) = N(¢*) +2"-3° -5 nos(n)g™".
n=1
So we obtain
2t.32.5 nos,1(n;2)q"
2 7o (i) (3.21)

= L(q)M(q) — N(q) — 16 {L(¢")M(¢°) — N(¢*)} .

Combining (3.19) and (3.21) we note that

27.3%.5 <Z o1,1(m; 2)q"> (Z mos,1(m; 2)qm>
n=1 m=1

={2L(¢*) =1 - L(¢)} {L(g)M(q) — N(q) — 16L(¢*)M(¢*) + 16N (¢°) }
=2L(¢*)L(9) M (q) — 2L(¢*)N(q) — 32L%(¢*) M (¢°) + 32L(¢*) N (¢*)

— L(q)M(q) + N(q) + 16L(¢*)M (¢*) — 16N (¢°) — L*(q) M (q)

+ L(q)N(q) + 16 L(q) L(¢*) M (¢*) — 16 L(q) N (¢*)

1 96

= 2 L(@)N(g) ~ T LN + 2M3(0) + 5 M (a?)

— L(q)M(q) + N(q) + 16L(¢*)M(¢*) — 16N (¢°) + 576 B(q),

where we use Proposition 3.2 (c), (d), and Corollary 3.9 for the last line. Finally, we refer to
(1.1), (3.4), (3.6), (3.7), and (3.9).

(b) We note that
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i m)o1,1(n —m;2)

= i m{03,1(m; 2) —+ 0'3,0(m; 2)}01,1(71 —m; 2)

n—1 n—1
= Z m0371(m; 2)0’1,1(71 —m; 2) + Z mJg,o(m; 2)0’1,1(71, —m; 2).
m=1 m=1

So we use Lemma 3.10 and Theorem 1.1 (a).
(c) By (1.4), we have

n—1
mzlmogo(m ;:2)o1,0(n —m;2) Z m-23 os3( 201(n—2m)
=32 Z mos(m m).

m<g

So we refer to (3.1).
(d) Since

mos(m)oi(n —m)

m=1
n—1
= ) miosi(m;2) +os0(m;2)} {or1(n —m;2) + o1.0(n —m;2)}
m=1
n—1 n—1
= m03,1(m; 2)0’1,1(7’1, —m; 2) —+ Z m03,1(m; 2)0’1,0(?1 —m; 2)
m=1 m=1
n—1 n—1
+ Y moso(m;2)oi(n—m;2) + > moso(m;2)o10(n —m;2),
m=1 m=1

we use Theorem 1.1 (a), (b), and (c).

Theorem 3.11. Letn € N. Then we have

(@)
i mo1,1(m;2)os,1(n —m;2)
= 55 [ {os0) + 4805(3) + T () — 101 (5)} — 8b(m)]
(b)
i: mo1,1(m; 2)os,0(n — m; 2)

= % [n {05(?1) - 2205(%) —301(n) + 601(%)} + Zb(n)] .
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n—1

Z mo1,0(m;2)oso(n —m;2) =

m=1

%n {705(%) - 37103(%) - ‘71(%)} :

n—1

Z maoi,o (m; 2)03,1(7’1, —m; 2)

m=1
1

= 360 [n {505(n) - 15205(%) —9Inos1(n;2) + 2101(2)} + 4b(n)] .

Proof. ltis the similar manner to (3.14). In other words, for i, 5 € {0,1} we observe that

n—1 n—1
> mogi(m;2)or;(n—m;2) = Y (n—m)osi(n—m;2)o;(m;2)
m=1 m=1

and so we use Theorem 1.1 and Corollary 2.4 (a), Corollary 2.1 (a), Corollary 2.3 (a), and

Corollary 2.2 (a), respectively.

O

4 Appendix

The first twenty values of b(n) are given in the Table 1,

n | b(n) n b(n) n b(n) n b(n)
1 1 6 —-96 11 1092 16 4096
2 -8 7 1016 12 768 17 14706
3 12 8 —512 13 1382 18 16344
4 64 9 | —2043 || 14 | —8128 || 19 | —39940
5 | —210 || 10 1680 15 | —2520 || 20 | —13440

TABLE 1. b(n) for n (1 < n < 20)

similarly the first twenty values of ¢(n) and d(n) are listed in the following tables.

n | c(n) n c(n) n c(n) n c(n)

1 1 6 2496 11 —38996 16 | —65536
2| —16 7 —4536 12 39936 17 | 311442

3 100 8 —4096 13 37806 18 | —74448
4 | —256 9 23085 14 15232 19 128244

5| —154 || 10 | —13920 || 15 | —146472 || 20 | —222720

TABLE 2. ¢(n) forn (1 < n < 20)

d(n) n d(n) n d(n)
—156 || 11 —536 16 4096
112 12 | —2496 || 17 | —17472
256 13 4384 18 4653
—576 || 14 | —952 19 5848
32 10 870 15 336 20 13920

d(n)
0
1
-8
16

Ol N3

[S23 TN VLI I NG e

TABLE 3. d(n) for n (1 < n < 20)
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5 CONCLUSIONS

In this paper, we deduce various convolution sums formulas with even and odd divisor functions and
in fact these results are available by Cheng and Williams’ paper [1], especially.
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