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Abstract
In this paper, we attempt to express two values
el n el (1 _|_qn)32 (1 _qn)lﬁ
G(g) == g(n)g" =2 7
H(q) — Z h(n)qn _ 212q3 (1 + q2n)4 (1 _ q4n)16
n=1 n=1
into sums of squares and obtain
g(n) =8 Z (ﬁo - 295%2) )
) (w1,22,+ ,@11,012) ELL?
:cf-kx%-h-<+a:3+92%0+2(x%1+x%2):n
h(n) = 1024 Z (—1)30%+m%+1 (x‘f — Sx%xg) (w§ — 4xi)
(11,12,13,14)624
2(w%+wg+2wi)+x§:n
(see Theorem 1.1 and Theorem 1.2, respectively). Finally, we obtain some relations 1(q)
according to &1(q), ¢(q), and ¥(q).
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1 Introduction

The set of positive integers is denoted by N and the set of nonnegative integers by Ny. Throughout

this paper ¢ € C is taken to satisfy |¢| < 1, for such ¢ we define

Ex = Ex(q H(l—q ) keN.

neN

As following the K. S. Williams’ paper [6], we define

S den d¥, ifn €N,
~ d|n
ar(n) = n/d‘ odd

0, ifneQ,ngN,

for k € No and n € Q. The Eisenstein series & (q) is defined for k € Nwith £ =1 (mod 2) by

n=1

o o nkqn
(

The one-dimensional theta function ¢ (q) is defined for k£ € Ny by

We also require the theta function

) = 3 g2,

n=0

For example Cooper introduces the famous identity

)

S ann
= Z 1— 2n
n=1
n ([3], Eq. (3.71), p. 136), therefore, by (1.1), we have

&(q) = q¥°(q).

Next we define the two-dimensional theta function @y ;.. (¢) by

Dy 1m(q) = i (T\ﬁ + sﬁ)% qlr2+ms27

r,s=—00

and the quantities

Alm(q) = 11(—¢") — m&(—q™),
Bim(q) == 1’€&(—¢") + m*€s(—q™).

In this paper, we attempt to express two values

k,l,meN,

(1.1)

(1.2)

(1.3)

(1.4)
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e T (L+4") (1—t1)16
G(q) = ;g 1;[ )" (1.5)
and
=S h(n)" IIl+q ) (1-g™)"° (1.6)

into sums of squares based on K. S. Williams’ paper [6]. Here G(¢) and H(q) are first defined in
the paper [4] to obtain some convolution sum formulae related to 3°, . _,, s os(m)os(n — 8m).

In Sections 2 and 3 we obtain as following results :
Theorem 1.1. Letn € N. Then we have
g(n) =38 Z ({E%O — 233%2) .
(x1,02,,x11,012)EZ2
eitad+tagaio2(el; +oly)=n
Theorem 1.2. Letn € N. Then we have
h(n) = 1024 Z (- 1)”1"'3”2+1 ( — 3(L‘1.T2) (a:§ — 41:3) .
(11,12,13,14)624
2(x?+a34223)+ai=n
Finally, in Section 4 we obtain some properties of ¢1(q) according to £1(q), ¢(q), and ¥ (q) :
Lemma 1.3. Forq € C with |q| < 1 we obtain
(a)
P1(0)€1(a) + p1(—a)éi(—q) = —4&1(a)&1 (—a)p(a"),

e1(0)é1(q) — p1(—a)é1(—q) = —8aé1(a)é1(—a)¥(q"),

¥1(@)1 (@) — P1(—0)El (—a) = 32467 (@)&7 (—a)¥* (¢"),
p1(@)¢(—a) + e1(~a)p(a) = 4p(—a*)p1(—4),
e1(9)p(—a) = p1(—a)p(a) = dap" (=a" )V (d"),

L1 @) (=) — V1 (=¥ (q) = 16gp(—a*) " (—g" ) (¢ )1 (—4%).
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2 Proof of Theorem 1.1

We can find Proposition 2.1 and its proof as the main theorem in [6] :

Proposition 2.1. (See ([6], Theorem 1.1)) Letk € Ny andl € N. Letr,s,t,u € Ny be such that

r+s+t+u=Ek. (2.1)
Letv,w,z,y € No be such that
vt+wt+ax+y=I (2.2)
Set
m=k+ 2l (2.3)
sothatm € N andm > 2. Let
1 r+v r4+v+4+w
2 2 2 2
Pz, am) = o IT (a5 —20500iy) TI (25— 325sciiriny)
g=r+1 g=r+v+1 (24)
r+vtwtz r+1
2 2 4 2 2
x T (e —4efiesesiryra) I1 (75 — 375251y)
g=r+v4+w+1 g=r+v+w+z+1
and
Qa1+, @m) =21 4+ F Tiyrgy + 287 g1 F 2T ity
+ 3x72~+s+l+v+y+l +oot 3$2+s+t+l+v+w+y (2.5)
FATT o ipiorw syl oo AT,
Let
a1 = —2r+ 2v + 4y, as = 5t + 3w,
a2 =51 — 2s + v+ 3w + 2y, ag = —2s + du + 2v, 2.6)
az = 7215, aiz = 721:7 .
as = —2r +5s — 2u + v + 6z + 4y, a6 = —2u.
Then, forn € N withn > 1, we have
[0 BN ES B B B ES BIP B ] = Y Plan, aom) 2.7)
" (z1,~~~,zm,)€Z7”
Q(z1, - ,xm)=n
and
a1 + 2as + 3az + 4a4 + 6ag + 8as + 12a12 + 16a16 = 24[,
where P is a polynomial in z1,--- ,x., with rational coefficients and Q is a positive-definite,
diagonal, quadratic form in x1,- - - , x., with integral coefficients. And K. S. Williams writes

[f(D)],, = fn, n € No,
if f(q) =202 fnq"
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Using Proposition 2.1 we can obtain Theorem 1.1 easily, but we need more skill for Theorem 1.2
so we calculate it in Section 3 independently.

Proof of Theorem 1.1. Let us change G(q) in (1.5) as

Glg)=2"]] 0 E]:)Jr qi)_mqn)

n=1

_ 24q oo (1 + qn)32 (1 o qn)lG . (1 _ q2n)12 ‘ (1 o qn)lﬁ
o (4em? (1—¢)? (1-g¢M)'°
ot T 00 ) (- (g (28)
o] (1—g*)" (1—qm)'
(1 _ qzn)44

|
N
Q
—¢

L (=gt (1= qm)'°
— 2igEME[12ETS.

Then we apply (2.8) to Proposition 2.1 and so, by (2.2), (2.6) and (2.7), we obtain

l=v+wt+x+y=1,

a1 = —2r + 2v + 4y = —16,

az = br —2s+ v+ 3w+ 2y = 44,

az = —2t =0,

as = —2r+5s —2u+ v+ 6z + 4y = —12, (2.9)
ag = 5t + 3w =0,

ag = —2s5 + 5u + 2v = 0,

a1z = =2t =0,

ale = —2u = 0.
So from a3, ag, and a1 we can deduce that

t=0, w=0, and u=0. (2.10)

Since u = 0 we have

from ag and similarly, because w = 0 we obtain

v+arxt+y=1

from [. Also a1 leads

—r+v+2y=-8 (2.11)

and since s = v and w = 0, the condition a- follows

5r —2s+ v+ 3w+ 2y = 5r —v+ 2y = 44. (2.12)
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Again by using the facts u = 0, s = v, and v +  + y = 1 the condition a4 shows that

—2r+5s—2u+ v+ 6z + 4y
=-2r+5v+v+6x+4y
=-2r+6(v+z+y)—2y

=-2r+6-—2y
=12
SO
r+y=29. (2.13)

Then, by (2.13), we can write (2.11) as

—r+v+2y=—r4+ov+2(9—-r)=-3r+v+18=-8
and so

v=23r—26 (2.14)

which shows that

r>9 (2.15)

since Proposition 2.1 restricts v,r € Ny. Therefore, by combining (2.15) and y € Ny, (2.13)
concludes that

r=9 and y=0. (2.16)
Sequentially, by (2.16), Eqg. (2.14) constructs

v=1 (2.17)

and it is obvious

s=1 (2.18)
by s = v. Lastly, by (2.16) and (2.17), the condition v + « + y = 1 leads

z=0. (2.19)

Now all values also confirm Eq. (2.12). Let us find £k and m :

kj:T+S+t+U:107
m=k+2 =12,

where we used (2.1), (2.3), (2.9), (2.10), (2.16), and (2.18). So (2.4) becomes

(l'%O - 253%2)

N[ =

P(xla"' 7ZE12) =

and (2.5) constructs
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Q(a1,+ ,m12) =27 + -+ + 2T + 227, + 221s,

thus these polynomials deduce (2.7) as

(4B BN B ) = 3 L (@2 — 20%).
(z1, ,w12)€L? 2

2+ teiot2el, 20l =n

Therefore we can write (2.8) as

oo

[e o)
Glg) =) gn)g" =2 [¢BT B E; ] ¢"
n=1
=23 Z (33?0 - 21’%2) q".
(z1,22, ,x11,212) L2
@i+ai+ g +aiy+2(al, +aiy)=n

O
3 Proof of Theorem 1.2
As mentioned in Section 2, we can not use Proposition 2.1 to express H(q) as sums of squares :
Remark 3.1. From (1.6) we have
12 3 = 2n\4 4n\ 16
H(q)=2"¢" ] 1 +¢*)" (1 —¢™)
n=1
P 1-— q2”)4 16
:212(]3 1+q2n 4.( . 1_q4n
nl;[l( ) (1—¢>)* ( ) (3.1)
s ny 20 ny —4
_ 212q3 (1 _ q4 ) (1 _ q2 )
n=1
_ 212q3E§OE;4.
Then, applying (3.1) to (2.7) in Proposition 2.1, we obtain (2.2) and (2.6) as
l=v+w+zxz+y=3,
a1 =—2r+2v+4y =0,
a2 =br —2s+ v+ 3w+ 2y = —4,
az = —2t = 0,
as = —2r 4+ 5s — 2u + v + 62 + 4y = 20, (3.2)

a6:5t+3w:0,
ag = —2s+bHu+2v =0,
(112:—215207

ale = —2’1,L = 0.

106



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

Thus from as, as, as, and a6 in (3.2) we can observe that

So since w = 0, 1 in (3.2) shows that

v+wtarxt+y=v+z+y=3. (3.3)
Also because u = 0 and s = v, a4 leads that

—2r+5s —2u+v+ 6z + 4y
= =2r+5v+uv+6x+4y
=-2r+6(v+z+y)—2y
=20

SO

—r+3w+z+y)—y=10 (3.4)
Combining (3.3) and (3.4), we have

T+y:_1,

which contradicts that r, y € Ny as Proposition 2.1 suggests.

By the reason of Remark 3.1, we approach H(q) in another way. Now, the infinite product
representations of ¢(+q) and ¢(£q) due to Jacobi are given by the following proposition :

Proposition 3.1. (See ([1], p. 851))Let n € N. Then we have

T (=)’ T =g’
71;[1 17qn2(]_ )27 90(7Q)_7£[(1_q2n7

q2n)2
SiE=

n=1 n=

)

And in ([1], Lemma 2.3) we can see that

H (1—¢)" (1-¢")" = ¢ (~*W'(@). (3.5)

By using the definition of the two-dimensional theta function ®x ;.. (¢), thatis (1.3), K. S. Williams
obtained very important results as :

Proposition 3.2. (See ([6], Theorem 2.4)) For q € C with |q| < 1 we have
(a)

oo

Praalg) = Y (r+sv=2)"q ™ = —2414(0)p(0)p(q") = 20F,

T,8=—00
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oo

4 ,,,2 82
i) = >, (r+sV=1) ¢ ™ =-2Bi1(q)¢°(q) = 4¢E1 B3 Ej.

T,8=—00

Proof of Theorem 1.2. We can rewrite H(q) in (1.6) as

H(q) _ 212q3 H (1 + q2n)4 (1 _ q4n)16
n=1
— 9123 ﬁ (1_|_ 2n)4 (1_ 2n)t (1_ 4n)16
= q 1 q (1 2n)4 q
o0 (1 _ q4n)16 o
=27 Ul (1— g2 (t=a") (3.6)
0 1— 4n\ 16 " ”
=2%¢" H ((1 qqgn))B (1 — q2 ) (1 — q4 )4
n=1
oo 1 4n\2 8 oo
=2¢ (] ((1 fq%)) ) (q - (- q“")4>
n=1 n=1
=2"¢""(¢") - ap" (=a*)¥" (¢%),

where we used Proposition 3.1 and (3.5) for the last line. Now, by (1.4) and Proposition 3.2 (b),
we note that

B1,1(q) = 2&3(—q)
and so

®2.1,1(q) = —2B1,1(9)%°(q) = —4&3(—q)*(q). (3.7)
Therefore, by (1.2) and (3.7), Eq. (3.6) becomes

H(q) = 2"%¢3(q°) - a¢" (=" )¥* (¢%)
— 912 (—%(_zg))) 0t (=)W () (3-8)
= —210(1)2,1,1(—112) -qs@z(—q2)¢4(q2)-

Similarly, let us investigate the last part go*(—¢?)¢*(¢%) in (3.8) :

n=1 =1
_ - (1- q2n)4(1 - q4n)8 (3.9)
q£[1 (I=g*)?(1—g)*
= n 1
=qJJa—¢"™° =qES = 5®1.1.4(q),
n=1
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where we used Proposition 3.2 (a) for the last line. So, by (3.9), Eq. (3.8) becomes

1
H(q) = —2"®211(—¢") §®1’1’4(Q) =231 1(—¢")P1.1.4(q). (3.10)

Then by using Proposition 3.2 again, we have

@1,1,4(q) _ Z (T+S /7_4)2qr2+452
= Z (r2 + 2v/—4rs — 452) qerr452 (3.11)
_ i (TQ o 482) qr2+432
T,8=—00
2

since S p2hl

r=—00 q

= 0for k € N, and also,

(1)271’1(_(]2) _ Z (T+S\/j1)4(_q2)r2+82

r,8=—00

(r+ sv/=1)* (-1) 20t

Il
:M8

r,8=—00
_ Z (r2 T oy "irs — 32)2 (_1)T2+52q2(’r2+52)

’ ad P 2 2 2 2
= Z (r* + 4V=1r’s — 4/=1rs® — 6r°s” + %) (-1)" ** P (3.12)
_ i (7"4 —6r2s2 + 54) (_1)r2+32q2(7“2+32)

r,8=—00

{(’f‘4 _ 37’282) (_1)r2+s2q2(r2+52) + (54 _ 3527‘2) (_1)52+'r2q2(52+r2)}

I
lmg

) Z (7“4 o 37’282) (71)T2+52q2(7‘2+52).

r,8=—00

So, by (3.11) and (3.12), we can write (3.10) as

109



British Journal of Mathematics and Computer Science X(X), XX-XX, 20XX

_29 <2 Z (r4 _ 37“282) (_1)r2+s2q2<r2+52>> ( Z (r2 _ 482) qr2+452>

— _9lo Z (lel . Bxﬁxg) (71)z?+z§q2(zf+z§)
(z1,22)€Z2

X Z (xg - 4363) qngr“Z
(z3,24)€Z2
__olo 2423 (4 2 2 2 2\ 2(z?+ax3+22%)+23
= -2 Z (-1) (acl - lemg) (a:3 - 4364) q
(z1,22,23,24)€2*
=2 Z (—1)°'”%'~':"%'~'1 (21 — 3at23) (25 — 423) ¢".

(z1,72,23,74) €L
2(r%+z§+2:ﬁi)+x§:n

(3.13)

Thus

10 z?4z3+1 (4 2 2 2 2\ n
=2 E (=1)*rr*2 (xl — 3:171172) (xg — 4x4) q".
(x1,22,23,04) €24
2(:0%-&-13-&-213)-&-1%:71

4 Some properties of v;(q)

First let us search the basic identities satisfied by ¢(¢) and ¥ (q) :
Proposition 4.1. (See (2], p. 15, 71, 72)) For q € C with |q| < 1 we have

(a)

e(q) + ¢(—q) = 2¢(¢"),
(b)

o(q) — o(—q) = 4q¥(q°),
(c)

e(a)¥(¢*) = ¥*(a),

(d)

e(@)p(—a) = ¢*(=¢*),
(e)
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¢*(a) — ¢*(=q) = 8¢ (q").
Some results of Toh [5] construct ¢1(q) with £€1(q), £3(q), and ©(q).
Proposition 4.2. (See ([6], Theorem 2.1), ([5], p. 187)) For q € C with |q| < 1 we have
(a)
e1(q) = —2¢(9)81 (=),
(b)
2(q) = 20(q) (661 (—q) — &3(—q)) -
Using Proposition 4.2 we can obtain some properties as follows :
Lemma 4.1. Forq € C with |q| < 1 we obtain
(a)
£1(q) +&1(—q) = 461(¢%),
(b)
&1(q) — &1(—q) = 2q9" ("),
()
&i(q) — & (—q) = 8a¥" (¢*)é1(d”).
Proof. (a) By (1.1) we can observe that

n=1

2 \ n 2fn

and

=] o nqn
- :Z Zl rrip Wyt (42
N 2|n gFL

Thus combining (4.1) and (4.2) we have

2n 2n

Z =16 (@).

&1(a) +&(~ —221”q =2y T
n=1
2\n

(b) In ([6], p- 85) we can see that
Av2(q) = —q0* (=) (q"). (4.3)

And by the definition of A;,.,(q) in (1.4) we have A1 2(q) = £1(—q) — 2&1(—¢*) so combining
(4.3) we obtain
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&1(q) —&(—q) = A1,2(—q) — A1,2(q)
= ¢’ (¥’ (¢") — (—ae’ (—)¥*(¢"))
= q*(q") (¢*(q) + ¢*(—q)) -
This leads that

2

&i(q) — &(—9) = q¥*(q") - 2¢0°(¢°) = 24 (p(¢*)¥(a"))” = 2¢*(¢*), (4.4)
where we used Proposition 4.1 (¢) and (e).
(c) Multiplying Lemma 4.1 (a) and (b) we have

E(q) — E(—q) = (&1(q) + &1(—q)) (£1(a) — &1(—q))
= 4&1(q%) - 2qv" (¢%) = 8qv" ())& (¢”).

Proof of Lemma 1.3.  (a) By Proposition 4.1 (a) and Proposition 4.2 (a) we obtain

Il
|
[0.¢]
)
7%
o
—
<
=
i~
o
|
<
=
<
=
Q)
NS

01(9)61(q) — p1(—q)&i(—q)

= (p1(9)&1(q) + v1(—9)&1(—9)) (p1(a)é1(q) — L1(—a)&1(—q))
= —4& ()& (—9)p(q") (—8a1(0)é1(—q)¥(q%))

= 32¢¢1 ()€1 (—q) - p(q*)¥(q%)

= 32467 (9)¢7 2

where we used Proposition 4.1 (c) for the last line.
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(d) By Proposition 4.1 (d), Proposition 4.2 (a) and Lemma 4.1 (a) we note that

e1(q)p(—q) + p1(—a)¢(q)
= —2p(q)61(—0)p(—q) + (—2¢(—q)&1(a)¢(q))
—2¢(q)¢(—q) (§1(q) + &1(—q))
—2- o(q)p(—q) - 41(q%)
=—2-¢°(—¢%) - 461(¢%)
= 4p(—¢%) (—20(—¢*)é1(¢%))
)

=4p(—¢*)p1(—q%).

(e) By Proposition 4.1 (d), Proposition 4.2 (a), and (4.4) we can know that

e1(q)p(—=q) — p1(—a)¢(q)
= —2p(q)é&1(—q)e(—q) — (=
=20(q)p(—q) (&1(q) — &1 (—q))
=2-0()p(—q) - 209" (¢*)1*(¢")
=2-9%(—=¢") - 2q9°(¢*)¥" (¢")
=4q-*(—¢")*(¢°) - ¥*(q")
= 4gp" (—¢" )Y (¢").

2¢(=9)€1(9)#(9))
q)
O

(f) Multiplying Lemma 1.3 (d) and (e) we have

219 (—q) — ¥i ()¢’ (9)

= (p1(@)p(=q) + v1(=a)¢(9) (1 ()p(—a) — p1(—a)p(q))
=4p(—¢*)e1(—q%) - 4q¢0" (—¢")¥*(¢")

= 16g0(—q") " (- )¥* (¢ )1 (—4°).

5 Appendix

We list first eighteen values of g(n) in the Table 1

n| gn) || n| gn) n g(n)

1] 16 7 | —25728 || 13 | 233056
2| 256 || 8 | —49152 || 14 | 260096
3] 1728 || 9 | —44976 || 15 | 398976
4| 6144 || 10 | —53760 || 16 | 393216
5 | 10976 || 11 | —55744 || 17 | —301280
6 | 3072 || 12 | 73728 || 18 | —523008

TABLE 1. g(n) forn (1 < n < 18)
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and h(n) in the Table 2.

n | h(n) n h(n) n h(n)

1 0 7 —24576 13 540672
2 0 8 0 14 0

3 | 4096 9 | —163840 || 15 | 385024
4 0 10 0 16 0

5 | 16384 || 11 | —20480 17 | —163840
6 0 12 0 18 0

TABLE 2. h(n) forn (1 < n < 18)

6 Conclusions

The purpose of this paper is to express two values

= T (L¢P (11— Q")w
G(q) := = ;
; 1;[ 1 _|_ q2n)
H(q):=_h(n) H 1+¢™)" (1-¢™)
n=1 n=1
into sums of squares as
g(n) =8 Z (xfo - 233?2) )
(w1,02,,x11,012) L2
eftaftotaftaot2(at; +aty)=n
h(n) = 1024 > ()P (g 30202) (a2 — 4a3) .

(1 @2@3@4)624
2(32% +xg +29@i)+x§=n
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