
* Tel.: +86037167756786; fax: +86037167756786. 
E-mail address: whz661@163.com. 

SDI Paper Template Version 1.6 Date 11.10.2012 1 

Energy decay rate for Bresse system with  2 

nonlinear localized damping 3 

 4 

Donghao Li1, Chenxia Zhang2, Qingying Hu1 , Hongwei Zhan1* 5 
 6 

1Department of Mathematics, Henan University of Technology, Zhengzhou 450001, China 7 
2School of Foreign Languages,Huazhong University of Science and Technology, Wuhan 4308 

074,China 9 

 10 
 11 12 
.13 

ABSTRACT  14 
 15 
In this paper, we study the energy decay rate for the Bresse system in a one-dimensional bounded 
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1. INTRODUCTION  21 
 22 
We consider the initial-boundary value problem for the Bresse system with weak nonlinear localized dissipation 23 

( )( )0 1( ) ( ) 01 xk lw k l w lx x xtt tρ ϕ ϕ ψ ϕ ϕ α ϕ− + + − − + + = ,         (1.1) 24 

( ) ( )( ) 02 2 2x tb k lw gxx xtt ψρ ψ ψ ϕ ψ α− + + + + = ,                   (1.2) 25 

( ) ( ) ( )( ) 01 0 3 3xw k w l kl lw g wx x xtt tρ ϕ ϕ ψ α− − + + + + = ,            (1.3) 26 

in (0, )L R+× , where 0L > is a constant and (0, )R+ = +∞ , with Dirichlet boundary conditions 27 

          (0, ) ( , ) (0, ) ( , ) (0, ) ( , ) 0, ,t L t t L t w t w L t t Rϕ ϕ ψ ψ += = = = = = ∈            (1.4) 28 
and initial conditions 29 

                       ( , 0) , ( , 0) , ( , 0) ,0 0 0w wϕ ϕ ψ ψ⋅ = ⋅ = ⋅ =                      (1.5) 30 

                      1( , 0) , ( , 0) , ( , 0) .1 1 w wt t tϕ ϕ ψ ψ⋅ = ⋅ = ⋅ =                      (1.6) 31 

Here 0, , , , ,1 2 b l k kρ ρ are positive constants which related to composition of the material, : , 1, 2,3g R R ii → = , are 32 

continuous nondecreasing function and , 1, 2, 3iiα =  are positive functions. By ,w ϕ andψ we are denoting, respectively, the 33 

longitudinal, vertical and shear angle displacements, and{ , , }wϕ ψ is a sought solution of (1.1)-(1.3). Elastic structures of 34 
the arches type are objects of study in many areas like mathematics, physics and engineering. For more details, the 35 
interested reader can visit the works  of  Liu and Rao[1]; Boussouira et al.[2] and references therein. 36 
There exist a few results about the stability of the Bresse system where the authors consider the different kinds of the 37 
dissipative mechanism. For example, in  the works of  Liu and Rao [1],  they consider the Bresse system with two different 38 
dissipative mechanisms, given by two heat equations, non-dissipative coupled to the system. Boussouira et al.[2]; Noun 39 
and Wehbe [3] proved that the semigroup associated with the Bresse system 40 



 

( ) ( ) 0,1 0k lw k l w lx x xttρ ϕ ϕ ψ ϕ− + + − − =                 (1.7) 41 

   ( ) 0,2 b k lwxx xtt tρ ψ ψ ϕ ψ γϕ− + + + + =                    (1.8) 42 

 ( ) ( ) 0,1 0w k w l kl lwx x xttρ ϕ ϕ ψ− − + + + =                  (1.9) 43 

with boundary conditions of the Dirichlet-Dirichlet-Dirichlet type or mixed boundary conditions is polynomially stable 44 
provided 45 

1 ,
2

k

b

ρ

ρ
= and 0k k=  46 

(i.e., the equal-speed wave propagation condition) and moreover they proved the lack of exponential stability when they 47 
considered the Dirichlet-Neumann-Neumann type boundary condition. The equal-speed wave propagation condition has 48 
been used in many works in order to establish exponential decay rates, see for instance Boussouira et al.[2]; Noun and 49 
Wehbe [3]; Fatori and Monteiro [4]; Soriano et al. [5]; Fatori and Rivera [6]. Fatori and Monteiro [4] showed  the optimality 50 
of the polynomial decay rate for the Bresse system (1.7)-(1.9) with the Dirichlet-Neumann-Neumann type boundary 51 
condition. Soriano et al. [5] proved the asymptotic stability for the system with indefinite damping mechanism. 52 
 53 
Wehbe and Youssef [7]; Santos and Junior [8] showed the asymptotic stability without impose conditions about the equal-54 
speed wave propagation for the system for the Bresse system with linear dissipation by different methods. 55 
Soriano et al. [9] and  Charles et al. [10 ] gave the asymptotic stability for the following Bresse system with nonlinear 56 
dissipation 57 

1 0 1 1( ) ( )( ) ( ) 0,x x x txk lw k l w l gttρ ϕ ϕ ψ ϕ α ϕ− + + − − + =                 (1.10) 58 

2 2 2( ) ( )( ) 0tt xx x txb k lw gρ ψ ψ ϕ ψ α ψ− + + + + =                        (1.11) 59 

1 0 3 3( ) ( ) ( )( ) 0tt x x x txw k w l kl lw g wρ ϕ ϕ ψ α− − + + + + =                 (1.12) 60 

by energy methods. However, to obtain the energy decay rate estimate, the author required that iα  and the damping 61 

terms ( )ig ⋅ satisfy the following growth rate: 62 

( ) (0, ) ( ), 0,i i ix L xL cα α α∞= ∈ ≥ >  63 

( ) 0,i sg s >  for ( )0, i ss cs g ds≠ ≤ ≤  for 1, 1, 2,3.s i> =                              (1.13) 64 

where , ,C c d are constant. 65 
Fatori and Rivera [6] consider the Bresse system (1.7)-(1.9) with thermal dissipation effective in additional equation of the 66 
system. There are some results about the stability and global attractors for thermoelastic Bresse system (see Ma[11]; Han 67 
and Xu [12]). 68 
Our main goal is to obtain rates of decay for the nonlinear localized damped system (1.1)-(1.6) by using the multiplier 69 
method. In this paper, inspired by the works of Komornik [13] and Martinez [14], we extend the behavior of ( ),i igα ⋅ to 70 

more general cases which does not necessarily satisfy (1.13) and get the explicit energy decay rate estimate for the 71 
system (1.1)-(1.6). 72 
Adopting the methods of the works Komornik [13]; Martinez [14]; Guesmia[15]; Haraux and Zuazua [16], we construct an 73 
energy functional which is equivalent to the energy of the problem (1.1)-(1.6) and then prove that the functional satisfies a 74 
differential inequality from which our energy decay rate estimate can be established. 75 
There is much literature concerned with the energy decay rate estimates for related problems, for more recent results we 76 
refer the reader to Benaissa and Mokeddem [17]; Burio [18]; Cavalcanti et al. [19]; Zhang and Zuazua [20]. 77 
Our paper is organized as follows. In Section 2 we present the main assumptions and the existence and uniqueness of 78 
solutions of the problem (1.1)-(1.6). Section 3 is devoted to the proof of the main result. 79 
 80 
2. PRELIMINARIES AND THE EXISTENCE AND UNIQUENESS OF SOLUTIONS 81 
 82 
In this section, we present some material needed for the proof of our results and the existence and uniqueness of 83 
solutions by Galerkin method. Throughout this paper, we denote by 1

0
|| ||, || || , || ||p H

⋅ ⋅ ⋅  the usual norms in space 84 

2
(0, ), (0, )

p
L LL L and 1

0 (0, )LH ,respectively,and ( , ) ( ) ( )u v u x v x dxΩ= ∫ , (0, ) (0, )Q L T= × . 85 

We suppose that ( )i xα and ( )i sg satisfy the following hypotheses: 86 

(i) ( ) (0, ) ( ), 0, 1, 2,3.x L xL c ii i iα α α∞= ∈ ≥ > =   87 

(ii) ( ) :ig t R R→ is a nondecreasing 0C function and suppose that there exist constant 2 1 0K K≥ >  such that for 1,2,3i =  88 



 

1

1 2( ) 0( 0), . {| |,| | } | ( ) | . {| |,| | }, 1.pp
i ig s s s K min s s g s K max s s p> ≠ ≤ ≤ ≥  89 

We first state a well-known lemma that will be needed later. 90 
Lemma 2.1 (Komornik[13]; Martinez[14]) Let :E R R+ +→ be a nonincreasing function and assume that there are two 91 
constants 1p ≥ and 0A > such that 92 

1

2( ) ( ),0 ,
p

S
E t dt AE S S

++∞
≤ ≤ < +∞∫  93 

then 94 

( ) ( )( )
2

10 1 , 0,pE t cE t t
−

−≤ + ≥ if 1,p >  95 

( ) ( )0 0 , 0,tE t c E e tω−≤ ≥ if 1.p =  96 

where c  and ω are positive constants independent of the initial value ( )0E . 97 

If ,w ϕ  andψ is a solution of (1.1)-(1.6) then the energy of system related to this solution will be denoted by ( )E t , with 98 

t nonnegative, and given by 99 

( ) ( 2 2 2 2 2

1 2 10

1

2

L

t t t xE t w bρ ϕ ρ ψ ρ ϕ ϕ= + + + +∫ )2 2

0 .x xk w l k lw dxϕ ϕ ψ+ − + + +                                              (2.1) 100 

We can prove that the system (1.1)-(1.6) is dissipative as stated below: 101 
Lemma 2.2 (Charies et al.[7]; Soriano et al.[8]) The energy functional ( )E t defined by (2.1), satisfies: 102 

( ) 1 1 2 2 3 30
{ ( ) ( ) ( ) ( ) ( ) ( ) } 0.

L

t t t t t t

d
E t x g x g x g w w dt

dt
α ϕ ϕ α ψ ψ α= − + + ≤∫       (2.2) 103 

There are many results about the global existence by virtue of the semi-group arguments (see Soriano et al. [5]; 104 
Boussouira et al. [2]; Charies et al. [7]; Fatori and Rivera [6]; Fatori and Monteiro [4]; Soriano et al.[8]). Next, for 105 
completeness, we state and present a brief discussion of the existence, uniqueness of the solutions of (1.1)-(1.6) by 106 
standard  Galerkin method. 107 
Theorem2.3 Let 1

0 0 0 0, , w Hϕ ψ ∈  and 2
1 1 1w Lϕ ψ ∈， ， , and assume that , , 1, 2,3,i ig iα =  satisfy the above condition. Then the 108 

problem (1.1)-(1.6) admits a uniqueness weak solution ( , , )wϕ ψ such that 109 

( )( )1
00, ;w L T Hϕ ψ ∞∈ Ω， ， ; ( )20, ;t t tw L T Lϕ ψ ∞∈， ，  110 

and satisfies the equation (1.1)-(1.3) in the weak sense and the initial condition (1.5)-(1.6). 111 
Proof  Let{ }jv  be orthonormal bases in 0 2

1H LI  and denote { }1 2, , , .m mV span v v v= L  We find the approximate solution of 112 

problem (1.5)-(1.6) in the form 113 

( ) ( ) ( )
1 1 1

; ; ,
m m m

m jm j m jm j m jm j
j j j

f t v h t v w r t vϕ ψ
= = =

= = =∑ ∑ ∑  114 

where the coefficient functions ( ), ( ), ( )jm jm jmf t h t r t  are solutions to the approximate problem 115 

1 0 1 1( , ) ( , ) ( , ) ( ( ) ( ), ) 0,mtt mx m m x mx m mtv k lw v k l w l v x g vρ ϕ ϕ ψ ϕ ϕ α ϕ+ + + − − + + =          (2.3) 116 

2 2 2( , ) ( , ) ( , ) ( ( ) ( ), ) 0,mtt mx x mx m m mtv b v k lw v x g vρ ψ ψ ϕ ψ α ψ+ + + + + =                    (2.4) 117 

1 0 3 3( , ) ( , ) ( , ) ( ( ) ( ), ) 0,mtt mx m x mx m m mtw v k w l v kl lw v x g w vρ ϕ ϕ ψ α+ − + + + + =              (2.5) 118 

0 0 0(0) , (0) , (0) ,m m m m m mw wϕ ϕ ψ ψ= = =                                            (2.6) 119 

1 1 1(0) , (0) , (0)mt m mt m mt mw wϕ ϕ ψ ψ= = = ,                                           (2.7) 120 

for any mv V∈ . Here 0 0 0 0 0 0 0 0 0
1 1 1

( , ) , ( , ) , ( , )
m m m

m j j m j j m j j
i i i

v v v v w v v wϕ ϕ ϕ ψ ψ ψ ϕ
= = =

= → = → = →∑ ∑ ∑  strongly in 1
0H ; 121 

1 1 1 1 1 1 1 1 1
1 1 1

( , ) , ( , ) , ( , )
m m m

m j j m j j m j j
i i i

v v v v w v v wϕ ϕ ϕ ψ ψ ψ ϕ
= = =

= → = → = →∑ ∑ ∑  strongly in 2L . 122 

From the assumptions of Theorem 2.3, system (2.3)-(2.7) has a local solution , ,m m mwϕ ψ , on some interval [ ]0, mT  123 

with 0 mT T< <  and we can extend this solution to whole interval [ ]0,T  by making use of a priori estimates below. 124 

Putting ( ) ( ),mt mtv t v tϕ ψ= =  and ( )mtv w t=  in (2.3), (2.4) and (2.5), respectively, and adding these three equations, we 125 

obtain 126 

( ) ( )1 1 2 2 3 30 0
{ ( ) ( ) ( ) ( ) ( ) ( ) } 0 ,

t l

m mt mt mt mt mt mt mE t x g x g x g w w dxdt Eα ϕ ϕ α ψ ψ α+ + + =∫ ∫                          (2.8) 127 

where 128 

( ) ( 2 2 2 2 2

1 2 10

1

2

L

m mt mt mt m x mE t w bρ ϕ ρ ψ ρ ϕ ϕ= + + + +∫  129 



 

)2 2

0 ,m x m m x m mk l w l k lw dxϕ ϕ ψ+ − + + +                                                           (2.9) 130 

which implies that ( )mE t  is non-increasing in [ )0, mT  and then ( ) ( )0m mE t E≤ .Therefore, employing the assumptions 131 

about 0 0 0 ,wϕ ψ， ， we deduce that there exists a constant  ( ) 0,C C T= >  independent of m , and [ )0, mt T∈ , such that 132 

( 2 2 2 2 2

1 2 10

L

mt mt mt m x mw bρ ϕ ρ ψ ρ ϕ ϕ+ + + +∫  133 

)2 2

0 .m x m mx m mk l w l k lw dx Cϕ ϕ ψ+ − + + + ≤                                           (2.10) 134 

The above estimates allow one to take mT T=  for all m  and gives 135 

, ,m m mwϕ ψ  is bounded in ( )1
00, ;L T H∞ ; 136 

, ,mt mt mtwϕ ψ  is bounded in ( ) ( )20, ; pL T L L Q∞ ∩ . 137 

Then by the compactness lemma and the embedding 1
0 ,1 ,rH L r⊂ ≤ < +∞  there exist a subsequence of mϕ , a 138 

subsequence of mψ , a subsequence of mw , a subsequence of mtϕ , a subsequence of mtψ  and a subsequence of mtw  139 
which we still denote by the same notations, and functions wϕ ψ， ，  such that 140 

, ,m m mw wϕ ϕ ψ ψ→ → → weak * in ( )1
00, ;L T H∞ ； 141 

, ,mt t mt t mt tw wϕ ϕ ψ ψ→ → → weak * in ( )20, ;L T L∞ and weak * in ( )pL Q ; 142 

, ,m m mw wϕ ϕ ψ ψ→ → → a.e. strongly in ( )2L Q . 143 

Analogous arguments as in Section 6.2 of Lions [21], we have 144 
( ) ( ) ( ) ( ) ( ) ( )1 1 2 2 3 3, ,mt t mt t mt tg g g g g w g wϕ ϕ ψ ψ→ → →  weak in ( )pL Q′ , 145 

and then letting m → ∞ in (2.3), (2.4) and (2.5) for any 1
0v H∈ , we established the existence and uniqueness of the weak 146 

solution. 147 
Furthermore, we can get the following result about regular solution but we omit the proof. 148 
Theorem 2.4 Let 2 1

0 0 0 0, , w H Hϕ ψ ∈ ∩  and 2 1
1 1 1 0, , w L Hϕ ψ ∈ ∩ , and assume that ,i ig α , 1,2,3,i = satisfy the above condition. 149 

Then the problem (1.1)-(1.6) admits a uniqueness regular solution ( ), , wϕ ψ such that 150 

( ) ( ) ( )2 1 2 1 2
0 0, , 0, ; ; , , 0, ; ; , , 0, ;t t t tt tt ttw L T H H w L T L H w L T Lϕ ψ ϕ ψ ϕ ψ∞ ∞ ∞∈ ∩ ∈ ∩ ∈  151 

and satisfies the equation (1.1)-(1.3) in the weak sense and the initial condition (1.5)-(1.6). 152 
 153 
3. ENERGY DECAY OF SOLUTION 154 
 155 
In this section, we prove our decay result. The definition and the existence of solutions of  (1.1)-(1.6)  are the same as 156 
Theorem 2.3. 157 
Theorem 3.1 Assume that the condition about ( ) ( ), , 1, 2,3,i ix g t iα =  hold. Let 0 0, ,ϕ ψ 1

0 0w H∈  and 2
1 1 1, , w Lϕ ψ ∈ . Then the 158 

solution of the problem (1.1)-(1.6) satisfies 159 
( ) ( )0 0 , 0, 11tE t c E e t pω−≤ ≥ = , 160 

( ) ( )( )
2

10 1 , 0, 1pE t cE t t p
−

−≤ + ≥ > , 161 

where C andω are positive constants independent of the initial value ( )0E . 162 

Proof We multiply equation (1.1) by ( )
1

2

p

E t ϕ
−

, equation (1.2) by ( )
1

2

p

E t ψ
−

 and equation (1.3) by ( )
1

2

p

E t w
−

, and then 163 

integrate these three equations ( ) ( )0, ,L S T× , we have 164 

( ) ( ) ( ) ( ) ( )
1

2
1 1 10

0
pT L

tt x x txS
E t k lw kl w l x g dxdtρ ϕ ϕ ψ ϕ ϕ α ϕ ϕ

−
 = − + + − − + + ∫ ∫  165 

     ( ) ( ) ( ) ( )
1 3 1

22 2 2
1 10 0 0

1

2

T
p p pL T L T L

t t xS S
S

p
E t dx E t E t dxdt k E t dxdtρ ϕ ϕ ρ ϕ ϕ ϕ

− − −−  ′= − + 
 

∫ ∫ ∫ ∫ ∫  166 

          ( ) ( ) ( ) ( ) ( )( )
1

22
0 1 1 10

,
pT L

x t txS
E t k lw k l w l x g dxdtψ ϕ ϕ α ϕ ϕ ρ ϕ

−
 + − + − − + + − ∫ ∫                                        (3.1) 167 

( ) ( ) ( ) ( )
1

2
2 2 20

0
pT L

tt xx x tS
E t b k lw x g dxdtρ ψ ψ ϕ ψ α ψ ψ

−

= − + + + +  ∫ ∫  168 



 

( ) ( ) ( ) ( )
1 3 1

22 2 2
2 20 0 0

1

2

T
p p pL T L T L

t t xS S
S

p
E t dx E t E t dxdt b E t dxdtρ ψ ψ ρ ψ ψ ψ

− − −−  ′= − + 
 

∫ ∫ ∫ ∫ ∫  169 

        ( ) ( ) ( ) ( )( )
1

22
2 2 20

,
pT L

x t tS
E t k lw x g dxdtϕ ψ α ψ ψ ρ ψ

−
 + + + + − ∫ ∫                                                                               (3.2) 170 

( ) ( ) ( ) ( ) ( )
1

2
1 0 3 30

0
pT L

tt x x txS
E t w k w l kl lw x g w wdxdtρ ϕ ϕ ψ α

−
 = − − + + + + ∫ ∫  171 

( ) ( ) ( ) ( )
1 3 1

22 2 2
1 1 00 0 0

1

2

T
p p pL T L T L

t t xS S
S

p
E t w wdx E t E t w wdxdt k E t w dxdtρ ρ

− − −−  ′= − + 
 

∫ ∫ ∫ ∫ ∫   172 

         ( ) ( ) ( ) ( )( )
1

22
0 3 3 10

,
pT L

x x t tS
E t k l l lw x g w w w dxdtϕ ϕ ψ α ρ

−
 + + + + + − ∫ ∫                                                                       (3.3) 173 

Taking the sum of the above three equations, we get 174 

( ) ( ) ( )1 1
2 2 2 2 2 2

2 2
1 2 1 00

2
p pT T L

t t t x x xS S
E t dt E t w b k l w l k lw dxdtρ ϕ ρ ψ ρ ψ ϕ ϕ ψ

+ −

= + + + + − + + +∫ ∫ ∫  175 

                 ( ) ( )
1

2
1 2 10

T
p L

t t t

S

E t w w dxρ ϕ ϕ ρ ψ ψ ρ
− = + + 

 
∫  176 

                 ( ) ( ) ( )
3

2
1 2 10

1

2

pT L

t t tS

p
E t E t w w dxdtρ ϕ ϕ ρ ψ ψ ρ

−− ′+ + +∫ ∫  177 

                 ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
1

2
1 1 2 2 3 30

pT L

t t tS
E t x g x g x wg w dxdtα ϕ ϕ α ψ ψ α

−

− + +∫ ∫  178 

                 ( ) ( )
1

2 2 22
1 2 10

2
pT L

t t tS
E t w dxdtρ ϕ ρ ψ ρ

−

+ + +∫ ∫ .                                                                                                         (3.4) 179 

Noting that 1 xCψ ψ≤  and 180 

               1 1, ,x xC lw l w w C w l lϕ ϕ ψ ψ ϕ ϕ≤ + + + + ≤ − +                            (3.5) 181 

since ( )E t is non-increasing and non-negative function on R+ , using Holder's inequality, Poincare's inequality, Young's 182 

inequality and the expressions of ( )E t , we have 183 

( ) ( ) ( ) ( ) ( )( ) ( )
1 1 1

2 2 2
1 2 10

T
p P PL

t t t

S

E t w w dx CE T E T E S CE Sρ ϕ ϕ ρ ψ ψ ρ
− − + + + ≤ + ≤ 

 
∫ ,                                                (3.6) 184 

( ) ( ) ( )
3

2
1 2 10

1

2

pT L

t t tS

p
E t E t w w dxdtρ ϕ ϕ ρ ψ ψ ρ

−− ′ + +∫ ∫  185 

( ) ( ) ( ) ( ) ( )
1 1 1

2 2 2

P P PT T

S S
C E t E t dt CE S E t dt CE S

− − +
′ ′≤ ≤ ≤∫ ∫ ,                      (3.7) 186 

where and in the following C denote the different constants. Using (3.6) and (3.7), we conclude from (3.4) that 187 

( ) ( ) ( )
1 1

2 2 2
2 2

1 2 10
2

p pT T L

t t tS S
E t dt cE S c E t wρ ϕ ρ ψ ρ

+ −
≤ + + +
∫ ∫ ∫  188 

      ( ) ( ) ( ) ( ) ( ) ( )1 1 2 2 3 3t t tx g x g x wg w dxdtα ϕ ϕ α ψ ψ α+ + +  .                                              (3.8) 189 

Now, we estimate the terms of the right-hand side of (3.8) in order to apply the results of Lemma 2.1. By the assumption 190 
about ( )i xα , the condition (ii) about ig , Sobolev embedding, Holder's inequality, (3.5), (2.2) and the expressions of ( )E t , 191 

we get 192 

( ) ( ) ( ) ( ) ( ) ( )
1 1 1 2

2 2 2
1 1 10 0

p p pT L T T L

t tS S S
E t x g dxdt C E t dt C E t g dxdtα ϕ ϕ ϕ

− + −

− ≤ +∫ ∫ ∫ ∫ ∫  193 

( ) ( ) ( ) ( )
1 1 2 2

2 2
1 11 1t t

p pT

t tS
CE S C E t g dx g dx dt

ϕ ϕ
ϕ ϕ

+ −

> ≤

 ≤ + +
  ∫ ∫ ∫  194 

( ) ( ) ( ) ( )( )
21 1

12 2
1 11 1t t

p pT
p

t t t tS
CE S C E t g dx g dx dt

ϕ ϕ
ϕ ϕ ϕ ϕ

+ −
+

> ≤

 
≤ + ⋅ + ⋅ 

 
∫ ∫ ∫  195 

( ) ( ) ( )( ) ( ) ( )( )( )
2

1 1 1
1

2 2 2
11t

p p pT T p

t tS S
CE S C E t E t dt C E t g dx dt

ϕ
ϕ ϕ

+ − − +

≤
′≤ + − + ⋅∫ ∫ ∫  196 

 ( ) ( ) ( )( ) ( ) ( )( )
21 1 1

12 2 2

p p pT T
p

S S
CE S C E t E t dt C E t E t dt

+ − −
+′ ′≤ + − + −∫ ∫ .                                                                            (3.9) 197 

We may prove in the same way the following estimate 198 



 

( ) ( ) ( )
1

2
2 20

pT L

tS
E t x g dxdtα ψ ψ

−

−∫ ∫  199 

( ) ( ) ( )( ) ( ) ( )( )
21 1 1

12 2 2

p p pT T
p

S S
CE S C E t E t dt C E t E t dt

+ − −
+′ ′≤ + − + −∫ ∫ ,                                                  (3.10200 

) 201 
and 202 

( ) ( ) ( )
1

2
3 30

pT L
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−

−∫ ∫ ( ) ( ) ( )( ) ( ) ( )( )
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S S
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+ − −
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By the assumption about the condition (ii) about ig  and (2.2), we get 204 
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1

22
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pT L

tS
E t dxdtρ ϕ

−

∫ ∫  205 
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2 22
1 11 1t t
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t tS
E t dx dx dt

ϕ ϕ
ρ ϕ ρ ϕ

−
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ϕ ϕ
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−
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∫ ∫ ∫  207 
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1 1
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2 2
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t tS S
C E t E t dt C E t g dx dt

ϕ
ϕ ϕ

− − +

≤
′≤ − + ⋅∫ ∫ ∫  208 

( ) ( )( ) ( ) ( )( )
21 1

12 2

p pT T
p

S S
C E t E t dt C E t E t dt

− −
+′ ′≤ − + −∫ ∫ .                                                                        (3.12) 209 

By an analogous estimates of (3.11) and (3.12), we obtain the following estimate, 210 
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1

22
20

pT L

tS
E t dxdtρ ψ

−

∫ ∫ ( ) ( )( ) ( ) ( )( )
21 1

12 2

p pT T
p
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− −
+′ ′≤ − + −∫ ∫  ,                                  (3.13) 211 
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1
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tS
E t w dxdtρ

−

∫ ∫ ( ) ( )( ) ( ) ( )( )
21 1

12 2 .
p pT T

p
S S

C E t E t dt C E t E t dt
− −

+′ ′≤ − + −∫ ∫                                     (3.14) 212 

Substituting the estimates (3.6)-(3.11) into the right-hand side of (3.4), we obtain that 213 
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1

2
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S
E t dt

+

∫ ( ) ( ) ( )( ) ( ) ( )( )
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12 2 .
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S
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+′≤ + −∫                                                                                            (3.15) 215 

Using the Young inequality, for any fixed 0ε > we have 216 
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S
E t dt

+
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S
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( ) ( ) ( )( )
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22 2 .
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S S
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−+ +
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Therefore 219 
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1

21
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S
C E t dtε

+

− ∫  220 
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1 1

2 2
1 1
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∫ .                                                      (3.17) 221 

Choosing 0 1ε< <  such that 1 0Cε− >  and using the nonincreasingness of the energy, we have, for all 0 S T≤ < < +∞ ,  222 

( ) ( ) ( )
1 1

2 21 0
p pT

S
E t dt c E E S

+ − ≤ + 
 

∫ . 223 

LettingT → +∞ , this yields the following estimate: 224 

( ) ( )
1

2 .
p

S
E t dt CE S

++∞
≤∫                                                                       (3.18) 225 

The constant C in (3.18) is independent of S  and ( )0E , then, by Lemma 2.1, we get the result. If 1p = , we easily obtain 226 

from (3.9) and (3.12) 227 
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tS
E t x g dxdt CE Sα ϕ ϕ

− +− ≤∫ ∫ , 228 

( ) ( )
1
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pT L p

tS
E t dxdt CE Sρ ϕ

− +≤∫ ∫ , 229 

then, by an analogous process of the above and by Lemma 2.1, we get the result. 230 
 231 
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