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ABSTRACT
We prove the existence of a unique common fixed point for two weakly compatible maps satisfying @ - conditions in G-

metric spaces. Our result extends and generalizes some results in the literature.

Keywords: common fixed point, G-metric spaces, weakly compatible maps, weak-contraction maps.

INTRODUCTION AND PRELIMINARY

Frechet [8] introduced the notion of metric spaces and are widely used in fixed point theory and applications. Different
authors generalized the concept of metric spaces. Eke and Olaleru [7] introduced the concept of G-partial metric spaces
which generalized the G-metric spaces in the context of partial metric spaces. Authors such as Gahler [8], Dhage [4. 5, 6],
Matthew [12] and others in the literature also generalized the notion of metric spaces. In this work we are concerned with
the generalization of the notion of the metric spaces by Mustafa and Sims [15] in which a real number is assigned to every
triplets of an arbitrary set. The following definitions and motivations are found in [15]:

Definition 1.1: Let X be a nonempty set, and let G: X xX x X - R" be a function satisfying:
G, G(x,y,z) = 0ifx =y =z,

G,0 < G(x, X, y) Ox,yOX withx 2y,

G; G(x, x,y) <G(x,y,2) Ox,y, z0 Xwithz # y,

G, G(x, Y, Z) = G(x, Z, y) =G(y, Z, X) (symmetry in all three variables),

Gg G(x, Y, Z)SG(X, a,a)+G(a,y,2) Ua X, y, z OX (rectangle inequality).

Then the function G is called a generalized metric, or more specifically a G-metric on X, and the pair (X, G) is called G-
metric spaces.

Definition 1.2: Let (X, G) be a G-metric space, and let {X”} a sequence of points in X a point ' X "in X is said to be the
{ } lim G(X, Xn,Xm) =0 { }

limit of the sequence %n if M- , and one says that sequence %n is G-convergent to X,

Proposition 1.3: Let (X, G) be G-metric space, then for a sequence {xn} 00 X and point X X the following are

equivalent:

(i){x,} isG —convergent to x.

(i) G(x,, X,,X) » 0asn - o

(iii) G(x,, X,x ) » 0asn —» w

(iv) G(Xp, X X) -~ 0asm, n — w

Proposition 1.4: In a G-metric space (X, G), the following are equivalent;

(i) The sequence {xn} is a G-Cauchy sequence.

(i) Forevery £> 0, 0n O N OG(X,, Xy, Xy) <& Onm =N.

Definition 1.5: A G-metric space (X, G) is said to be G-complete if every G-Cauchy sequence in (X, G) is G-convergent
in (X, G).
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Banach contraction map is the basis of all other contractive maps. This map is used to establish the existence of unique
fixed points for certain contraction maps defined in metric spaces and its generalizations. The existence of the fixed point
for Banach contraction map was proved by Matthew [13] in partial metric spaces. Mustafa et al. [14] proved the existence
of unique fixed points and common fixed points for certain contractive maps in G-metric spaces.

The concept of weak contraction was introduced by Alber and Guerre-Delabriere [2] in Hilbert space. Rhoades [19] gives
a corresponding definition in metric spaces as:

A mapping T: X - X, where (X, d) is a metric space is said to be weakly contractive if

d(Tx, Ty )< d(x,y) = @d(x, y)), (1)
where X,y [0 X and ¢:[0,) — [0,00) is continuous and nondecreasing function such that ¢(t) =0 if and only if t =0.

Aage and Salunke [1] and Shatanawed [21] proved the existence of a unique fixed point for weak contraction maps
defined on G-metric spaces. The result of Aage and Salunke [1] is stated as follows:

Theorem 1.6 [1]: Let (X, G) be a complete G-metric space andlet T: X - X be mappings satisfying:
G(Tx, Ty, Tz)< G(x, v, z) -¢(G(x, v, 2)). @
for all x,y,z0O0X. If qo:[O,oo) - [0,00) is continuous and nondecreasing mapping with

(p'l(O) =0, ¢(t)>0foral tD(0,00) . Then T has a unique fixed point in X.

For the fact that two maps have to commute at a point before their common fixed points can be established led to the
development of some commutative maps (see.[3], [10], [11], [20] ) in which weakly compatible maps are not left out and is
defined below as:

Definition 1.7 [10]: A point X[ X is called a coincidence point of a pair of self maps S, T if there exist a point w (called a
point of coincidence) in X such that w =Sx =Tx. Self maps S and T are said to be weakly compatible if they commute at
their coincidence points, that is if Sx =Tx for some x[J X , then STx =TSx.

Some authors had used the concept of weakly compatibility in proving the common fixed points of two maps in metric
spaces: see ([9], [16],[17],[18]).

In this work, we prove the common fixed point of two weakly compatible maps satisfying some weak contractive

conditions in G-metric spaces. Our result generalizes the results of Aage and Salunke [1].

2. RESULTS AND DISCUSSION

Theorem 2.1: Let (X, G) be G-metric spaces and Y a nonempty subset of X. Let T,S: Y - X be mappings satisfying:
G(Tx, Ty, Tz)<G(SX, Sy, Sz)-¢(G(Sx, Sy, Sz)) 3
for all X,y,zOX. If @:[0,0) - [0,0) is continuous and increasing function with ¢™*(0) =0, ¢(t)>0 for al t0(0,).

Suppose that T and S are weakly compatible with T(Y) U S(Y). If T(Y) or S(Y) is a complete subspace of X, then

the mappings T and S have a unique common fixed point in X.
Proof: Letx, X bearbitrary. choose x, X such that Tx,= Sx,.Continuing this process, we can define the sequence

{Xn} by Tx, =Sx{n+]} for somen N. Suppose Tx, =TX(n gy for somenON, then we have Tx,=Sx,. Therefore {Txn}

is a Cauchy sequence. We assume that Ty =Tzin (3) and Tx,, # Tx{n_]} OnO N. From (3), we have

G(TX(oy» TXnr T0) < G(SK 4 5%y, S(n)—¢(G(SX{n_]}, s, sn)) @)
By property of @, (4) gives

G(TX(og s TXas TX,) SB[y, %y, 5%, ) 5)
Similarly,

G( Sy St S0 ) = 6Ty (g Ty ) SO(S0 . Sy Xy ). (©6)

From (5) and (6), this shows that G(Tx{n_j} , TX,,, Txn) is monotone decreasing and consequently there exists
K >0 such that
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G(Tx{n_]}, TX,, Txn) - Kasn - o (7)
Taking n - « in(4), we obtain

K<K-g¢(K). (8)
Thisisacontradiction, unless K =0. Hence

G(Tx{n_]},Txn,Txn) . 0asn - . ©)

Now we show that {Txn} is a Cauchy sequence. Suppose {Txn} is not a Cauchy sequence, then s >0 for which we

can find subsequence{Txn(k)} and {Txm(k)} of {Txn} with m(k) > n(k) such that

6(TXr T Ty 26 (10)
Now,

G(Txn(k)—l' Xk TXn(k)) = G(an(k)’ Ko an(k)+1)'
This implies that,
G(Stug: oy Sty &[Sty Sty S

4 an(k)+l)+ G(an(k)+1' SXi(i)+20 Xn()+2

Setting K - o in the above
+ G(an(k)+2’sxm(k)'sxm(k))'

inequalities and using (9) we have,

My oGS gty Sy =0 (11)

From (3) and (10) we obtain,

£< G(Txn(k), Txm(k),Txm(k))

<6(Styg: Sty St = AG (St Sty Sy

Hence,

e<e-g(g) ask - oo

Clearly it is a contradiction since £ >0. We must have £ =0. This shows that {Txn} is a Cauchy sequence in X. Since
T(Y) or S(Y) is a complete subspace of X and for the fact that T(Y) O S(Y), there exists a
z0 T(Y) suchthat Sx,, — zand TX,, — zasn - o, hence there is x JX such that Sx =z.

From (3) we get,
G(Tx, z, z)< G(Tx, Tx,, Tx,) + G (Tx,,22)

< G(SX, SX,,, S%,)—9¢(G(Sx, Sx,,, SX,)) + G(Tx,, z, z)=0.

But G(Tx, Z, Z) 20. Thisimpliesthat Tx =z ThusSx = Tx =z and we have that z is a point of coincidence of S and

T.
Next we show that the point of coincidence is unique. Suppose there is another point of coincidence p, and there is a
coincidence point q[J X suchthat p =Tq=Sg. Then by (1) we have,

G(zp.p) =G(Tx, T, Ta) < G(Sx, Sa, Sa) - ¢(G(Sx, Sq, Sq)).

By property of ¢, this is a contradiction ifG(Z, p, p) > 0. Hence we have a unique point of coincidence. Since S, T are

weakly compatible, then TSx = STx and Tz=Sz. Therefore z is a coincidence point of S, T and since the point of
coincidence is unique, that is z=p. HenceSz= Tz =z, therefore z is the unigue common fixed point of S, T and the

proof is complete.

Remarks 2.2: If S= T in theorem 2.1 then we have corollary 2.2. Therefore theorem 2.1 is a generalization of theorem
2.1 of Aage and Salunke [1].
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Corollary 2.3 [1]: Let (X, G) be complete G-metric space and let T: X —» X be a mapping satisfying;
G(Tx, Ty, Tz)<G(x, y, z qa(G X, Y, Z )

for all X,y,zOX. If ¢:[0,00) — [0,) is continuous and increasing function with ¢*(0)=0, ¢ (t)>0 Ot0(0,%), then T
has a unique fixed point in X.

Example 24: Let X=[01] andG(x,y,z)= [x-y| + |y-2 +|z=x| be a G-metric on X. Define

ST:X - beszg ande=5—?j( with ¢(t)=lzmt>o.

Now,
G(Tx,Ty,Tz) = ‘E—X‘ + ‘X—E L 2_X
2 2 2 2 2 2
1
=2 (x=y1 + ly=7 +1z=x]).
G(Sx,9y,Sz) = 3‘ + S + T
5

:§(|x—y| + |y-7] +1z-x]).

Hence

G(Tx, Ty, Tz)<G(SX, Sy, Sz)-¢(G(Sx, Sy, Sz)).
The common fixed point of S and T is equal to zero and is unique.

4. CONCLUSION

The existence and uniqueness of the common fixed point for a pair of weakly compatible mappings satisfying the weak —
contraction conditions in a G-metric space is proved.
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