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ABSTRACT: In this paper, non-Bayesian and Bayesian approaches are used to
obtain point and interval estimation of the shape parameters, the reliability and the
hazard rate functions of the Kumaraswamy distribution. The estimators are obtained
based on generalized order statistics. The symmetric and asymmetric loss functions
are considered for Bayesian estimation. Also, maximum likelihood and Bayesian
prediction for a new observation are found. The results have been specialized to Type
Il censored data and the upper record values. Comparisons are made between
Bayesian and non-Bayesian estimates via Monte Carlo simulation. Moreover, the
results are applied on real hydrological data.
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1. INTRODUCTION

Kamps [9, 10] introduced the concept of generalized order statistics denoted by
GOS to unify several concepts that have been used in statistics such as ordinary order
statistics, record values, sequential order statistics, Pfeifer's record model and others.
He presented his concepts of GOS by defining the joint density function of n random
variables, which are called uniform generalized order statistics U(r,n, 7, k),

r=1,2,..,mas follows

FUERAROOnI) () = k(T2 )T — w)™](d — )2, (1)
where

k=1 n=1€eN, 0y <<y, <ly.=k+n—-r+M,y >0,

M, =" m; my,..mu_; €Rand m=my,..,m_;,7v€{L,.., r—1}
Kamps [9] used the quantile transformation X(r,n,m, k) = F~Y(U(r, n, 7, k)) based

on an arbitrary absolutely continuous distribution function F(x) to define the joint
probability density function (pdf) of the GOS X(r,n, i, k), r = 1,...,n inthe form

fX(l,n,ﬁL,k),...,X(n,n,ﬁl,k) (x17 7xn) —

k(M= v TR = Fa))™ FO)]IL = FO)T f () @)

where



F710) <x, < <x, <F (1)
Hence, the joint pdf of the first  GOS can be written as

fX(l,n,ﬁL,k),...,X(r,n,ﬁl,k) (x17 7xr) —

Croa [THZH((2 = FGe))™ FD]IL = FGe)T<#n=m M1 (x, ), ®
where

Cror =21y 7=1,.n, yj=k+n—j+M;, y, =k

If my =+ =m,_, = mthe joint pdf in (3) takes the form

fX(l,n,m,k),...,X(r,n,m,k) (x17 7xr) —

Croa [IT2H(( = FGe)™ £ = FGe)I 2 f (), 4)
where C,_; = H;zlyj, r=1..n yj=k+m—-j)(m+1), v, =k

Kumaraswamy [11,12] showed that the well known pdf's such as the normal,
log-normal and Beta distributions do not fit well hydrological data like daily rain fall
and daily stream flow. He developed the sine power pdf to fit up hydrological random
processes which have lower and upper ends and which has a mode between them.
Kumaraswamy [13] dropped the latter condition and proposed more general pdf for
double bounded random processes with hydrological applications. The Kumaraswamy
distribution is very similar to Beta distribution but has the key advantage of a closed-
form cumulative distribution function (cdf) so it has been used only in simulation
modeling and the estimation of models by simulation-based methods for 20 years.
Although the Kumaraswamy distribution was introduced in 1980, the first theoretical
investigation to it was presented by Mitnik [14]. He derived an expression for the
moments, studied the distribution’s limiting distributions, introduced an analytical
expression for the mean absolute deviation around the median as a function of the
parameters of the distribution, established some bounds for this dispersion measure
and for the variance and examined the relationship between the Kumaraswamy
distribution and the Beta family of distributions.

Garg [5] derived the distribution of single order statistics, the joint distribution
of two order statistics and the distribution of the product and quotient of two order
statistics when the random variables are independent and identically Kumaraswamy-
distributed.

Jones [8] derived general formulas for L-moments and the moments of order
statistics of the Kumaraswamy distribution. He studied the distribution’s skewness
and kurtosis properties. Moreover, he considered maximum likelihood estimation
(ML) for the parameters of Kumaraswamy distribution. He compared between the
Beta and the Kumaraswamy distributions from several points of view.

Garg [6] obtained both the joint distribution and distributions of the product
and the ratio of two GOS from Kumaraswamy distribution.

Gholizadeh et al. [7] obtained the classical estimators of one of the shape
parameters of the Kumaraswamy distribution and compared these estimators



according to their mean squared errors (MSEs). They got the Bayesian estimators of
the Kumaraswamy distribution for grouped and un-grouped data.

Nadar et al. [15] used maximum likelihood and Bayesian approaches to obtain
the estimators of the parameters and the future s-th record value from the
Kumaraswamy distribution.

The generalized double-bounded, Kumaraswamy’s pdf, and cdf are given,

respectively, by

fF(X) = afx* (1 —x*);-1, ®)
and
F(x) =1—[1-—x%]5, 0<x<1la>0andp >0. (6)

The reliability function (rf) and hazard rate function (hrf) are given,
respectively, by

R() = [1-x°, (7)
and
h() =L (8)

In Section 2, ML estimators of the parameters, the rf and the hrf based on GOS are
derived. Bayesian point estimators and credible interval of the parameters, the rf and
hrf based on GOS are given in Section 3. In Section 4 the one-sample and two-sample
prediction are taken in consideration, respectively. Three applications are used in
Section 5 to demonstrate how the proposed methods can be used in practice. In
Section 6, Monte Carlo simulation study is performed to investigate and compare the
methods of ML and Bayesian estimation and prediction.

2. MAXIMUM LIKELIHOOD ESTIMATION

Suppose that X(1,n, 7, k),..., X(r,n, M, k), k > 0,m = (my,m,, ..., my,_,) € R* 1,
my,..,m,_; € R be the first r GOS drawn from Kumaraswamy population whose
pdf and cdf are given by (5) and (6). Then the likelihood function is given by
(B x) o< a” BTy xff TTZH (L — xf)POnr D=1 (1 — x)Prr?, ©)

hence, the logarithm of the likelihood function is given by

Lla.g;x)=rIina+rIng+aXi_Inx; + Y- B(m; + 1) — 1]In(1 — x&)

+(Byr — D In(1 — x7). (10)
Differentiating the log-likelihood function in (10) with respect to @ and 8 one can
obtain
=2 Sz (g + DIn(L - x) +y, In(L - x9), (11)
and



oL r—1 % Inx;

- = 2"‘ Z?:l In Xi — [,B(ml + 1) - 1] Zi:1 (1_xq) — (ﬁyr _ 1) x%1In x, (12)

da (1-xf)

Equating the derivatives (11) and (12) to zero, one can obtain the ML estimator of the
parameter £ which is given by

—-r
ot (m + 1)In(1 = x%) +y,In(1 — x&)]"
and by substituting (13) in (12), the ML estimate of the parameter « is obtained
numerically. Applying the properties of ML estimates, ML estimators of R(x) and

h(X), based on Gos model, are derived. The point Bayesian estimation and credible
interval of R(X) and h(x), based on GOS model, are given in Section 3.

BuL =

(13)

R () = [1—x7]”, (14)
and

5P a—1
00 = 5 (15)

The asymptotic variance - covariance matrix of the ML estimates for the two
parameters a and 3 is

: _ o
j-1=| Var(@w)  COV(Amifwmi)| _ 1| 0p*  9adp (16)
Cov(@mr, BuL) var(BuL) iy ot 9% ,
dfoa da? amLBuL
with
ﬂ - _yr-1 _ xf In(x;)? (x?)zln(xi)z _ x%1n(x,)?
da2 a2 ZizalBlm; + 1) =100 (1-x%) N (1-x%)* 1+ By — I (1-x%)
()2 In(xr)?
T 1 (17)
%L _ -r
o5 = (18)
and
?L _ 0L _  yr-1 xflnx;  xflnxy
2a0f ~ poa it (m; +1) (=) VT (19)

The asymptotic normality of the ML estimates can be used to compute the
asymptotic confidence intervals for the parameters a« and 8 and become respectively
as follows

am % Z(l—f)/zv var(a), (20)

and
IBAML iZ(1_T)/2‘/\7¢’EIT(,[;’), (21)

where Z(1-7) / is a standard normal variate and 7 is the confidence coefficient.
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3. BAYESIAN ESTIMATION

In this section, the Bayesian point and credible intervals estimation for the
parameters of Kumaraswamy distribution based on GOS are derived.

Assuming that the parameters a and S are random variables with a joint bivariate
prior density function that was suggested by AL-Hussaini and Jaheen [2] as,

9(a, B) = g1(Bla)gz(a), (22)
where

ap
3Bl = 5Bl Te a> -1 0 >0, (23)
the prior of a is
g2(a) = r(&)bﬁe b, b>0,6 >0, (24)

which is the gamma (&, b) density. Substituting (23) and (24) in (22) one can obtain
the bivariate prior density of « and g as follows

~a(2+5)
m(a, B) « ad+2B%e™ b7/, (25)
where a > —1, 6, b and w are positive real numbers.

The joint posterior distribution of a and S could be obtained using (9) and (25), as
follows

w(a, B|x) « £(a, B;x).m(a, B), (26)
hence,
1 gr a_sr-1 a a
_ a6+a+rﬁa+re—a(5—zi:1lnxi)e—ﬁ[(a—zizl (mi+1)In(1-x%) —yr In(1-x§)]
n(a,,[>’|£) - r_(1=x#)T(a+r+1)1(0,1,0,0) ' (27)
where

1
ab+atrcy=alhty— Yi_qiInx;)

Y(e.d hf) =] da. (28)

M- 1(1 xa)[f+ -¥iz (mi+1)1n(1—xf") —vyr In(1—-xZ)]r+atd

Bayesian estimators are obtained based on four different types of loss functions, the
squared error (SE) loss function (as a symmetric loss function), linear exponential
LINEX, precautionary (P) and general entropy (GE) loss functions (as asymmetric
loss functions).

3.1 Squared error loss function
The SE loss function is a symmetric loss function and takes the form
L(6,6%) = c(0 —6%)2,

where ¢ denotes a constant and 6~ is an estimator. The Bayesian estimator with
respect to a quadratic loss function is the mean of the posterior distribution which
takes the form



05z = E(6|x) = [, 6 q(6]x)d6.

Hence, the Bayesian estimators of the parameters «, §, the rf and the hrf under SE
loss function are given respectively by

« _ ¥(1,1,0,0)
SE ™ 14(0,1,0,0)’ (29)
* f— 11)(0,2,0,0)

Psg = (r+a+1)Foros, (30)
. _ 1(0,1,0,—In (1—x%))

and

hig(x) = [,

1 or
x(x—l(a+r+l)a5+a+r+1e—‘l’(b_2i:1 Inx;)

r+a+2 da. (32)
(1—x) [T, (1-x%) [g—z{;ll (m+1)In(1-x%) -y, |n(1—xg)] ¥(0,10,0)

3.2 Linear exponential loss function

The linear-exponential (LINEX) is an asymmetric loss function defined as
L(8,6%) = e*9) —y(6 — 6*) — 1,
under LINEX loss function, the Bayesian estimator 6* of 6 is given by
Oinx = __Tlln Ee(e_vek)
where Ey stands for posterior expectation. Therefore, the Bayesian estimators of the

parameters a, 3, the rf and hrf based on GOS under LINEX loss function are given by

o _ 1 P(0,1v,0)

TNy = _vl 1(0,1,0,0)’ >
AR Sy P (VS KO0

Binx = _vl ¥(0,1,0,0)’ -
Rinx(®) = 2, InE(e™ ), -
where

E(e—vR(x) |¥) —

1 -
- a6+a+r'3a+‘re—v(1—x“)Be—fl(E—Z{=1 In Xi)e—ﬁ(v"'%_(mi"'l) Siotin(1-xf) -yr 1n(1—x¥))

fO fO [T, (1-x{)r(a+r+1)¥(0,1,0,0) dpda,

and

hinx(x) = = INE(e™"®|x), (36)
where



B(e )

xa'—l 1
—v(——< T
e "((1—x“))a5+a+r+1e_“(U+B_Zi:1 Inx;)

da.

= [

le(l—xlfz)[v+%—zirz_11 (mi+1)In(1-x%) -y, 1n(1—x$‘)]r+a+11,b(0,1,0,0)
3.3 Precautionary loss function

Nostorm [16] introduced an alternative asymmetric loss function, and also
presented a general class of P loss functions as a special case. These loss functions
approach infinitely to the origin to prevent under estimation, thus giving conservative
estimators, especially when low failure rates are being estimated. These estimators are
very useful when underestimations may lead to serious consequences.
A very useful and simple asymmetric P loss function is

* — (6*_6)2
L(g 19) - 0*0

The Bayesian estimator under P loss function can be obtained by solving the
following equation

«2 _ E(6]x)
6% = Bo-il)

hence, the Bayesian estimators for the parameters, the rf and the hrf based on GOS
under the P loss function are given by

. ,w(—m,o,o)
U = p@Lo0) 37)

_ 1(0,0,0,0)

'Bp - \/(a+r)(a+r+1)1,b(0,2,0,0)’ (38)

* [ y(0,1,0In (1—x%))
Rp(x) = \,w(o,l,o,—ln (1-x%))’ (39)
and

* hsp(x)
hp(x) = —Slf,*x ) (40)
where

1 gr
(1_xa)a6+a+r—1e—a(g—2i:1 Inx;)

y, = fooo da.

a _ r+a
x@D(a+r+1) [T, (1-x%) [B—Zir:ll (mi+1)In(1-xf) —yrln(l—x,‘?)] 1(0,1,0,0)

3.4 General entropy loss function

In many practical situations, it appears to be realistic to express the loss in terms
of ratio %. Calabria and Pulcini [3] pointed out a generalization of the entropy loss
function as an asymmetric loss function

L8.6 < (9'/5)" —qlog(6'/) 1,



whose minimum occurs at0* = 6 and the shape parameter ¢ = 1, (see Dey and Liu
[4]). When g > 0, a positive error (8" > 8) causes serious consequences than a
negative error. The Bayesian estimator 6 of 6 under the GE loss is

Ocr = [Eg (67119,

therefore, the Bayesian estimators of the parameters «, £, the rf and the hrf under GE
loss function could be written as

-1

 _— (¥(=q.100)\q
d6e = (1/)(0,1,0,0) ) ' (41)
-1
« _ (T(a+r+1-q) ¢¥(0,1-q,0.0)\ q
Por = ( T'(a+r+1)  ¥(0,1,0,0) ) ' (42)
-1
N _ (Y¥(0,1,0,gIn(1-x%))\ q
Rep(x) = (W) T (43)
and
-1
« _ (T(a+r—q+1)Qxix)\ q
e () = (U™ (44)
where
Qx;, %) =
. a6+a+‘r—qx—q(a—1)e—fl(%—Z{:l111xi)

——-da. (45
O (1-x@)-a Hir=1(1—x{’)1,b(0,1,0,0)[%—2{;11(mi+1)ln(1—x{’) —yrln(l—x}’)+qln(1—x“)] e (45)

The Bayesian analog to the confidence interval is called a credibility interval.
In general, (U(x),L(x)) isa100(1 — 7)% credibility interval of 6 if

PIU(X)x <0 < L()|x] = [\ P n(olx) do =1~ 7.

Since, the posterior distribution is given by (27), then a 100(1 — )% credibility
interval for @ based on GOS is(U(x),L(x)), where

1
o a5+a+re—a(5—2ir:1 Inx;)

P L = = d
[a = (Z)B] fL(g) #(0,1,0,0) lezl(l_ng)[g_z{;ll (mi+1)In(1-x%) —yrln(l—xﬁf))]r T
=1- %’ (46)
and
Pla>U(x)[x] =
o a6+a+re—“(%—2{=1lnxi) _T
THa+1 da =~ (47)

V) 40,1,0,0) T, (1-x8) [E-SI77 Gm+ DIn(1-28) -y, In(1-x8))] 2’

also, a 100(1 — 7)% credibility interval for g based on GOS is (U(x),L(x)), where



P[B > L(¥)|x] = g+
w g5 +atT, —a(%—Zle In xi)e—ﬁ(%—(mi+1) Zfz_ll In(1-x¥) —yr ln(1—x70~‘))

fo [, (1-x®)(a+r+1)¥(0,1,0,0)

da=1- g, (48)

and

P[B > U(x)|x] = B**"

1 —
o0 oSt g= ooy Inxp)  ~B(&~(m;+1) SIZH In(1-x) yr In(1-28)

NS

da (49

fo T (1=x)r(a+r+1)1(0,1,0,0)

4. PREDICTION
In this study, one and two-sample prediction are considered. ML prediction
and Bayesian prediction for a new observation are used,
4.1 One-Sample Prediction
Suppose that the first r GOS X(1,n, 7, k), ..., X(r,n,m, k) have been observed
and we wish to predict the future GOS X(r + 1,n,m, k), ..., X(n,n, i, k).
Let V=X, s=r+1r+2,..,n, mj=m, Vi=1,..,r. The conditional

density function of the st future GOS given the first r is given, see Kamps [9], by

f((;vsla,ﬁ;x) =
kST B o1 BFOIR () _
(s—r—1)! [hm(F(ys) hm(F(xr)]S " [1-F(ys)]* ! m = 1’
(50)
Cs_ —r—1 I=Fy)1s™ 11 (ys)
(G o (O — o (PG TR0, 1,
where
(1 _pym+1
—(lmj)l , m*-—1
h,, (x) = , (51)
—Inl-x),m=-1
Cor = [ocy vy £ =1, (52)
and
yp=k+(n—-j)m+1), vje{l2 . . n-1} (53)

Therefore, the marginal density function of Y; will be obtained for two different cases;
form # —1 and form = —1.

Substituting (5) and (6) in (51) one can obtain,



+1(1—x“)b’(m+1) m#—1

then, the conditional density function of the st™ future GOS given the first r from
Kumaraswamy distribution could be obtained from (54) and (50). Therefore,

(AaBy& 33T a; (1 — y )P (A — %, 9)PVi, m # -1,
Alslanfix) =1 B2 ppsr(q ey ha(1 — y @) %)

I'(s—r)
Lx Yot a-In(l — x)1 " = |n(1 — yg)]’ m=-1,

where

= e G (56)
o =0 (7). -
Vi =j(m+1)+y, (58)
and
Vi=m+1(s—7r-1-))=¥r (59)

4.1.1 Maximum likelihood prediction based on one-sample prediction

The ML prediction can be obtained using the conditional density function of
the s future GOS given the first  which is given by (55) after replacing the shape
parameters a and 8 by their ML estimates @y, and By

The ML predictive estimator of the future GOS Y;,s =r+1,r + 2,... given
the first r GOS is given by

ys(ML) = f ysf(ys|&ML!BAML; X) dys, (60)
substituting (55) in (60), one obtains

( fx1 Aafury& 557 a; (1 =y, )P 7 (L — %, ) Y5 dyg,m % —1,
Vs = 1 k5770 s—r A \—BMLK 61
Ysuy | fx l“(s—);)'BML (1_x ML) ML (61)
_1 . .
iz e -in(@ - )] = In(—yan)], m= -1,
where 4, a;, V; and V; are given by (56), (57), (58) and (59).

1 Y

A (1—-17) 100 % maximum likelihood predictive bounds (MLPB) for the
future observationY;, s=r+1r+2, .,n given the first r such that
P[L(x) <Y, < U(x)] =1 —, are as follows

10



P[Ys > L(X)B] = le(g) fl(ys|&ML!BAML;§)dys =1- %1 (62)
and
P[Ys = U(Z)B] = fUl(E) fl(ys|&MLuBAML;X)dys = % (63)

Substituting (55) in (62) and (63) the MLPB for the future observation
Y., s=r+1r+2, ..,n given the first r based on GOS are given by

P[Ys > L(x)|x] =

le(x)A&MLIBAMLysaML_l
x Sih L ay (1 -y )M (L - gy
1 e e i _— (64)
iy s — ™ (L= ) P (1 =y o)
L x50 a[-In(1l — xi""’L)]s_r_j_l [-In(1— y?ML)]j dy, m=-1,

and
PlYs > U(x)|x] =

1 L 5 ay-1
fU(x) Ay Burys ™

x iy (L =y )T @ = e

{ R 65
kST, @mML—1 kpmL—1 ()

fUl x y+&ML,[;)MLS_T(1 - xraML)_'BMLk(]_ — ysaML)
®x) I@-n

l x5 gl — 2Py

-1 N .
[-In(1—y®)'dy, m=-1.
4.1.2 Bayesian prediction based on one-sample prediction

The Bayesian predictive density (BPD) function of the future Y, could be
obtained by applying the following equation

h(yslx) = [ ) f (v | B; x). m(a BX) dB da, (66)

therefore, the BPD of the future Y;, s = r + 1,r + 2, ... given the first r is given by
substituting (27) and (55) in (66) to be

11



hy (YS |£) =
( S+a+r+1 —05[%—2?—1 Inx;—Iny]

Af0°°“

Y5 (L-y@) =y (1-x{)(0,1,0,0)

x (atr+1) —da, m# —1,
o gyl Xio! In(—x) = (v, +V)) In(1-x,%) =V} In(1-y, )]

] (67)

1
ks—ra5+a+r+le_a[5_2¥=l In x;~In ys]

fO Y% (1=y,2)B(s—r.a+r+1) [T=g (1-xF)1p (0,L.0,0)[+(k=7,) In(1-x,%) —kIn(1—y,®)]o*s+1
S—r—j— l

< Zozr (5777 Inca = x9Y In(2 - )] m= -1,

hence, the BPE of the future Y, s =r + 1,r + 2,... given the first r under SE loss

function is given by

y;(SE) =
1
oo gbtatr+1,~alp=X _1Inx;—Inys]
Al ], CET
T 1-y& i, (1-x8)9(0,1,0,0)
+r+1
x el r+a+2 dC{ dyg, m+ _1,

ZS;S a][——Zr 11“(1 —x;)- (yr+V]-)1n(1—xr“)—V]-*ln(l—ysa) 1

9 (68)

1- aS+a+r+i, a[l— s lnx'_lnyS]
Vs aks T a+r b 1_ 1 i

fxrfo (1-ys®)B(s-r,a+r+1) [T, (1- x“)l,bl(0100)[—+(k ¥r) In(1—x,%)—kln(1-yg¥)]a+ts+1
x5zt () In@ - O [In@ -y dady,  m=-1,

and the BPE of the future Y;,s = r + 1,r + 2, ... given the first r under LINEX loss

function is given by

. _ -1 _
Yswnex) =~ INE(e "s]x),
where

E(e™s]x) =

1
Afl foo a5+a+‘r+1e—vyse—“[5—2‘{=1lnxi_lnys]
xr 20 (1-yH Mz, (1-xf)(0,1,0,0)

x (@+r+1) oz da dys, m#* —1,

Zs;g a;[——Z FIn(1-x;)— (]/7-+V])1I1(1 xr %)= V In(1-ys9)]

(69)
kS—T@bta+r+1l,-vyspe™ a[ —Zf 1lnxi—lnys]

fxr fo Ys*(1-ys©)B(s—-ra+r+1) [T, (1- x“)¢1(0100)[—+(k 1) In(1—x,%)—kln(1—y ®)]ats+1

x Ziz6 7 (771 In(@ = <)Y [In(2 ~ y)]* /=" dadys, m=-1.

A (1 — 1) 100 % BPB for the future observation Y, s =r+1,r+2,..,n
given the first r such that P[L(x) < ¥; < U(x)] = 1 — 7, where

P[Y; > L(x)|x] = L(X) h(y |x)dy = 1—— (70)

12



and

PYs > U)X = [y RO Xy, = (71)
Substituting (67) in (70) and (71) one can obtain

P > L(x)[x] =

1
o gd+atr+i,—alp=Xi_iInx;-Iny]

1
A fL(z) fo ys(1-yO) 1=, (1-x%)1(0,1,0,0)

(a+r+1)

x T+a dad ) m # —l,
S S I —(r ) GV G
(72)
1 © ks_ra5+a+r+1e—a[%—2{=1lnxi—lnys]
fL(X) fo ys“(1—ys“)B(s—r,a+r+1)H{=1(1—x{’)zp1(o,1,o,o)[%+(k—yr)1n(1—xT“)—kln(1—ysa)]a+5+1
x L5257 (ST @@ = x)) [In@ -y~ da dys, m=-1,
and
P[Y; > U(X)[x] =
1 0 a6+a+r+1e—fl[%—2{=1lnxi—lnys]
Al U(x) fO ys(1-y® 1=, (1-xF)(0,1,0,0)
(a+r+1)
x avz da dys, m+ —1
S50 (22T In(1-x) - (1 +V) In(1-x, 9=V In(1ys®)] Ys 73)

1
ks—ra6+a+r+1e—a[3—2{=1 lnxi—lnys]

1 0
fU(X) fo ys*(1-ys¥)B(s—r.a+r+1) [T}, (1-x{)1(0,1,0,0) [%+(k—yr) In(1-x,%)—kIn(1-ys¥)]a+s+1

x 23257 (577 In(@ — %)) [IN(@ -y~ da dys, m=-1

4.2 Two-Sample Prediction

Let X(1,n,m,k), ..., X(r,n,m, k) be a GOS of size n from Kumaraswamy
distribution and suppose Y(1,N,M,K),...,Y(R,N,M,K),K > 0,M € R is a second
unobserved GOS of size N. The density function of the GOS Y; is given by,

S - PO T G lgu (FOIIP™ M= -1,
f(ys|a B;x) = (74)

L= FOOF O lgn (FOIF™ M= -1,

where
_ _ M+1
[-a=07] (Lfi L, M=% -1
gu(x) = (75)
—In(1 —x), M= -1,
and
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=G v v =K+ (N =£)(M +1). (76)

Substituting (5), (6) in (75), then

[au((FO)] ™ = G L = @ =y PO M 2
B = In(1 -y, M=-1

(77)

For the future sample of size n, let Y,, denote the st ordered lifetime,
1 < s < n, then the density function of the GOS Y; from Kumaraswamy distribution
is obtained by substituting (5), (6) and (77) in (74) where 0 < y; < 1, hence

n Bys“ Lyszici(l—y&)Put M= -1,

78
B yE (1 — yEyFE (= In(A =yt M= -1, D)

fo(ysla. Bix) =
o

where

CS 1
n= (s—1)!(M+1)s-1’

and
— (_ j(s-1 — * .
¢ =(-1) ; and t; = [ys +j(M +1)].
4.2.1 Maximum likelihood prediction based on two-sample prediction

The point and interval ML prediction for the parameters « and £ is obtained based
on GOS. The results are specialized to Type Il censoring and upper records.

The ML predictive estimator of the future observation Y;, 1 < s < n, could be
obtained by substituting (78) in (60)

ys(SE) =
n:BMLZ] 0 G (_+1,BMLt) M # -1,

kS A 1 _
_(5_1)!aML,BML Jy y (1 — yeyPunk=1(— In(1 — yiM))st dys M = -1,

(79)
the ML predictive bounds for the GOS Y;,1 < s < N are given by substituting (78) in
(69) and (70) therefore,

P(Y > L(x)|x) =
(fL(x)naML’[)’MLyS ML—1 5 OC](l _ ySaML)b’MLt]-—1 dy,, M#—1,

kS T
J mamﬁm (80)
L fL(x) Vs ML(l yS“ML)kb’ML 1( In(1 — y“ML))s 1dyS,M =_1

and
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P(Ys > U()[x) =

kS—T ~

mamﬁiu (81)
Lx f;(x) ySaML(l _ ySOfML)kﬁML—l(_ |n(1 _ yS“ML))s—1 dy, M = —1.

1 4 3 a - - a B ppa—
J(fy(x)naML,BMLysaML ! Z?:(l) c]-(l - ysaML)ﬁMLtl L dy,, M=+ -1,

4.2.2 Bayesian prediction based on two-sample prediction

The BPD function of the future observation Yy, 1 <s < N given the first r is
given by substituting (27), (78) in (66) as follows

ha(v5]%) =

foo e—a(%—Zle Inx;—Inys)
0 [(%—Zir:_l1 (mi+1)In(1-x5) -y 1n(1—x,‘3‘)—2§;(1) cjtjln(1-y{)|atr+2
(a+r+1)a6+a+r+1
da, M=% -1,
Ys(1-y&) [T, (1-x)(0,1,0,0)
* (82)

1
—a(E—Zle Inx;-Inys)

© e
Js (ST (mi+ DIn(1-x7) 7 In(1-xH)~KIn(1—yH] &7+
(- In(1-y¥)S Y(a+r+1)adtatr+l o
\ s (—y® T, (1-xF)p(0,1,0,0)

M= -1,

hence, the BPE of the future Y;, 1 < s < N given the first r under SE loss function is

given by

1 o0 e—a(%—f.{:llnxi—lnys)
fo fo [C-Xiz) i+ DIn(1-x) —yr In(1-xH) - 3523 ¢t In(1-y&)]@+T+2
(a+r+1)a6+a+r+1
dadys, M # -1,
(&) T, (1-xF)p(0.1.0,0) TE4s
Vs(se) = (83)

1 oo o~ @G-ZT=y Inx;-Inys)
Iy Jo [C-Si=E (mi+D)In(1-x§) —yr In(1-xf) —kin(1-y&)]a+7+2
(-In(1-y¥)S~L(a+r+1)adtatr+l
1=y IMi=1(1-x{)¥(0,1,0,0)

dadys, M=-1

the BPE of the future Y, 1 < s < N given the first r under LINEX loss function is
given by

. -1 _
Ys(LINEX) = TInE (e Uys|§)

where
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E(e™»|x) =

1 r
e—VVse =Lz Inx;-Inys)

1 fc0
I Jo [(C-EI2t (mi+ D In(1-xf) -y, In(1-xF) - Y523 ¢t In(1-y&)]a+T+2
(a+r+1)a6+a+r+1

¥s(1=y§) MMi=, (1-x{)(0,1,0,0)
1 oo 0-VYs p~¥(G=21=y Inx;=Inys)

fO fO [(C-XIZ (mi+ DIn(1-x{) —yr In(1-xf)—KIn(1-y&)]¢+7+2
(- In(1-y®))S 1 (a+r+1)adtatr+t
¥s(1=y&) IMf=1 (1-x{)1(0,1,0,0)

dadys, M+ -1,
(84)

dadys, M=-1.

A (1-7) 100 % BPB for the future observation Y;, such that
P[L(x) <Y, <U(x)]=1-rare

P(Yy > L(x)|x) =

1 e e_a(%_2€:1 Inx;—Inyg)
fL(x) fo [(%—Zir:‘ll (mi+1)In(1-xf) —yrln(1—x;?)_2§;(1) cjtjIn(1-y@)]a+r+2
(a+r+ 1)a6+a+r+1
da d 1 M i _1,
Vs (1-y&) [T, (1-x ) (0,1,0,0) Vs
* (85)
1 © e_a(%_z“?:l Inx;-1nys)
fL(x) fo [(%—Zir:_ll (mi+1)In(1-x%) =y, In(1—xF)—kin(1-y§)]a+T+2
(—In(1-y®))S~(a+r+1)adratr+i
ys(1-y) [T, (1-x8)1(0,1,0,0)

da dys, M= -1,

and
P(Y; > U(x)|x) =

fl foo e_a(%_2{=1ln xi—Inyg)
U(x) o [(%—Zir;ll (mi+1)In(1-x8) -y, ln(1—x§)—2§;é cjtjIn(1-yg)ja+r+2
(a+r+1)a6+a+r+1
¥s(1=yH M=, (1-x{)¥(0,1,0,0)

1
—a(E—ZLllnxi—lnys)

da dys, M+ -1,

(86)
1 0o e

fU(x) fO [(%—Z{;l1 (mi+DIn(1-xf) -y In(1—xF)—KIn(1-y&)]2+7+2

(- In(1-y&))S~L(a+r+1)adtatr+l
ys(1-y8) M7=, (1-x{)¥(0,1,0.0)

da dys, M=-1

5. SOME APPLICATIONS

In this section, three hydrological real data sets are analyzed to demonstrate
how the proposed methods can be used in practice. To check the validity of the fitted
model, the Kolmogorov—Smirnov and chi-squared goodness of fit tests are performed
through Easy Fit 5.5 Software.
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Application 1:

The first application is a real data set obtained from the Shasta Reservoir in
California, USA deals with the monthly water capacity data and were taken for the
month of February from 1991 to 2010, (see Nadar et al. [15]). The maximum capacity
of the reservoir is 4552000 acre-foot (AF). In order to apply the real data to
Kumaraswamy distribution the data were transformed to the interval [0, 1] by
dividing the capacities over the capacity of the reservoir. The actual and transformed
data of water capacity of Shasta reservoir in California from 1991 to 2010 is shown in
Table 1 in the appendix.

Application 2:

The second application is the annual capacity of Naser Lake during the flood time
from 1968 to 2010 obtained Abdel-Latif and Yacoub [1] which is given in Table 2.
Naser Lake is located in the lower Nile River Basin at the border between Egypt and
Sudan. The total capacity of the lake is 162.3 x 10° Cubic meter (m?3) at its. The lake
was created from the late 1960 to the 1968 together with the construction of the
Aswan High Dam upstream of the old Aswan Dam, about 5 km south of the city of
Aswan.

Application 3:

The third application is the annual water level behind the High Dam during the
flood time from 1968 to 2010 obtained from Abdel-Latif and Yacoub [1] which is
shown in Table 2. The highest water level of the Dam is 182 meter (m) above mean
sea level.

The Kolmogorov-Smirnov and Chi-Squared tests showed that the observations
follow Kumaraswamy distribution. Easy Fit 5.5 software was used for fitting the
observations. The p values are given, respectively, by 0.24465323, 0.63544848 and
0.6323368. Tables 3 and 6 show ML and Bayesian estimates of the parameters, the rf
and hrf for the real data based on Type Il censoring and upper records as special cases
of GOS by settingm =0, k =1 and m = —1, k = 1, respectively. The confidence
and credible intervals for the parameters a and £ based on Type Il censoring and
upper records are given in Tables 4 and 7. Table 5 shows ML and Bayesian predictive
estimates and bounds for the first future observations based on Type Il censoring
under one-sample and Two-sample prediction. Table 8 shows ML and Bayesian
predictive estimates and bounds for the first future observation based on upper records
under one-sample and Two-sample prediction.

Remarks

It is clear from the p values given in each case that the model fits the data very
well. The ML and Bayesian estimates values are very close to each others for each
data set. In most cases, the length of the credible intervals are shorter than the
confidence intervals for both of the parameters « and f. Both of ML and Bayesian
predictive estimates of the future observations are very close to the value of the actual
observation. In general, the lengths of the Bayesian predictive intervals are shorter
than the ML predictive ones.
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6. SIMULATION STUDY

In this section, a numerical example is given to illustrate the results obtained on
basis of generated data from Kumaraswamy distribution. Also, to compare how the
results are close for both methods; ML and Bayesian estimations. In order to get a ML
and Bayesian predictors, all computations are performed using Mathcad 14.

Table 9 shows the ML and Bayesian estimates of the parameters, rf, hrf, their
biases, relative absolute biases, estimated risks (ERS), relative mean square errors
(MSEs) and variances based on Type Il censoring where N = 5000 is the number of
repetitions, n = 45,is the sample size, and r =45 is the number of survival
units, § =9, w =0.09, a =2 and b = 0.9 are the values of the hyper parameters.
Table 12 shows the ML and Bayesian estimates of the parameters, the rf, the hrf, their
biases, relative absolute biases, ERs, relative MSEs and variances based on upper
records where N = 2000 is the number of repetitions, n = 500 is the sample size,
r =7 is the number of records, R = 1043 is the number of samples that have r
records,a =7, b =0.1, § =8, and w = 0.1 are the values of the hyper parameters.
Tables 10 and 13 show confidence and credible intervals for the parameters @ and S
based on Type Il censoring and upper records, respectively. Table 11shows the ML
and Bayesian predictive estimates and bounds for the first future observation based on
Type Il censoring under one-sample and two-sample prediction. Table 14 shows the
ML and Bayesian predictive estimates and bounds for the first future observation
based on upper records under one-sample and two-sample prediction.

Concluding Remarks

1. Based on Type Il censoring, it is clear from Table 9 that the ERs for the
estimates of the parameters « ,  and hrf under GE loss function have the less
values than the corresponding ERs under the SE loss function then the
corresponding ERs under the LINEX loss function then the corresponding ERs
under the P loss function, and finally the ML ones but the ERs of the estimates
of the rf under the P loss function has the less value than the corresponding
ERs, then the corresponding ERs under SE loss function, then the
corresponding ERs under the GE loss function after that the ML ERs and
finally the corresponding ERs under the LINEX loss function.

2. Based on upper records, it has been noticed, from Table 12, that the ERs risks
for the estimates of the parameters « and S and for the hrf under GE loss
function have the less values than the corresponding ERs, then the P loss
function comes next after that the SE loss function then the LINEX loss
function, and finally the ML ERs. the ERs risks of the estimates of the rf under
the GE loss function has the less value than the corresponding ERs, then ML
ERs comes next, then LINEX loss function after that the SE and finally the P
loss function.

3. Both of ML and Bayesian predictive estimates of the future observation are
very close to the value of the actual observations and the length of the
Bayesian predictive intervals are shorter than the ML predictive ones. [Tables
11 and 14].
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4. In most cases, the length of the credible intervals are shorter than the
confidence intervals for both of the parameters @ and . [Tables 10 and 13]
5. Results perform better when n gets larger.

General conclusion

In this study, ML and Bayesian estimators for the shape parameters, rf and hrf
of Kumaraswamy distribution, based on GOS, are obtained. ML and Bayesian
prediction for a new observation from Kumaraswamy distribution, based on GOS,
are derived. The Bayesian estimation is derived under four types of loss functions.
The results are applied based on Type Il censored data and upper record values as
special cases from GOS. Monte Carlo simulation is used to construct the
comparisons between Bayesian and non-Bayesian estimates. Moreover, the results
are applied on real hydrological data.

In general, the length of the credible interval is shorter than the confidence
intervals. Both of ML and Bayesian predictive estimates of the future observations are
very close to the value of the actual observation. In most cases, the lengths of the
Bayesian predictive intervals are shorter than the ML predictive ones. The Bayesian
estimates of the parameters and hrf based on Type Il censoring under GE loss
function have the smallest ERs. But the ERs of the estimates of the rf based on Type
Il censoring under the P loss function has the smallest ERs. The Bayesian estimates of
the parameters, rf and hrf based on upper records under GE loss function have the
smallest ERs. We suggest using the Bayesian approach under GE loss function for
estimating the parameters of Kumaraswamy distribution.
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APPENDIX

Table 1 Actual and transformed data of water capacity of Shasta Reservoir in
California from 1991 to 2010

Capacity Ratio to total Capacity Ratio to total
Year (AF) capacity Year AP) capacity
1991 | 1542838 0.338936 2001 | 3495969 0.768007
1992 | 1966077 0.431915 2002 | 3839544 0.843485
1993 | 3459209 0.759932 2003 | 3584283 0.787408
1994 | 3298496 0.724626 2004 | 3868600 0.849868
1995 | 3448519 0.757583 2005 | 3168056 0.69597
1996 | 3694201 0.811556 2006 | 3834224 0.842316
1997 | 3574861 0.785339 2007 | 3772193 0.828689
1998 | 3567220 0.78366 2008 | 2641041 0.580194
1999 | 3712733 0.815627 2009 | 1960458 0.430681
2000 | 3857423 0.847413 2010 | 3380147 0.742563
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Table 2 Actual and transformed data of water level behind the High Dam and

capacity of Nasser Lake during the flood time from 1968 to 2010

Year Water level Ratio to Capac_ity of thg lake Ratio to _total

(m) maximum level (Billion m>) capacity
1968/1969 151.1 0.83021 39.97 0.24627
1969/1970 153.83 0.84521 46.43 0.28607
1970/1971 159.68 0.87736 61.36 0.37806
1971/1972 162.49 0.89280 69.82 0.43019
1972/1973 158.2 0.86923 57.24 0.35268
1973/1974 161.71 0.88851 66.7 0.41096
1974/1975 165.6 0.90989 80.06 0.49328
1975/1976 172.43 0.94741 108.37 0.66771
1976/1977 171.7 0.94340 105.05 0.64725
1977/1978 172.52 0.94791 108.84 0.67060
1978/1979 173.04 0.95076 111.3 0.68576
1979/1980 171.27 0.94104 103.12 0.63536
1980/1981 171.13 0.94027 102.49 0.63148
1981/1982 170.36 0.93604 99.15 0.61090
1982/1983 165.87 0.91137 81.03 0.49926
1983/1984 163.6 0.89890 72.94 0.44941
1984/1985 156.37 0.85917 51.46 0.31706
1985/1986 157.23 0.86390 53.7 0.33086
1986/1987 154.65 0.84972 47.27 0.29125
1987/1988 151.7 0.83351 40.67 0.25058
1988/1989 164.41 0.90335 75.78 0.46691
1989/1990 163.77 0.89983 73.52 0.45298
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(Continued) Table 2

Year Water level Ratio to Capac_ity of th;e lake Ratio to_
(m) maximum level (billion m?) total capacity

1990/1991 162.5 0.89285 69.25 0.42667
1991/1992 163.98 0.90098 74.23 0.45736
1992/1993 167.45 0.92005 87.06 0.53641
1993/1994 169.64 0.932087 96.05 0.59180
1994/1995 172.34 0.94692 108 0.66543
1995/1996 172.76 0.94923 109.97 0.67757
1996/1997 175.48 0.96417 123.8 0.76278
1997/1998 174.75 0.96016 120 0.73937
1998/1999 174.75 0.96016 120 0.73937
1999/2000 175.79 0.96587 125.41 0.77270
2000/2001 175.85 0.96620 125.72 0.77461
2001/2002 175.7 0.96538 124.94 0.76980
2002/2003 175.14 0.96230 122.03 0.75187
2003/2004 172.06 0.94538 106.68 0.65730
2004/2005 169.59 0.93181 95.84 0.59051
2005/2006 168.65 0.92664 91.86 0.56598
2006/2007 173.42 0.95285 113.2 0.69747
2007/2008 174.8 0.960439 120.26 0.74097
2008/2009 173.3 0.95219 112.6 0.69377
2009/2010 169.79 0.93291 96.7 0.59581
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Table 3 ML and Bayesian estimates of the parameters, the reliability and the
hazard rate functions for the real data based on Type Il censoring

_ | Estimate ML SE LINEX 3 GE
S a 3.40026 1.1637 1.15446 | 1.12227 111943
E f; 564983 | 054158 | 054016 [0.52823 | of | 0.58964
% R@t) 093388 [0.71942 | !l | 07183 [0.71481 | | [ 0.71447
& At 078081 | 1.01883 1.01464 | 0.60113 0.98691
a 16.74034 | 3.19258 3.15845 | 3.13867 3.11225
% f; 3.1543 0.45389 > 045341 044856 | | 138785
§ [ R 0.99997 | 0.94418 I 0.94002 | 094388 | Il - | 0.98955
< A(t) |9.64624x 107* | 0.36733 0.36168 | 0.03725 0.34103
) a 3.99842 | 1.01589 1.39187 | 1.00355 1.38328
= ~
ij B 624748 139565 & [101341[138191[ 12 | 1.38067
% R(t) 066787 | 0.95574 | !l [0.61415 [ 0,61149 ! [ 09529
z h(t) 576047 | 0.61495 0.61112 | 0.96846 1.72369

Table 4 ML and Bayesian bounds of the parameters for the real data
based on Type Il censoring

= Estimate | Method L U Length

s R ML | 405215 | 497511 | 0.92296

2 “ Bayesian | 0.38516 0.8235 0.43834

% R ML 112623 | 3.1672 2.04097
0 k Bayesian | 1.39941 | 2.83843 1.43901
~ ML 13.66676 | 19.81392 | 6.14716

% c “ Bayesian | 043026 | 062466 | 0.1944
2 Q R ML 2.18877 | 4.11983 | 1.93106
" k Bayesian | 2.20787 4.62561 241774
o ~ ML 3.02107 | 4.17347 1.1524

é “ Bayesian 0.9504 1.40309 0.45269

? ~ ML | 33744 | 64051 | 3.0307

z k Bayesian 1.2958 1.8339 0.5381
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Table 5 ML and Bayesian predictive estimates and bounds for the first future observation based on
Type 11 censoring under one and two-sample prediction

Interval prediction Point prediction
Method X 95% ML Bayesian
L U Length SE LINEX

c Shasta ML 0.72771 | 0.98463 | 0.25693

2 ) 0.90679 | 0.97983 | 0.855002
2 Reservoir | Bayesian | 0.81286 | 0.99138 | 0.17851

£ Aswan High | ML | 0.93758 | 0.99714 | 0.05957

@ 0.97642 | 0.90512 | 0.99106
g. Dam Bayesian | 0.95901 | 0.99581 | 0.0368

8 ML |0.88469 | 0.95 |0.06531

e Naser Lake i 0.78722 | 0.78567 | 0.92033
o) Bayesian | 0.76853 | 0.85476 | 0.08623

- Shasta ML 0.6226 | 0.96249 | 0.3399

S 0.83208 | 0.92725 | 0.8495
B Reservoir Bayesian | 0.61994 | 0.99958 | 0.37963

=)

o Aswan High ML 0.74941 | 0.97803 | 0.22862

o 0.8961 | 0.87863 | 0.91617
%_ Dam Bayesian | 0.63112 | 0.9937 | 0.36258

% ML 0.23134 | 0.83808 | 0.60675

o) Naser Lake : 0.55997 | 0.80116 | 0.8114
E Bayesian | 0.30831 | 0.99809 | 0.68978

Table 6 ML and Bayesian estimates of the parameters, the reliability and the hazard rate
functions for the real data based on upper records

_ [Estimate| ML SE LINEX P GE
g @ | 2.87938 | 0.56821 05512 | 0.75379 0.54524
i B | TA17AL | 292655 | v | 25132 | 283783 |« | 279546
£ TRt | 0.99064 | 040095 | L | 037096 | 073462 | . | 032607
G Ry | 02709 | 2.16492 641408 | 3.52966 0.86183
& | 1525355 | 058792 0570302 | 05724 0.57098
2 o B |1227203] 277572 | o | 2456 | 270662 | e | 270067
S 8 R | 094806 | 001892 | L | 001851 |2.7962510* | & | 76721073
< A(t) | 1.16486 | 10.01844 6.82524 | 9.74035 0.07711
i a | 203326 | 06376 0.61568 | 0.60342 0.58708
= B | 121715 | 226025 | « | 204275 | 214823 | | 209643
2 R(t) | 089291 052777 | & | 050311 | 00804 | » [ 0.42221
z A(t) | 231374 | 4.71637 29797 | 523795 1.0127
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Table 7 ML and Bayesian bounds of the parameters for the real data
based on upper records

- Estimate | Method L U Length
> R ML | 250455 | 325421 | 0.74966
2 * Bayesian | 1.790995 4.51905 2.80909
% R ML 331752 | 109173 | 7.59977
» k Bayesian | 0.34569 0.86736 0.52199
R ML 10.81512 | 19.69199 8.87687
% c * Bayesian | 1.712175 | 412684 | 2.41466
2@ & " ML 10.98379 | 13.56028 2.57649
- k Bayesian | 0.359898 0.89125 0.53135
o N ML 0.3789 3.68763 3.30872
é “ Bayesian | 1.1104523 | 3.86483 2.75438
g 3 ML 1.1445 22.05399 20.90989
©
z Bayesian | 0.3141846 | 1.154021 0.8398

Table 8 ML and Bayesian predictive estimates and bounds of the future observation for real data

based on upper records under one and two-sample prediction

Interval prediction Point prediction
Method X 95% ML Bayesian

L U Length SE LINEX
c Shasta ML 0.84888 | 0.96119 | 0.07202
2 ] 0.88917 | 0.88861 | 0.88615
% Reservoir Bayesian | 0.84876 | 0.96533 | 0.11657
GS)_ Aswan High ML 0.966223 | 0.99236 | 0.02614
@ 0.97571 | 0.97407 | 0.97562
g. Dam Bayesian | 0.9662 | 0.99262 | 0.02642
8 ML 0.77333 | 0.84647 | 0.07311
O Nasser Lake 0.79477 | 0.77836 | 0.778287
o Bayesian | 0.77285 | 0.79311 | 0.02026
- Shasta ML 0.06422 | 0.83518 | 0.77096
S ] 0.42355 | 0.67371 | 0.71693
B Reservoir Bayesian | 0.84469 | 0.90299 | 0.0583
e}
o Aswan High ML 0.7836 | 0.93638 | 0.15278
o 0.9669 | 0.85837 | 0.85817
%_ Dam Bayesian 0.929 | 0.95023 | 0.02124
% ML 0.19452 | 0.72073 | 0.52621
o Nasser Lake 0.46993 | 0.57871 | 0.57779
g Bayesian | 0.29052 | 0.81331 | 0.52279
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Table 9 ML and Bayesian estimates of the parameters, the reliability , the hazard rate functions and their biases, relative
absolute biases, estimated risks, relative mean square errors and variances based on Type Il censoring
R=5000n=50,r=45aa=1.1,£=0.9,0=9,w=0.09,a=2,b=0.9

Me_thod_ of estimate | Average ER Relative variance bias Relative_ absolute
estimation MSE bias
a 1.16508 0.06439 0.23069 0.06016 0.06508 0.05916
_ I 0.96268 0.05182 0.25293 0.04789 0.06268 0.06964
= R(t) 0.92941 7.86678% 1074 0.03022 7.85263% 1074 1.18943x 1073 1.28142%x 1073
h(t) 0.83145 0.05135 0.26527 0.05083 -0.02279 0.02668
a 1.04417 0.02041 0.12987 0.01729 -0.05583 0.05076
n B 0.7618 0.04504 0.2358 0.02594 -0.01382 0.15355
n R(t) 0.92449 6.36359x 1074 0.02718 6.2244x 10~* -3.73085x% 1073 4.01936x 1073
h(t) 0.81102 0.0331 0.21297 0.03123 -0.04322 0.05059
a 1.04176 0.02061 0.13051 0.01722 0.05825 0.05295
ﬁ Z B 0.76075 0.04653 0.23969 0.02714 -0.13925 0.15472
= % g R(b) 0.9273 1.10701x 1073 0.03584 1.10626x 1073 8.70187x 1073 9.37482x 1073
3 h(t) 0.80563 0.03449 0.217308 0.03216 -0.04861 0.05690
= a 1.03612 0.02094 0.13155 0.01686 -0.06388 0.05808
@ N I 0.75288 0.04985 0.24809 0.02891 -0.14712 0.16347
R(t) 0.92491 4.86699x 10~* 0.02377 4.7575% 10~* -3.08551x 1073 3.56441x 10~*
h(t) 0.643442 0.03819 0.22876 0.12094 0.06999 0.081933
a 1.06929 0.01572 0.114163 0.014825 -0.030736 0.027942
n 7 B 0.850493 0.017963 0.148917 0.015512 -0.049507 0.055007
o L R(t) 0.921401 | 6.41399% 10~ 0.027284 5.949404x 10~* | -6.81609x 1073 7.3432x 1073
h(t) 0.831445 0.030681 0.20504 0.0301615 -0.022794 0.026683
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Table 10 ML and Bayesian bounds for the parameters a and 8

based on Type Il censoring

Method L U Length
a ML 0.79163 1.53902 0.74739
Bayesian 0.81636 1.09053 0.27416
Method L U Length
B ML 0.68101 1.24527 0.56425
Bayesian 0.1.19364 1.56363 0.36966

Table 11 ML and Bayesian predictive estimates and bounds for the first future observation

based on Type Il censoring under one and two-sample prediction

Interval prediction

Point prediction

©

% Xri1 95% ML Bayesian

= L U Length SE LINEX
@ ML 0.90301 | 0.95263 | 0.04962

Q.

% X46 ) 0.91968 | 0.79827 F 0.86068
& Bayesian | 0.91674 | 0.96068 | 0.04394 =

c

@)

@ ML 0.05802 | 0.97745 | 0.91942

Q.

% X1 ) 0.55698 | 0.98899 T'll 0.90713
S Bayesian | 0.53261 | 0.98182 | 0.44921 S

s

|_

28




Table 12 ML and Bayesian estimates of the parameters, the reliability ,the hazard rate functions, biases, relative absolute biases,

estimated risks, relative mean square errors and variances based on upper records

R=2000,n=500,R=1043,r=7,a=1.1,=09,a=7,b=0.1,6 =8, w =0.1, R(t) = 0.92822, h(t) = 0.85424,t = 0.1

Me_thod_ of Estimate | Average ER Relative variance bias Relative absolute bias
estimation MSE
a 1.9592 4.25305 1.87481 3.51393 0.85972 0.78156
_ B 1.00664 0.03957 0.22102 0.0282 0.10664 0.11849
= R(t) 0.83299 | 5.48356x 1073 0.01208 2.14086x 1073 0.05501 0.05927
h(t) 1.61733 0.64929 0.91032 0.19532 -0.65512 0.7669
a 0.85722 0.01349 0.10559 4.0792x 1073 -0.2428 0.22071
Ll B 0.99702 0.03638 0.21191 0.02696 0.09702 0.1078
» R(b) 0.83176 0.01149 0.01238 2.18786x 1073 -0.09646 0.10392
h(t) 1.54029 0.60592 0.69347 0.16166 -0.66653 0.76283
- a 0.86002 0.06171 0.22584 4.12273% 1073 -0.23998 0.21816
ﬁ < B 1.00179 0.037793 0.2164 0.02757 0.10179 0.1131
c % I R(t) 0.83244 0.01133 0.01221 .16102x 103 -0.09577 0.10318
-% ° h(t) 1.57752 0.70032 0.81982 0.1772 -0.72328 0.84669
= a 0.82507 | 6.47152x 1073 0.07313 3.86354x 1073 -0.27493 0.24994
o N B 0.95107 0.02661 0.18126 0.02401 0.05107 0.05674
R(t) 0.77974 0.03566 0.03842 0.01361 -0.14848 0.15996
h(t) 1.51533 0.56839 0.65051 0.15678 0.64157 0.73426
a 0.81927 | 5.68737x 1073 0.06856 3.82835x% 1073 -0.28073 0.25521
w S B 0.94312 0.02537 0.17699 0.02351 0.04312 0.04791
O L R(b) 0.82111 0.01422 0.01532 2.74943x 1073 -0.10711 0.11539
h(t) 1.05452 0.083 0.09717 0.04289 -0.20028 0.23445
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Table 13 ML and Bayesian bounds for the parameters
based on upper records

Method L U Length
a ML 0.69312 3.28151 2.58839
Bayesian 0.5599803 1.880402 1.32042
Method L U Length
B ML 0.36738 2.68317 2.31579
Bayesian 1.7510333 2.162277 0.41124

Table 14 ML and Bayesian predictive estimates and bounds for the first future observation

based on upper records under one and two-sample prediction

Interval prediction

Point prediction

©

§ X 95% Bayesian

© ML

= L U Length SE LINEX
@ ML 0.9123 | 0.9725575 | 0.06026

Q.

5 | x 0.97064 | 0.97277 | | |0.975951
@ Bayesian | 0.96236 | 0.99242 | 0.03006 S

O

© ML |0.50374 | 0.93783 |0.43409

Q.

5 X _ 0.76684 | 0.907721 | i | 0.9842
& Bayesian | 0.69438 | 0.99928 | 0.3049 )

s

|_
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