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ABSTRACT 
 
This paper presents an approximate analytical solution of the nonlinear Fornberg-Whitham equation using 
the new iterative method (NIM). A comparison is made between the NIM results, homotopy perturbation 
transform method (HPTM) and the Adomian's decomposition method (ADM).  The solution procedure 
reveals that NIM is a reliable, simple and effective. The proposed technique solves nonlinear problems 
without using Adomian's polynomials and He's polynomials which is a clear advantage of it over the 
decomposition method. The results reveal that the proposed algorithm is very efficient, simple and can be 
applied to other nonlinear problems. 
 

 
Keywords: New iterative method, Homotopy perturbation transform method, Nonlinear Fornberg-Whitham 
equation 
 

1. Introduction  
 
The Fornberg-Whitham equation [1] given as 

      ,3 xxxxxxxxxxtt uuuuuuuuu +−=+−             (1.1) 

has a type of traveling wave solution called a kink-like wave solution and anti kink-like wave solutions. Such 
kinds of traveling wave solutions have never been found for the Fornberg-Whitham equation. Eq. (1.1) was 
used to study the qualitative behaviour of wave-breaking [2, 3].  
Many important phenomena occurring in various fields of engineering and science are frequently modeled 
through linear and nonlinear differential equations. However, it is still very difficult to obtain closed-form 
solutions for most models of real-life problems. A broad class of analytical methods and numerical methods 
were used to handle such problems.  
In recent years, various methods have been proposed such as homotopy perturbation method [4, 11] finite 
difference method [12, 13] Adomian decomposition method [14–19], variational iteration method [20–23], 
weighted finite difference techniques [24], Laplace decomposition method [25], but all these methods have 
some limitations. It is worth mentioning that the homotopy perturbation method is applied without any 
discretization, restrictive assumption or transformation and is free from round off errors. The Laplace 
transform is totally incapable of handling nonlinear equations because of the difficulties that are caused by 
the nonlinear terms. 
 
In the present paper, we use both the new iterative method, proposed first by Gejji and Jafari [26] and 
homotopy perturbation transform method, proposed by Madani at el [27], Khan and Wu [28]. The first 
method has proven useful for solving a variety of nonlinear equations such as algebraic equations, integral 
equations, ordinary and partial differential equations of integer and fractional order and systems of equations 
as well. New iterative method is simple to understand and easy to implement using computer packages and 
yield better results than the existing Adomain decomposition method [14], homotopy perturbation method [4] 
and variational iteration method [20]. The second method is an elegant combination of the Laplace 
transformation, the homotopy perturbation method, and He's polynomials. The proposed algorithm provides 
the solution in a rapid convergent series which may lead to the solution in a closed form. The advantage of 
this method is its capability of combining two powerful methods for obtaining exact solutions for linear and 
nonlinear partial differential equations. 
The motivated by the ongoing research in this area, we use the new iterative method and homotopy 
perturbation transform method in solving the Fornberg-Whitham equation. 
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2. Basic Idea of NIM 
To describe the idea of the NIM, consider the following general functional equation [26-30]: 

)),(()()( xuNxfxu +=                  (2.1) 
where N is a nonlinear operator from a Banach space B→B and f is a known function. We are looking for a 
solution u of (2.1) having the series form 
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The nonlinear operator N can be decomposed as follows 
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From Eqs. (2.2) and (2.3), Eq. (2.1) is equivalent to 
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We define the recurrence relation: 

,0 fu =                  (2.5a) 

),( 01 uNu =                  (2.5b) 

.,...3,2,1),...()...( 110101 =+++−+++= −+ nuuuNuuuNu nnn           (2.5c) 

Then: 
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If N is a contraction, i.e. 

)()( yNxN − ≤ ,10, <<− kyxk  

then: 

)...()...( 110101 −+ +++−+++= nnn uuuNuuuNu              (2.7) 
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and the series ∑
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=0i
iu  absolutely and uniformly converges to a solution of (2.1) [31], which is unique, in view 

of the Banach fixed point theorem [32]. The k-term approximate solution of (2.1) and (2.2) is given by ∑
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2.1 Reliable Algorithm  
After the above presentation of the NIM, we introduce a reliable algorithm for solving nonlinear partial 
differential equations using the NIM. Consider the following nonlinear partial differential equation of arbitrary 
order: 

,),,(),(),( NntxBuuAtxuD n
t ∈+∂=                         (2.8a) 

with the initial conditions 
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where A is a nonlinear function of u and ∂ u (partial derivatives of u with respect to x and t) and B is the 
source function. In view of the integral operators, the initial value problem (2.8a) and (2.8b) is equivalent to 
the following integral equation 
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and 

,)( AIuN n
t=                  (2.11) 

where n
tI  t is an integral operator of n fold. We get the solution of (2.9) by employing the algorithm (2.5). 

       
3. Basic Idea of Homotopy Perturbation Method (HPM) 
Consider the following nonlinear differential equation [3-10]: 

,,0)()( Ω∈=− rrfuA                  (3.1) 
with the boundary conditions of 
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where A, B, f(r) and г are a general differential operator, a boundary operator, a known analytic function and 
the boundary of the domain Ω, respectively. The operator A can generally be divided into a linear part L and 
a nonlinear part N. Equation (3.1) may therefore be written as. 
 

,0)()()( =−+ rfuNuL                  (3.2) 

By the homotopy technique, we construct a homotopy Rprv →×Ω ]1,0[:),(  which satisfies 

[ ] [ ] ,0)()()()()1(),( 0 =−+−−= rfvApuLvLppvH              (3.3) 

or 
[ ] ,0)()()()()(),( 00 =−++−= rfvNpupLuLuLpvH                         (3.4) 

where [ ]1,0∈p  is an embedding parameter, while 0u  is an initial approximation of (3.1), which satisfies the 

boundary conditions. Obviously, from (3.3) and (3.4) we will have 
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The changing process of p from zero to unity is just that of ),( prv  from 0u  to )(ru . In topology, this is 

called deformation, while )()( 0uLvL −  and )()( rfvA −  are called homotopy. If the embedding parameter 

p is considered as a small parameter, applying the classical perturbation technique, we can assume that the 
solution of (3.3) and (3.4) can be written as a power series in p: 
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Setting p = 1 in (2.6), we have 
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The combination of the perturbation method and the homotopy method is called the HPM, which eliminates 
the drawbacks of the traditional perturbation methods while keeping all its advantages. The series (3.7) is 
convergent for most cases. However, the convergent rate depends on the nonlinear operator )(vA  
.Moreover, He [3], made the following suggestions. 
(1) The second derivative of )(vN  with respect to v must be small because the 
parameter may be relatively large; that is, p → 1. 

(2) The norm of  )(1

v

N
L

∂
∂−  must be smaller than one so that the series converges. 

 
4. Basic Idea of HPTM 
To illustrate the basic idea of this method, we consider a general nonlinear non-homogeneous partial 
differential equation with initial conditions of the form [33, 34] 

),,().(),(),( txgtxNutxRutxDu =++                (4.1) 
with the boundary conditions of 
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where D is the second order linear differential operator 
2

2

t
D

∂
∂= , R is the linear differential 

Operator of less order than D, N represents the general non-linear differential operator and g(x, t) is the 
source term. Taking the Laplace transform (denoted throughout this paper by L) on both sides of Eq. (4.1): 

)].,([)],([)],([)],([ txgLtxNuLtxRuLtxDuL =++               (4.2) 
Using the differentiation property of the Laplace transform, we have 
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Operating with the Laplace inverse on both sides of Eq. (4.3) gives 
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where G(x, t) represents the term arising from the source term and the prescribed initial conditions. Now, we 
apply the homotopy perturbation method 
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and the nonlinear term can be decomposed as 
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for some He’s polynomials nH (see [35, 36]) that are given by 
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Substituting Eqs. (4.6) and (4.5) in Eq. (4.4), we get 
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which is the coupling of the Laplace transform and the homotopy perturbation method using He’s 
polynomials. Comparing the coefficient of like powers of p, the following approximations are obtained 
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5. Numerical Application 
In this section, we apply NIM and HPTM to solve the nonlinear Fornberg-Whitham equation. 
Consider the following nonlinear Fornberg-Whitham equation [37]: 

,3 xxxxxxxxxxtt uuuuuuuuu +−=+−               (5.1a) 

with the initial condition 
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By NIM: 
From (2.5a) and (2.10) we obtain 
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Therefore, from (2.9), the initial value problem (5.1) is equivalent to the following integral equations: 

( ).3),( 2
xxxtxxxxxxxt

x

uuuuuuuuIetxu −++−+=               (5.2) 

Taking 

( )xxxtxxxxxxxt uuuuuuuuIuN −++−= 3)(  

Therefore, from (2.5), we can obtain easily the following .first few components of the new iterative solution 
for the equation (5.1): 

,),( 2
0

x

etxu =  

,
2

),( 2
1

x

e
t

txu
−=  

[ ],
8

1
),( 22

2 ttetxu
x

+−=                  (5.3) 

[ ],263
96

1
),( 322

3 tttetxu
x

+−−=  

[ ],693
384

1
),( 4322

4 ttttetxu
x

+−+−=  

. 

. 

. 
 
and the rest of the components of iteration formula (4.7) are obtained. The approximate solution which 
involves few terms is given by 
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Table 1. The absolute errors for differences between the exact solution and 5th-order NIM, when t=5.   
 

 
 
 
By HPTM: 
By applying the aforesaid method subject to the initial condition, we have 
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The inverse of the Laplace transform implies that 
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Now, we apply the HPM 

ix                                     exactu                                       NIMu                                    NIMexact uu −  

-4                                 0.0048279499                         0.0031719207                         1.65602E-3 
-2                                 0.0131237287                         0.0086221743                         4.50155E-3 
 0                                 0.0356739933                         0.0234374990                         1.22364E-2 
 2                                 0.0969719679                         0.0637097231                         3.32622E-2 
 4                                 0.2635971382                         0.1731809521                         9.04161E-2 
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where )(),(),( uHuHuH nnn ′′′  are He’s polynomials [35, 36] that represents the nonlinear terms. So, the 

He’s polynomials are given by 
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Comparing the coefficients of like powers of p, we have 
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and the rest of the components of iteration formula (4.7) are obtained. The approximate solution which 
involves few terms is given by 
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Table 2. The absolute errors for differences between the exact solution and 5th-order HPTM when 
t=5. 
 

 
which are the absolute errors in table (1) by NIM the same results obtained by HPTM in table (2) and ADM 
[37]. The obtained results prove that the NIM described method is very simple and easy method compared 
with the other methods and give the approximate solution in series form, this series in closed form gives the 
corresponding exact solution of the given problem. 
 
 
 

(a)  

(c) (b) 
 
 
Fig. 1. The behavior of the solutions obtained by (a) NIM, (b) HPTM, (c ) Exact solution, with different 
values of x, t, for 10:,55: →→− tx . The 7-order approximate solution for the NIM, HPTM. It is 
nemarlcable to note that the surfaces of the approximate solution are in high agreement with the 
surfaces of the exact solution. 
 
 

ix                                     exactu                                     HPTMu                                  HPTMexact uu −      

-4                                 0.0048279499                         0.0031719207                         1.65602E-3      
-2                                 0.0131237287                         0.0086221743                         4.50155E-3 
 0                                 0.0356739933                         0.0234374990                         1.22364E-2 
 2                                 0.0969719679                         0.0637097231                         3.32622E-2 
 4                                 0.2635971382                         0.1731809521                         9.04161E-2 
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Fig. 2. Comparison between approximate solution by NIM, HPTM and Exact solution of ),( txu  in 

case 10:,1 →= tx . 
 
6. Conclusion  
In this paper, the NIM and HPTM were successfully applied for finding the approximate solutions of the 
nonlinear Fornberg-Whitham equation with initial conditions. The fact that the HPTM solve nonlinear 
problems without using Adomian's polynomials but the NIM solve nonlinear problems without using 
Adomian's polynomials and He's polynomials is a clear advantage of this technique over the decomposition 
method. The results show that the two methods are powerful and efficient techniques in finding exact and 
approximate solutions for nonlinear differential equations. 
 
Acknowledgment  
We are grateful to the referees for their helpful comments and suggestions that enhanced the paper   
 
 
REFRENCES     

 [1] Zhou J, Tian L, A type of bounded traveling wave solutions for the Fornberg-Whitham equation. Journal 
of Mathematical Analysis and Applications. 2008; 346: 255-261. 

[2] Whitham GB, Variational methods and applications to water wave. Proceedings The Royal of Society A. 
1967; 299: 6-25. 

[3] Fornberg B, Whitham GB, A numerical and theoretical study of certain nonlinear wave phenomena. Phil. 
Trans. R. Soc. Lond. A. 1978; 289: 373-404. 

[4] JH He. Homotopy perturbation technique. Computer Methods in Applied Mechanics and Engineering. 
1999; 178: 257-262.  

[5] JH He. A coupling method of a homotopy technique and a perturbation technique for non-linear problems. 
International Journal of Non-Linear Mechanics. 2000; 35: 37-43. 

[6] JH He. Application of homotopy perturbation method to nonlinear wave equation. Chaos, Solitons and 
Fractals. 2005; 26: 695-700. 

[7] Zayed EME., Nofal TA., Gepreel KA, The Homotopy Perturbation Method for Solving Nonlinear Burgers 
and New Coupled Modified Korteweg-de Vries Equations. Zeitschrift fur Naturforschung A, Verlag der 
Zeitschrift fur Naturforschung, T¨ubingen  A Journal of Physical Sciences, Germany. 2008; 63a (10): 627-
633.  

[8] Zayed EME., Nofal TA., Gepreel KA ,Homotopy perturbation and Adomain decomposition  methods for 
solving nonlinear Boussinesq equations. Communication on Applied Nonlinear Analysis,   USA, International 
publications. 2008; 15(3): 57-70. 



 9

[9] Zayed EME., Nofal TA., Gepreel KA, On using the homotopy perturbation method for finding the traveling 
wave solutions of generalized nonlinear Hirota- Satsuma coupled KdV equations. International Journal of 
Nonlinear Science, World Academic Press, World Academic Union, U.K. 2009; 7(2): 159-166. 

[10] Zayed EME., Nofal TA., Gepreel KA ,The traveling wave solutions for nonlinear initial-value problems 
using the homotopy perturbation method. Applicable Analysis, USA, Taylor and Francis, U.K. 2009; 88(4): 
617-634. 

[11] JH He. Recent developments of the homotopy perturbation method. Topological Methods in Nonlinear 
Analysis. 2008; 31: 205–209. 

[12] Debnath L, Nonlinear Partial Differential Equations for Scientists and Engineers. Birkhauser, 1997. 

[13] Krishnamurthy EV, Sen SK, Numerical Algorithm Computations in Science and Engineering. East West 
Press, 2001. 

[14] Adomian G, Solution of physical problems by decomposition. Computers and Mathematics with 
Applications. 1994; 27(9-10):145–154. 

[15] Cherruault Y, Adomian G, Decomposition methods: a new proof of convergence. Mathematical and 
Computer Modelling. 1993; 18(12):103–106. 

[16] Wadati M, Segur H, Ablowitz MJ, A new Hamiltonian amplitude equation governing modulated wave 
instabilities.  Journal of the Physical Society of Japan. 1992; 61(4): 1187-1193. 

[17] Wazwaz AM, A comparison between the variational iteration method and Adomian decomposition 
method. Journal of Computational and Applied Mathematics. 2007; 207(1):129-136. 

[18] Wazwaz AM, A new algorithm for calculating Adomian polynomials for nonlinear operators. Applied 
Mathematics and Computation. 2000; 111(1): 53–69. 

[19] Wazwaz AM, Gorguis A, Exact solutions for heat-like and wave-like equations with variable coefficients. 
Applied Mathematics and Computation. 2004; 149(1):15–29. 

[20] E.M.E. Zayed, Hanan M. A Rahman, The Variational iteration method and the Variational homotopy 
perturbation method for solving the KdV-Burger's equation and the Sharma- Tasso- Olver equation. 
Zeitschrift fur Naturforschung A, Verlag der Zeitschrift, Germany. 2010; 65a: 25-33. 

[21] JH He. Variational iteration method for autonomous ordinary differential systems. Applied Mathematics 
and Computation. 2000; 114(2-3): 115–123. 

[22] Tatari M, Dehghan M, On the convergence of He’s variational iteration method. Journal of 
Computational and Applied Mathematics. 2007; 207(1): 121–128. 

[23] Wazwaz AM, The variational iteration method: a powerful scheme for handling linear and nonlinear 
diffusion equations. Computers & Mathematics with Applications. 2007; 54(7-8): 933-939. 

[24] Dehghan M, Weighted finite difference techniques for the one-dimensional advection-diffusion equation. 
Applied Mathematics and Computation. 2004; 47(2): 307-319. 

 [25] Khan Y, Austin F, Application of the Laplace decomposition method to nonlinear homogeneous and 
non-homogeneous advection equations. Zeitschrift fuer Naturforschung A. 2010; 65: 1-5. 

[26] Daftardar-Gejji V, Jafari H, An iterative method for solving nonlinear functional equations. Journal of 
Mathematical Analysis and Applications. 2006; 316(2): 753-763. 

 [27] Bhalekar S, Daftardar-Gejji V, New iterative method: application to partial differential equations. Applied 
Mathematics and Computation. 2008; 203(2): 778-783. 

[28] Daftardar-Gejji Bhalekar VS, Solving fractional boundary value problems with Dirichlet boundary 
conditions using a new iterative method. Computers & Mathematics with Applications. 2010; 59(5): 1801-
1809. 



 10

[29] Hemeda AA, .Formulation and solution of nth-order derivative fuzzy integro-differential equation using 
new iterative method with a reliable algorithm. Journal of Applied Mathematics, 2012; 2012, Article ID 
325473, 17 pages, 

[30] Bhalekar S, Daftardar-Gejji V, Solving evolution equations using a new iterative method. Numerical 
Methods for Partial Differential Equations. 2010; 26(4): 906-916. 

[31] Cherruault Y, Convergence of Adomian's method, Kybernetes, 1989; 18(2): 31-38. 

[32] Jerri AJ, Introduction to Integral Equations with Applications. Second Ed. Wiley. Interscience. 1999. 

[33] Madani M, Fathizadeh M, Khan Y, A Yildirim. On the coupling of the homotopy perturbation method and 
Laplace transformation. Mathematical and Computer Modelling. 2011; 53(9-10): 1937-1945. 

[34] Khan Y, Wu Q, Homotopy perturbation transform method for nonlinear equations using He's 
polynomials. Computers and Mathematics with Applications. 2011; 61: 1963.1967.  

 

[35] Beyond A, Adomian’s polynomials: He polynomials. Chaos Solitons Fractals. 2009; 39: 1486–1492. 

[36] Mohyud-Din ST, Noor MA, Noor KI, Travelling wave solutions of seventh-order generalized KdV 
equation using He, s polynomials. International Journal of Nonlinear Sciences and Numerical Simulation. 
2009; 10: 227-233. 

[37] Abidi F, Omrani K, The homotopy analysis method for solving the Fornberg-Whitham equation and 
comparison with Adomian's decomposition method. Computers and Mathematics with Applications. 2010; 
59: 2743-2750. 

 

 

 


