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Abstract

In this paper we present some properties for projective hypersurfaces, smooth and singular, to be
criteria for identification. To make the decision with these criteria, we have included procedures
written in Singular language.
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1 Introduction

Let S = C|zo, ..., zn] be the graded ring of polynomials in zo,, ..., z,, with complex coefficients and
denote by S, the vector space of homogeneous polynomials in S of degree d. For any polynomial
f € Sq we define the Jacobian ideal J; C S as the ideal spanned by the partial derivatives fo, ..., fr
of f with respect to xo, ..., z,.

The Hilbert-Poincaré series of a graded S-module M of finite type is defined by

HP(M)(t) =Y _ dim My - t* (1.1)
k>0
and it is known, to be a rational function of the form

P(M)(t)

HP(M)(1) = (7 =g 5r

(1.2)

For any polynomial f € S; we define the hypersurface V(f) given by f = 0 in P" and the
corresponding graded Milnor (or Jacobian) algebra by

M(f)=5/Jy. (1.3)

Smooth hypersurfaces V' (f,) of degree d have all the same Hilbert-Poincaré series.
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Proposition 1.1. The following statements are equivalent:
(i) The hypersurface V(f) is smooth.
(i) The Hilbert-Poincaré series is

(1 _ tdfl)nJrl

d72)n+1
(1 _ t)n+1

HP(M(f))(t) = =1 +t+t2 4.+t

For a proof see, for instance, Dimca (1987), p. 109.
As soon as the hypersurface V ( f) acquires some singularities, the series HP (M (f)) is an infinite
sum.
Beyond the smooth case, there is just one general situation in which we know explicit formulas
for HP(M(f)). For polynomials f such that the saturated Jacobian ideal J; of the Jacobian ideal J
is a complete intersection ideal of multidegree (d1, ..., d»), then it is known that
(1 _ tdfl)nJrl + t(n+1)(d71)7z d; (1 _ tdl) . (1 _ td")

HP(M(f))(t) = e , (1.4

see Proposition 4. in Dimca (2013).

It is a very hard work to obtain by hand these informations, even if we consider curves and
surfaces with low degree. All the computations for this paper were made by our procedures written in
Singular language, presented in the section 4.

We would like to thank the referee for his useful suggestions.

2 Smooth hypersurfaces

Smooth hypersurfaces have the same Hilbert-Poincaré series associated to Fermat type
F(t)= 1+t +t>+.. + 272" = =T 0,5 where T = (n +1)(d — 2).
To the best of our knowledge, the only results are forn = 2 :

(*1%),0<k<d-2
av =1 (1) =81 d -1 <k <72
ank,% <k <T.

In this section we show explicit formulas for the coefficients ax. To compute these coefficients,
we need additional informations.

Lemma 2.1. The number of solutions in positive integers (b; > 1,k > n+ 1) of the equation bo + b1 +
b =Kis (1.

Proof. Letbe the sequences 111... 111 with k bits and k — 1 spaces. If we keep only n spaces (and
all other will be deleted), we have n + 1 groups of successive bits. There are obviously (";1) ways of
doing this.

Corollary 2.2. The number of solutions in nonnegative integers (b; > 0,k > 0) of the equation
bo+bi+...+bn=kis (™).

Proof. The transformation b, =¢; — 1,7 =0,1,...,nyields an equation co+c1+...+cn =n+k+1
with all ¢; > 1. The number of solutions of this equivalent equation is ("1*). O

n

Remark 21. If k € N, k < d — 2, the number of solutions in nonnegative integers, 0 < b; < d — 2 of
the equation by + b1 + ... + b, = kis ("1*). We note that condition b; < d — 2 is not necessary.

n
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Remark 2.2. Ifk € N, k > (d—2)(n+1), then the equation b + b1 +...+ b, = kwith0 < b; < d—2,
has no solutions.

Lemma 2.3. The number of solutions in nonnegative integers (b; > 0) of the equation by + b1 +

...+ b, = k with m variables b; at least d — 1 and the other n + 1 — m variables b; at mostd — 2 is
(n+k7'm(d71))'

Proof. We can permute the variables, and first take m > d—1. The transformation b; = ¢;+(d—1),:
0,1,...,m —1land b; = ¢; fori = m,...,n, yields an equationco +c1 + ... + by, =k —m(d — 1
Because all ¢; > 0 we have ("™*~(4~1) solutions.

O~

Now we can prove the main result.

Proposition 2.1. Let f = Fy(xo,x1...2n) = 2f+ai+ -+ € Clxo,z1...x,]. Then HP(M(f)) =
> k>0 axt® = F(t), a polynomial of degree T = (n + 1)(d — 2). In addition

o fork=0,...,d—2,a = ("1").

o fork>d -1 = ("H) + X0 ()7 () (D) where g = [ ]

m

Proof. Because a;r = dimc(M (f)r) then ar = Card(M;) where M;, is the set of solutions for the
equation: by +b1 +...+b, = kwith0 < b; <d—2and 0 < k < (n+1)(d - 2). Obviously ar = ("}*)
for k € N,k < d — 2. For the second part, kK > d — 1, is necessary to involve principle of inclusion-
exclusion. If B is the set of the solutions of the equation, without the restrictions b, < d — 2, then B
has (”*’“) elements. Because k > d — 1, we have some i with b; > d — 1. Let B; be the set of this
solutions with b; > d — 1 then B, ..., B, have the same cardinal, ("**~(*~V) and the intersection
of m sets from Bo, Bi, ..., By has ("M 7(471) elements. If we have m variables with b; > d — 1,

thenm < A (otheW|se bo+bi+...+b,>k),s01<m< [ﬁ} Hence M;, is the difference of

B and the union of By, B1, ..., Bn, based on inclusion-exclusion principle, we obtain:
n+k 1 n+1 n+k—m(d—1)
= M) = E .
ar = Card(My) < n > + ( > ( n

Formulas for some cases
We need to compute the ax coefficients only for 0 < k < Z. because a, = ar—_x fork > L.
eCasen =3
ar = (5% foro <k <d-—2.
ar= (") —4- ("3 ford—1<k <L =2d-4<2d-3.
eCasen =4

:(’”4 for0<k<d 2.

)
="M -5 ("7 ford—1<k<2d-3.
)~

ak —(’*14 5.7 410 (M) for2d —2 <k < L <3d—4.
eCasen=>5

ak_(sa)for0<k<d 2.

ar = (") =6 (" ford—1 < k <2d-3.

ar= (") —6- ("N 415 (M) for2d —2 < k< L < 3d - 4.
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3 Some criteria and examples

In this section we present some criteria to check if a projective hypersurface is singular or smooth.

3.1 Critical points

For some curves or surfaces, we can find effective singularities and classify. For low degree and
simple polynomials, we can find the critical points by solving the system of equations:

9 _ oF _y, (3.1)

0o T Dy,

Because f is homogenous of degree r, by Euler's formula we have: zo 2L + - - + z, 2 = rf.
Obviously, if all partial derivatives of polynomial f vanish at p, then the polynomial f vanishes at p
too. Therefore, for finding singular points it is enough to get critical points and classify.

For example, in P2, these points (0 : 0 : 1),(1 : i : 0),(1 : —i : 0) are nodes (type A;) for
Lemniscate of Bernoulli: (z® + y?)? — 2(z® — y?)2% = 0 and cusps (type A») for Cardioid: (z? + y* +
z2)? — (22 +yH)22 = 0.

Remark

It is sufficient to find at least one critical point. For projective surfaces in P?, f = (z* + w*)? +
(y? + 2P)* = 0itis easy to check that (1: 0 : 0 : 4) is critical point, for arbitrary p.

3.2 Hilbert-Poincaré series

The Hilbert-Poincaré series is computed with two methods: combinatorial and based on a free
resolution. For other examples see Dimca and Sticlaru (2012), Dimca and Sticlaru (2013).

To compute the Hilbert-Poincaré series, first recall that the quotient rings S/I and S/LT(I) have
the same series, for any monomial ordering, where LT(l) is the ideal of leading terms of the ideal I.

The projective equation of the Cissoid of Diocles is given by 3 + z3? — 4%z = 0.

The leading ideal of the jacobian J; is: LI = (y?, zy, 2°).

For the graded Milnor algebra, M = &> M), we show the bases for the homogeneous components:
Mo ={1}, M1 ={z,y,z},M> = {zQ,yz,xz} , Ms = (23,3622} ,
M,y = (z4,x23} and M = {zk,aczkfl} for all kK > 3.

Finally, if we count the number of monomials in each homogeneous bases, we find the Hilbert-
Poincaré series S(t) = 1 + 3t + 3t> + 2(t> + ...

The projective equation of the curve called Kappa is f = (2% + y?)y* — 2222 = 0.
Here is the minimal graded free resolution of Milnor algebra M:

0 — R3—Rs—R1—Ry— M — 0 (3.2)

where Ry = S, R1 = S*(—3), Rz = S(—5) ® S*(—6) and R3 = S?(—7).

To get the formulas for the Hilbert-Poincaré series, we start with the resolution (3.2) and get
HP(M)(t) = HP(Ro)(t) — HP(R1)(t) + HP(R2)(t) — HP(R3)(t).

Then we use the well-known formulas H P(N1&N3)(t) = HP(N1)(t)+HP(N2)(t), HP(N?(—q))(t) =
pt!HP(N)(t), HP(S)(t) = ~—~5 and we obtain:

(1-1)3
HP(M)(t) _ 173,534514{):?6,%7 _ 1+2t+3t21t,5:,t4,2t0 =143t +6t2+ 763 + 6t —|—4(t5 +...
Remark
It is sufficient to find just one coefficient which is different in the two series to infer that V'(f) is
singular.
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For smooth curve of degree three, the Hilbert-Poincaré series is polynomial, F3(t) = (1 + 1) =
1+ 3t + 3t + t°. For the Cissoid of Diocles curve, Ms = (z°, zz*} with dim(M3) = 2 so the Cissoid
is singular.

Another criteria is based on degree T' = (n + 1)(d — 2) of the polynomial for the smooth case. If
dim(Mr+1) > 0 the hypersurfaces is singular.

3.3 Complete intersection

We present projective hypersurfaces V'(f) for which the saturated Jacobian ideal ff is a complete
intersection of multidegree (ds, ..., d.), so these V (f) are singular and their Hilbert-Poincaré series
HP(M(f))(t) are infinite. We display the type of complete intersection (d, ..., d.), the generators for
the saturated Jacobian ideal J; and the Hilbert-Poincaré series.

e singular curves in P? R
V(f): f=a*+y* +xyz? = 0with J; of type (1,1), and two generators: (x, y).

HP(M(f)(t) = (1—t3)3(+1t1g3—t)(1—t) =143t 4+6t2 47t + 6t +3t° + (5 +¢7 + ...

(this curve has a single node).
V(f): f =a%y® +2z® + y2° = 0 with J; of type (2,2), and two generators: (zy, 22).
313, ,5 2 2 . -
HP(M(f)(t) = G000 = 14 314 662 4 785 + 6 + 487 +4° + ..
(this curve has 2 cusps).

e singular surfaces in P? R
V(f): f= (2> +y* + 2% + 2y + x2 + yz)w + 2xyz = 0 with J; of type (1,1,1), and three generators:

(,y,2).
HP(M(f))(t) = <1‘t2)4“5(1:;521(1‘”(1‘” =144t 46t +4t° + (t* +15+ ...

(this surface has a single node).

V(f): f=zzw+ (z+w)y? +2° + 2%y + zy® + 3> = 0 with J; of type (1,1,2), and three generators:
(z,y, zw).
IV SV _ .2 -
HP(M(f)(t) = S DA0020) g gy 4 617+ 48 4+ 2(8* +£°
(this surface has 2 nodes).

3.4 Number of singularities

In this subsection we assume that V() has at most isolated singularities.

We consider the following ideals: J = J; the jacobian ideal and I the radical of J with G1 =
std(J) and G2 = std(I) their respective standard Groebner basis, mult; the degree of G1 and mult.
the degree of Gs.

Proposition 3.1. We have the following statements:
o Ifmult; < (d—1)"T" the hypersurfaces is singular and mult, is the number of singularities.
o Ifmult; = (d — 1)"*! the hypersurfaces is smooth.

Proof. Indeed, when V' ( f) has isolated singularities, then one has mult, = 7(V (f)), the total Tjurina
number of V(f), which is the sum of the Tjurina numbers 7(V (f), p) over all singular points p of
V(f). This follows from the definition of the multiplicity of a homogeneous ideal and the equality
dim M (f)r = 7(V(f)), for k large, see Dimca (1994). Now, at each singular point we have the
inequality 7(V(f),p) < u(V(f),p), and by taking the sum we get the inequality 7(V (f)) < pn(V (f))
between the total Tjurina and the total Milnor numbers. Moreover, it is known that (V' (f)) < (d—1)",
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see for instance Proposition (3.25), page 90 as well as the discussion on page 161 in Dimca (1992).
It follows that in fact, for singular hypersurfaces we have the stronger inequality

mult; < (d—1)".

For the smooth case, the Hilbert-Poincaré series is polynomial, F(t) = (1 +t +t> + ... + t¢=2)"+!
and we have mult: = Y, o dim My, - t* = F(1) = (d — 1)"*".

Corollary 3.1. If the hypersurfaces is singular and mult; = mults them all the singularities are
nodes.

If there are two type of singularities on V' (f), say A, and A, it is possible to find the number z,y
of each type of singularities, by solving the system:

pr + qy = multy
T+ y = mults

For some case, there are many configuration, for example, if mult; = 5 and mult: = 3 we have
two configurations A; + Az and 245 + As.
In the following table we present some examples for projective surfaces f = 0 of degree three.

polynomial f multy | multe | Type
wrz + y3 6 3 3A->
w(zy + xz + yz) + xyz 4 4 44,

wzz + (z + y)y2 5 3 Ay +2A5
wzz + (z + 2)y> 5 3 24, + As
wmz+y2(z+y+z) 4 3 2A1 + Az
wrz + (z+ 2)(y? — 2?) 4 2 A1+ As
wzz + y?z + ya? 5 2 A+ Ay
2 + oyt 422w 16 — smooth

3.5 Computation of genus

The genus of a smooth irreducible curve defined by a polynomial of degree d is given by the formula:
(d— 1><d 2)

9s = ——9

The genus of a singular irreducible projective curve C' : f = 0 (i.e. the genus of its smooth model)
is given by g(C) = gs — 4, where 4 is the sum of all local delta-invariants ¢, of the singularities p € C.
If C'is smooth, then ¢ is 0.

The Hermitian curve z¢ +y¢ = z¢ and Fermat curve 2 4+ y® 4 z¢ = 0 are smooth in P, of genus
(d—1)(d—2)
=

Remark Every irreducible projective curves with genus=
or has exactly one cusp As.

Several computer algebra packages are able to compute the genus of a plane curve

In the following table we present some computations with procedure genus() from Singular library
normal.lib.

@=1)d=2) _ 1 s either nodal of type A;

polynomial f Genus | Comments

3+ xy® — Y7 0 singular (As)

m3y + y3z + :ch3 3 smooth (Klein quartic)

yz + y +2° 5 singular (A1)

(x + v, )2 2( —y?)2? 0 singular (Lemniscate of Bernoulli)
(z? +y +:cz) (22 + y*)2? 0 singular (Cardioid)

(2 +9y*)y? — 2?22 =0 0 singular (Kappa)
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The Lemniscate of Bernoulli, the Cardioid and the Kappa curve are irreducible with genus = 0 hence
these are singular rational (i.e. parameterizable) curves.

4 Programs in Singular language

For mathematical computations, we can use any CAS (Computer Algebra System) software like
Mathematica, Matlab or Maple, but for Algebraic Geometry, the best are perhaps Singular, Macaulay2
or CoCoA.

Singular is a package developed at the University of Kaiserslautern, see Decker et al. (2013) and
Gruel and Pfister (2007).

proc criteria_mult(){

// compute the number of singularities for projective hypersurfaces
int n=2; // n+l variables, you can change

ring R=0,(x(0..n)),dp;

poly £;

// you can change polynomial f
£f=(x(0)"2+x(1)~2) "2-2%(x(0) "2-x(1)"2)*x(2)"2; // Lemniscata
int d=deg(£);

ideal J=jacob(f);

ideal Gl=std(J);

ideal G2=std(radical(J));

int multl=mult(G1);

int mult2=mult(G2);

if (multi==(d-1) " (n+1)) {print("this curve is smooth!");}
else {print("this curve is singular! ");}

if (multl==mult2) {print("and nodal! ");}

}

proc criteria_ci(){

// complete intersection criteria

int n=2; // n+l variables, you can change

LIB "elim.lib";

ring R=0, (x(0..n)) ,dp;

poly £;

// you can change polynomial f

f=x(0) "3*x (1) "b+x(1)"8+x(2)"8 ; //(4,7)

int d=deg(f);

ideal J=jacob(f);

ideal I=std(sat(J,maxideal(1))[1]);
if(size(I)==n){

print ("Complete intersection with generators:");
print(I);

int i, a;

intvec v;

a=(n+1)*(d-1);

for(i=1;i<=n;i++) {v[il=deg(I[i]); a=a-v[il;}
ring R=0,t,ds;

poly P, Q;
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Q=1;

for(i=1;i<=n;i++) {Q=Q*(1-t~v[il);}

P=(1-t"(d-1)) " (n+1)+ t~axQ;

print ("Hilbert Poincare series P(t)/(1-t) (n+1) where polynomial P(t) is:");
print (P);

};

}

proc criteria_hp(){

// compute Hilbert-Poincare series

int n=2; // n+l variables, you can change

ring R=0, (x(0..n)),dp;

poly f£f;

// you can change polynomial f

£=(x(0)"2+x(1) "2+x(0)*x(2)) "2 - (x(0)"2+x(1)"2)*x(2)"2; //cardioid
int d=deg(f);

ideal J=jacob(f);

ideal G=std(J);

int i, T;

intvec v;

T=(n+1)*(d-2);

for (i=1; i<=T+2;i++) {

v[i]l=size(kbase(G,i-1));}

if (v[T+2]>0) {print("The hypersurfaces is singular!");}
else {print("The hypersurfaces is smooth !");}

ring R=0,t,ds;

poly F, S;
F=((1-t"(d-1))/(1-t)) " (n+1);
S=0;

for(i=1;i<=T+2;i++) {S=S+v[il*t~(i-1); }
print("Hilbert Poincare series is S(t)= "); S;
print("Hilbert Poincare series smooth (Fermat) case F(t)= "); F;

}

proc criteria_genus (){

// genus, only for projective curve

LIB "normal.lib";

ring r=0, (x,y,2),dp;

poly £;

// you can change polynomial here
f=(x"2+y"2)"2-2%(x"2-y"2)*z"2; // lemniscata -> genus=0
int d=deg(f);

ideal I=f;

int g=genus(I);

if(g==(d-1)*(d-2)/2) {print("this curve is smooth !");}
else {print("this curve is singular !");}

}
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5 Conclusion

Except for the explicit computations and the final Singular programs, our main results are Proposition
2.1 and Proposition 3.1.

We have introduced in section 3 some criteria to check if a projective hypersurface is singular or
smooth. These criteria are based on a set of interesting properties for the projective hypersurfaces,
among them, critical points, Hilbert-Poincaré series, complete intersection, genus, Tjurina and Milnor
numbers.

It is generally difficult to find all the singularities for projective hypersurfaces in P™. In this paper
we will check if there is at least one singular point and possibly how many they are.
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