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ABSTRACT 16 
Aims: The aim of this paper is to develop the 2-tuple linguistic Bonferroni mean and the 
weighted 2-tuple linguistic Bonferroni mean. 
Study design: Some desirable properties and special cases of the developed operators are 
discussed. The geometric Bonferroni mean (GBM) is a generalization of the Bonferroni 
mean and geometric mean. In this paper, we also investigate the GBM under 2-tuple 
linguistic environments. We develop the 2-tuple linguistic geometric Bonferroni mean and the 
weighted 2-tuple linguistic geometric Bonferroni mean. We investigate some fundamental 
properties and special cases of them. 
Place and Duration of Study: The Bonferroni Mean (BM) operator is a traditional mean 
type aggregation operator, which can capture the expressed interrelationship of the 
individual arguments and which is only suitable to aggregate crisp data. 
Methodology: This paper extends the BM operator to 2-tuple linguistic environments. 
Results: Based on these operators, we develop two approaches for multiple attribute group 
decision making with 2-tuple linguistic information. 
Conclusion: Two numerical examples are provided to illustrate the effectiveness and 
practicality of the proposed approaches. 
 17 
Keywords: Multiple attribute group decision making; 2-tuple linguistic information; 2-tuple linguistic 18 
Bonferroni mean; 2-tuple linguistic geometric Bonferroni mean. 19 
 20 
1. INTRODUCTION 21 
 22 
In many multiple attribute group decision making (MAGDM) problems, the decision 23 
information about alternatives is usually uncertain or fuzzy due to the increasing complexity 24 
of the socio-economic environment and the vagueness of inherent subjective nature of 25 
human thinking [1,2,3]; thus, it may be appropriate and sufficient to assess the decision 26 
information in a qualitative form rather than a quantitative form. For example, when 27 
evaluating a house’s cost, linguistic terms such as ‘‘high’’, ‘‘medium’’, and ‘‘low’’ are usually 28 
used, and when evaluating a house’s design, linguistic terms like ‘‘good’’, ‘‘medium’’, and 29 
‘‘bad’’ can be frequently used. To date, many methods have been developed for dealing with 30 
linguistic information [4-13]. Herrera and Martinez [14] introduced a 2-tuple fuzzy linguistic 31 
representation model that represents the linguistic information by means of 2-tuples, which 32 
are composed by a linguistic term and a number [14,15]. The main advantage of this 33 
representation is to allow a continuous representation of the linguistic information on its 34 
domain; therefore, it can represent any counting of information obtained in a aggregation 35 
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process without any loss of information [14,15]. In the past few decades, a variety of 2-tuple 36 
linguistic aggregation operators [15-24] have been developed for aggregating 2-tuple 37 
linguistic information. However, these 2-tuple linguistic aggregation operators only 38 
emphasize the importance of each data or ordered position and they cannot reflect the 39 
interrelationships of individual data. 40 
The Bonferroni mean, originally introduced by Bonferroni [25], is a mean-type aggregation 41 
operator and it can provide for the aggregation lying between the max and min operators 42 
and the logical “or” and “and” operators [26]. The desirable characteristic of the BM is its 43 
capability to capture the interrelationship between input arguments [26]. Recently, Yager [27] 44 
gave a detailed studied of the BM and proposed some generalizations of the BM. However, 45 
the BM [25] and its these generalizations [27] only can accommodate the situations where 46 
the input arguments take the form of crisp numbers. In many group decision makings, the 47 
attribute values are given in the form of the other types of domains which are not suitable to 48 
be aggregated by the BM, such as interval numbers [28], intuitionistic fuzzy numbers [29], 49 
interval-valued intuitionistic fuzzy numbers [30], hesitant fuzzy elements [31], uncertain 50 
linguistic variables [32], and triangular fuzzy linguistic variables [33]. To address this issue, 51 
some authors have suggested some new generalizations of the BM, including the uncertain 52 
Bonferroni mean operator [34], the weighted uncertain Bonferroni mean operator [34], the 53 
intuitionistic fuzzy BM (IFBM) [26], the weighted intuitionistic fuzzy Bonferroni mean (WIFBM) 54 
[26], the Atanassov’s intuitionistic fuzzy geometric Bonferroni mean [35], the weighted 55 
Atanassov’s intuitionistic fuzzy geometric Bonferroni mean [35], the interval-valued 56 
intuitionistic fuzzy Bonferroni mean [36], the weighted interval-valued intuitionistic fuzzy 57 
Bonferroni mean [36], the hesitant fuzzy geometric Bonferroni mean (HFGBM) [37], the 58 
hesitant fuzzy Choquet geometric Bonferroni mean (HFCGBM) [37], the weighted hesitant 59 
fuzzy geometric Bonferroni mean (WHFGBM) [37], the weighted hesitant fuzzy Choquet 60 
geometric Bonferroni mean (WHFCGBM) [37], the uncertain linguistic Bonferroni mean 61 
(ULBM) operator [38], the uncertain linguistic weighted Bonferroni mean (ULWBM) operator 62 
[38], the uncertain linguistic geometric Bonferroni mean (ULGBM) operator [38], the 63 
uncertain linguistic weighted geometric Bonferroni mean (ULWGBM) operator [38], the 64 
trapezoid fuzzy linguistic Bonferroni mean (TFLBM) operator [39], the trapezoid fuzzy 65 
linguistic weighted Bonferroni mean (TFLWBM) operator [39], the trapezoid fuzzy linguistic 66 
Bonferroni OWA (TFLBOWA) operator [39], the trapezoid fuzzy linguistic weighted 67 
Bonferroni OWA (TFLWBOWA) operator [39], the generalized intuitionistic fuzzy weighted 68 
Bonferroni mean (GIFWBM) [40], and the generalized weighted Bonferroni geometric mean 69 
(GWBGM) [40]. However, these Bonferroni mean operators cannot accommodate the 70 
situations where the input arguments take the form of 2-tuples. 71 
Based on the aforementioned analysis, we can conclude that the existing 2-tuple linguistic 72 
aggregation operators do not consider the interrelationship of the individual arguments, while 73 
the existing Bonferroni mean operators cannot accommodate the situations in which the 74 
input arguments take the form of 2-tuples. To overcome this drawback, it is therefore 75 
necessary to develop some new aggregation operators that not only accommodate 2-tuple 76 
linguistic information but also consider the interrelationship of the individual arguments. To 77 
do this, we extend the BM operator to 2-tuple linguistic environments and then develop two 78 
2-tuple linguistic aggregation operators, including the 2-tuple linguistic Bonferroni mean and 79 
the weighted 2-tuple linguistic Bonferroni mean. The desirable characteristic of these two 80 
operators is that they not only accommodate the input arguments in the form of 2-tuples but 81 
also reflect the interrelationship of the input arguments. Xia et al. [35] introduced a new 82 
Bonferroni mean called the geometric Bonferroni mean based on the BM and the geometric 83 
mean (GM). We further extend the GBM operator to 2-tuple linguistic environments and 84 
develop the 2-tuple linguistic geometric Bonferroni mean and the weighted 2-tuple linguistic 85 
geometric Bonferroni mean. Finally, we utilize the proposed operators to develop two 86 
approaches for multiple attribute group decision making with 2-tuple linguistic information 87 
and then apply both the developed approaches to two practical examples. 88 
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The remainder of this paper is organized as follows. In Section 2, we briefly review some 89 
basic concepts and operations related to the 2-tuple fuzzy linguistic representation model, 90 
the BM, and the GBM. In Section 3, the 2-tuple linguistic Bonferroni mean and the weighted 91 
2-tuple linguistic Bonferroni mean are developed, some desirable properties of these 92 
operators are studied, and some special cases are discussed. Section 4 develops the 2-93 
tuple linguistic geometric Bonferroni mean and the weighted 2-tuple linguistic geometric 94 
Bonferroni mean. Section 5 introduces two approaches based on these operators for 95 
multiple attribute group decision making with 2-tuple linguistic information. In Section 6, we 96 
give two practical examples to illustrate the group decision making steps based on the 97 
proposed approaches. Section 7 ends this paper with some concluding remarks. 98 
 99 
2. PRELIMINARIES 100 
 101 
In this section, we will introduce the basic notions of the 2-tuple fuzzy linguistic approach, 102 
Bonferroni mean, and geometric Bonferroni mean. 103 
2.1. The 2-tuple fuzzy linguistic representation model 104 

Let { }0,1,2, ,iS s i gL= =  be a finite and totally ordered discrete linguistic term set with odd 105 

cardinality, where is  represents a possible value for a linguistic variable, and it should satisfy 106 
the following characteristics [14,41,42]. 107 
(1) The set is ordered: i js s³  if i j³ ; 108 

(2) There is the negation operator: ( )i jneg s s=  such that j g i= - ; 109 

(3) Max operator: ( )max ,i j is s s=  if i js s³ ; 110 

(4) Min operator: ( )min ,i j is s s=  if i js s£ . 111 

For example, a set of seven terms S  could be given as follows [43-47]: 112 
     { }0 1 2 3 4 5 6, , , , , ,S s nothing s very low s low s medium s high s very high s perfect= = = = = = = = . 113 

Based on the concept of symbolic translation, Herrera and Martinez [14,41] introduced a 2-114 
tuple fuzzy linguistic representation model for dealing with linguistic information. This model 115 
represents the linguistic assessment information by means of a 2-tuple ( ),is a , where is SÎ  116 

represents a linguistic label from the predefined linguistic term set S  and [ )0.5,0.5a Î -  is 117 

the value of symbolic translation. 118 
Definition 2.1 [14,41]. Let b  be the result of an aggregation of the indexes of a set of 119 

labels assessed in a linguistic term set S , i.e., the result of a symbolic aggregation operation. 120 

[ ]0, gb Î , being 1g +  the cardinality of S . Let ( )roundi b=  and ia b= -  be two values 121 

such that [ ]0,i gÎ  and [ )0.5,0.5a Î -  then a  is called a symbolic translation, where 122 

( )round g  is the usual round operation. 123 

Definition 2.2 [14,41]. Let { }0,1,2, ,iS s i gL= =  be a linguistic term set and [ ]0, gb Î  a 124 

value representing the result of a symbolic aggregation operation. Then, the 2-tuple that 125 
expresses the equivalent information to b  is obtained with the following function: 126 

[ ] [ ): 0, 0.5,0.5g SD ® ´ -                                                                                       (1) 127 

( ) ( ),isb aD = ,       with 
( )
[ )

, round

, 0.5,0.5
is i

i

b

a b a

ì =ï
í

= - Î -ïî
                                          (2) 128 

where is  has the closest index label to b  and a  is the value of the symbolic translation. 129 
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Theorem 2.1 [14,41]. Let { }0,1,2, ,iS s i gL= =  be a linguistic term set and ( ),is a  be a 2-130 

tuple. There is always a 1-D  function such that from a 2-tuple it returns its equivalent 131 
numerical value [ ]0, g Rb Î Ì , where 132 

[ ) [ ]1 : 0.5,0.5 0,S g-D ´ - ®                                                                                     (3) 133 

( )1 ,is ia a b-D = + = .                                                                                            (4) 134 

It is obvious that the conversion of a linguistic term into a 2-tuple consists of adding a value 135 
zero as symbolic translation 136 

( ),0i is S sÎ Þ . 137 

Definition 2.3 [14,41]. The comparison of linguistic information represented by 2-tuples is 138 

carried out according to an ordinary lexicographic order. Let ( ),k ks a  and ( ),l ls a  be two 2-139 

tuples, with each one representing a counting of information as follows. 140 
(1) If k l<  then ( ),k ks a  is smaller than ( ),l ls a . 141 

(2) If k l=  then 142 

• if k la a=  then ( ),k ks a , ( ),l ls a  represents the same information; 143 

• if k la a<  then ( ),k ks a  is smaller than ( ),l ls a ; 144 

• if k la a>  then ( ),k ks a  is bigger than ( ),l ls a . 145 

Theorem 2.2. Let ( ),k ks a  and ( ),l ls a  be two 2-tuples, ( )1 ,k k ksb a-= D , and 146 

( )1 ,l l lsb a-= D . Then, ( ) ( ), ,k k l ls sa a<  if and only if k lb b< , and ( ) ( ), ,k k l ls sa a=  if and 147 

only if k lb b= . 148 

Proof. (1) We first prove that ( ) ( ), ,k k l ls sa a<  if and only if k lb b< . Assume that 149 

( ) ( ), ,k k l ls sa a< . Then, k l< , or k l=  and k la a< . If k l< , then we have 150 

0.5 0.5k k l lk k l lb a a b= + < + £ - £ + = . If k l=  and k la a< , then we have 151 

k k l lk lb a a b= + < + = . 152 

Assume that k lb b< . Then, k l< , or k l=  and k la a< . If k l< , then we have 153 

( ) ( ), ,k k l ls sa a< . If k l=  and k la a< , then we have ( ) ( ), ,k k l ls sa a< . 154 

(2) We next prove that ( ) ( ), ,k k l ls sa a=  if and only if k lb b= . If ( ) ( ), ,k k l ls sa a= , then 155 

k l=  and k la a= , which implies that k k l lk lb a a b= + = + = . If k lb b= , then k l=  and 156 

k la a= , which implies that ( ) ( ), ,k k l ls sa a= . 157 

                                                                                                                                                                                          158 
2.2. Bonferroni mean and geometric Bonferroni mean 159 
Bonferroni [25] originally introduced a mean type aggregation operator, called Bonferroni 160 
mean, which can provide for aggregation lying between the max, min operators and the 161 
logical “or” and “and” operators. 162 
Definition 2.4 [25]. Let , 0p q ³ , and let ( )1, 2, ,ia i n= L  be a collection of non-negative real 163 

numbers. Then, the aggregation function: 164 

                 ( ) ( )

1

,
1 2

, 1

1
, , ,

1

p q
n

p q p q
n i j

i j
i j

B a a a a a
n n

+

=
¹

æ ö
ç ÷= ç ÷-ç ÷
è ø

åL                                                             (5) 165 

is called a Bonferroni mean (BM). 166 
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Based on the usual geometric mean (GM) and the BM, Xia et al. [35] introduced the 167 
geometric Bonferroni mean, which was defined as follows: 168 
Definition 2.5 [35]. Let , 0p q ³ , and ( )1, 2, ,ia i n= L   be a collection of non-negative 169 

numbers. If 170 

             ( ) ( ) ( )
1

, 1
1 2

, 1

1
, , ,

n
p q n n

n i j
i j
i j

GB a a a pa qa
p q

-

=
¹

= +
+ ÕL                                                      (6)  171 

then we call ,p qGB  the geometric Bonferroni mean (GBM). 172 
3. 2-TUPLE LINGUISTIC BONFERRONI MEAN AND WEIGHTED 2-TUPLE 173 
LINGUISTIC BONFERRONI MEAN 174 
 175 
In this section, we first extend the Bonferroni mean operator (Eq. (5)) to 2-tuple linguistic 176 
environment, i.e., develop a 2-tuple linguistic Bonferroni mean operator and its weight form. 177 
Definition 3.1. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 178 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a  [ )( ), 0.5,0.5 , 1, 2, ,i ir S i nLaÎ Î - =  be a collection of 2-tuples. If 179 

  ( ) ( ) ( )( ) ( ) ( )( ) ( )( )( )
1

, 1 1
1 1 2 2

, 1

1
2TLB , , , , , , , ,

1
L

p q
n qpp q

n n i i j j
i j
i j

r r r r r
n n

a a a a a
+

- -

=
¹

æ ö
æ öç ÷
ç ÷ç ÷= D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø

å ,      (7) 180 

then ,2TLBp q  is called the 2-tuple linguistic Bonferroni mean (2TLBM). 181 
In what follows, we investigate some desirable properties of the 2TLBM: 182 
Theorem 3.1. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 183 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a  [ )( ), 0.5,0.5 , 1,2, ,i ir S i nLaÎ Î - =  be a collection of 2-tuples. 184 

Then, the following properties hold. 185 

(1) Commutativity: If ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a¢ ¢ ¢ ¢ ¢ ¢  is any permutation of 186 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL , then 187 

( ) ( ) ( )( ) ( ) ( ) ( )( ), ,
1 1 2 2 1 1 2 22TLB , , , , , , 2TLB , , , , , ,p q p q

n n n nr r r r r ra a a a a a¢ ¢ ¢ ¢ ¢ ¢=L L . (8) 188 

(2) Idempotency: If ( ) ( ), ,i ir ra a=  for all i , then 189 

( ) ( ) ( )( ) ( ),
1 1 2 22TLB , , , , , , ,p q

n nr r r ra a a a=L .                                                 (9) 190 

(3) Boundedness: 191 

( ){ } ( ) ( ) ( )( ) ( ){ },
1 1 2 21 1

min , 2TLB , , , , , , max ,p q
i i n n i ii n i n
r r r r ra a a a a

£ £ £ £
£ £L .           (10) 192 

(4) Monotonicity: Let ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL  and ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL  be two 193 

collections of 2-tuples, if ( ) ( ), ,i i i ir ra a£  , for all i  , then  194 

                  ( ) ( ) ( )( ) ( ) ( ) ( )( ), ,
1 1 2 2 1 1 2 22TLB , , , , , , 2TLB , , , , , ,p q p q

n n n nr r r r r ra a a a a a£L L . (11) 195 

Proof. (1) Since ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a¢ ¢ ¢ ¢ ¢ ¢  is any permutation of 196 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a , we have 197 
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( ) ( ) ( )( )

( ) ( )( ) ( )( )( )

( ) ( )( ) ( )( )( )
( ) ( ) ( )( )

,
1 1 2 2

1

1 1

, 1

1

1 1

, 1

,
1 1 2 2

2TLB , , , , , ,

1
, ,

1

1
, ,

1

2TLB , , , , , ,

L

L

p q
n n

p q
n qp

i i j j
i j
i j

p q
n qp

i i j j
i j
i j

p q
n n

r r r

r r
n n

r r
n n

r r r

a a a

a a

a a

a a a

+

- -

=
¹

+

- -

=
¹

æ ö
æ öç ÷
ç ÷ç ÷= D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø
æ ö
æ öç ÷
ç ÷ç ÷¢ ¢ ¢ ¢= D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø

¢ ¢ ¢ ¢ ¢ ¢=

å

å

 198 

(2) If ( ) ( ), ,i ir ra a=  for all i , then 199 

( ) ( ) ( )( )

( ) ( )( ) ( )( )( )

( ) ( )( ) ( )( )( )

( ) ( )( )( )

,
1 1 2 2

1

1 1

, 1

1

1 1

, 1

1

1

, 1

2TLB , , , , , ,

1
, ,

1

1
, ,

1

1
,

1

Lp q
n n

p q
n qp

i i j j
i j
i j

p q
n p q

i j
i j

p q
n p q

i j
i j

r r r

r r
n n

r r
n n

r r
n n

a a a

a a

a a

a

+

- -

=
¹

+

- -

=
¹

+
+-

=
¹

æ ö
æ öç ÷
ç ÷ç ÷= D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø
æ ö
æ öç ÷
ç ÷ç ÷= D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø
æ ö
æ öç ÷
ç ÷ç ÷= D D =ç ÷-ç ÷ç ÷
è øç ÷
è ø

å

å

å ( ),a

 200 

(3) Because ( ){ } ( ) ( ) ( )( ) ( ){ }1 1 2 21 1

,2TLmin , , , , , , , max ,B Lp q
i i n n i ii n i n
r r r r ra a a a a

£ £ £ £
£ £ , we have 201 

( ){ } ( ) ( ){ }( )( ) ( ){ }( )( )

( ) ( )( ) ( )( )( )

( ) ( ){ }( )( ) ( ){ }( )( )

1

1 1

1 1 1
, 1

1

1 1

, 1

1 1

1 1

1
min , min , min ,

1

1
, ,

1

1
max , max ,

1

p q
n p q

i i i i i ii n i n i n
i j
i j

p q
n qp

i i j j
i j
i j

p

i i i i
i n i n

r r r
n n

r r
n n

r r
n n

a a a

a a

a a

+

- -

£ £ £ £ £ £
=

¹

+

- -

=
¹

- -

£ £ £ £

æ ö
æ öç ÷æ öç ÷ç ÷= D D × Dç ÷ç ÷-ç ÷è øç ÷
è øç ÷
è ø
æ ö
æ öç ÷
ç ÷ç ÷£ D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø

£ D D × D
-

å

å

( ){ }

1

, 1

1
max , .

p q
n q

i j
i j

i i
i n

r a

+

=
¹

£ £

æ ö
æ öç ÷æ öç ÷ç ÷ç ÷ç ÷ç ÷è øç ÷
è øç ÷
è ø

=

å

                 202 

(4) 203 
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( ) ( ) ( )( ) ( ) ( )( ) ( )( )( )

( ) ( )( ) ( )( )( )
( ) ( ) ( )( )

1

, 1 1
1 1 2 2

, 1

1

1 1

, 1

,
1 1 2 2

1
2TLB , , , , , , , ,

1

1
, ,

1

2TLB , , , , , ,

L

L

p q
n qpp q

n n i i j j
i j
i j

p q
n qp

i i j j
i j
i j

p q
n n

r r r r r
n n

r r
n n

r r r

a a a a a

a a

a a a

+

- -

=
¹

+

- -

=
¹

æ ö
æ öç ÷
ç ÷ç ÷= D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø
æ ö
æ öç ÷
ç ÷ç ÷£ D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø

=

å

å
 204 

The proof of Theorem 3.1 is complete. 205 
Theorem 3.2. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 206 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a  [ )( ), 0.5,0.5 , 1, 2, ,i ir S i nLaÎ Î - =  be a collection of 2-tuples. 207 

Then, we have 208 

( ) ( ) ( )( ) ( ) ( ) ( )( ), ,
1 1 2 2 1 1 2 22TLB , , , , , , 2TLB , , , , , ,p q q p

n n n nr r r r r rL La a a a a a= .(12) 209 

Proof. 210 

( ) ( ) ( )( ) ( ) ( )( ) ( )( )( )

( ) ( )( ) ( )( )( )
( ) ( ) ( )( )

1

, 1 1
1 1 2 2

, 1

1

1 1

, 1

,
1 1 2 2

1
2TLB , , , , , , , ,

1

1
, ,

1

2TLB , , , , , ,

L

L

p q
n qpp q

n n i i j j
i j
i j

q p
n q p

j j i i
j i
j i

q p
n n

r r r r r
n n

r r
n n

r r r

a a a a a

a a

a a a

+

- -

=
¹

+

- -

=
¹

æ ö
æ öç ÷
ç ÷ç ÷= D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø
æ ö
æ öç ÷
ç ÷ç ÷= D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø

=

å

å
   (13) 211 

The proof of Theorem 3.2 is complete. 212 
In the following, let us consider some special cases of the 2TLBM operator by taking 213 
different values of the parameters p  and q . 214 

Case1. If 0q® , then, by Eq. (7), we have 215 
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( ) ( ) ( )( )

( ) ( )( ) ( )( )( )

( ) ( )( ) ( ) ( ) ( )( )( )

,
1 1 2 20

1

1 1

0
, 1

1
1

1 1

, 1 1

lim 2TLB , , , , , ,

1
lim , ,

1

1 1
, 1 ,

1 1

1

p q
n nq

p q
n qp

i i j jq
i j
i j

p
n n pp p

i i i i
i j i
i j

r r r

r r
n n

r n r
n n n n

n

a a a

a a

a a

®

+

- -

®
=

¹

- -

= =
¹

-

æ ö
æ öç ÷
ç ÷ç ÷= D D × Dç ÷-ç ÷ç ÷
è øç ÷
è ø

æ ö æ öæ öç ÷ æ öç ÷ç ÷ç ÷= D D = D - Dç ÷ç ÷ç ÷ç ÷- -ç ÷ç ÷ è øç ÷è øç ÷ è øè ø

= D D

å

å å

L

( )( ) ( ) ( ) ( )( )
1

1 ,0
1 1 2 2

1

, 2TLB , , , , , ,
n pp p

i i n n
i

r r r ra a a a
=

æ ö
æ öç ÷ =ç ÷ç ÷è øç ÷
è ø
å L

   (14) 216 

which we call the generalized 2-tuple linguistic mean [21]. 217 
Case 2. If 2p =  and 0q® , then Eq. (7) is transformed as: 218 

    

( ) ( ) ( )( ) ( ) ( )( )( )

( )( )

1
2

22,0 1
1 1 2 2

, 1

1
221

1

1
2TLB , , , , , , ,

1

1
,

n

n n i i
i j
i j

n

i i
i

r r r r
n n

r
n

a a a a

a

-

=
¹

-

=

æ ö
æ öç ÷
ç ÷ç ÷= D Dç ÷-ç ÷ç ÷
è øç ÷
è ø
æ ö
æ öç ÷= D Dç ÷ç ÷è øç ÷
è ø

å

å

L

     (15) 219 

which we call the 2-tuple linguistic square mean [21]. 220 
Case 3. If 1p =  and 0q® , then Eq. (7) reduces to the 2-tuple linguistic average [21]: 221 

          

( ) ( ) ( )( ) ( ) ( )( )( )

( )

1

11,0 1
1 1 2 2

, 1

1

1

1
2TLB , , , , , , ,

1

1
,

n

n n i i
i j
i j

n

i i
i

r r r r
n n

r
n

a a a a

a

-

=
¹

-

=

æ öæ ö
ç ÷ç ÷= D Dç ÷ç ÷-ç ÷ç ÷è øè ø
æ ö

= D Dç ÷
è ø

å

å

L
 (16) 222 

Case 4. If 1p q= = , then Eq. (7) reduces to the following:  223 

               ( ) ( ) ( )( ) ( ) ( ) ( )( )
1
2

1,1 1 1
1 1 2 2

, 1

1
2TLB , , , , , , , ,

1
L

n

n n i i j j
i j
i j

r r r r r
n n

a a a a a- -

=
¹

æ ö
æ öç ÷
ç ÷ç ÷= D D ×Dç ÷-ç ÷ç ÷
è øç ÷
è ø

å      (17) 224 

which we call the 2-tuple linguistic interrelated square mean. 225 
Case 5. If p®+¥  and 0q® , then Eq. (7) reduces to the 2-tuple linguistic maximum 226 
operator: 227 
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                                  228 
( ) ( ) ( )( )

( ) ( )( ) ( )( )( )

( ) ( )( )

( ) ( )

,
1 1 2 2

0

1

1 1

0
, 1

1

1

, 1

1

lim 2TLB , , , , , ,

1
lim lim , ,

1

1
lim ,

1

1
lim 1

1

Lp q
n np

q

p q
n qp

i i j jp q
i j
i j

p
n p

i ip
i j
i j

p

r r r

r r
n n

r
n n

n
n n

a a a

a a

a

®+¥
®

+

- -

®+¥ ®
=

¹

-

®+¥
=

¹

-

®+¥

æ öæ ö
æ öç ÷ç ÷
ç ÷ç ÷ç ÷= D D × Dç ÷ç ÷-ç ÷ç ÷
è øç ÷ç ÷è øè ø

æ ö
æ öç ÷
ç ÷ç ÷= D Dç ÷-ç ÷ç ÷
è øç ÷
è ø

= D - D
-

å

å

( )( )( ) ( )( )

( ){ }( ) ( ) ( ) ( )( )

1 1

1

1 1

1 ,0
1 1 2 20 1

1
, lim ,

lim max , =2TLB , , , , , ,L

n np pp p

i i i ip
i i

i i n np i n

r r
n

r r r r

a a

a a a a

-

®+¥
= =

- +¥

® £ £

æ ö æ öæ ö æ öç ÷ ç ÷= D Dç ÷ ç ÷ç ÷ç ÷ ç ÷è øç ÷è øç ÷ è øè ø

= D D

å å

            (18) 229 

In the 2TLBM operator, the importance of the input arguments is not emphasized. 230 
Nevertheless, in many practical situations, the weights of the input arguments should be 231 
taken into account. If we allow the arguments to have different weights, then the weighted 2-232 
tuple linguistic Bonferroni mean (W2TLBM) operator can be defined as follows: 233 
Definition 3.2. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 234 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a  [ )( ), 0.5,0.5 , 1,2, ,i ir S i nLaÎ Î - =  be a collection of 2-tuples. 235 

( )1 2, , ,
T

nw w w w= L  is the weight vector of ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL , where iw  indicates 236 

the importance degree of ( ),i ir a , satisfying [ ]0,1iw Î  ( 1, 2, ,i n= L ) and 
1

1
n

i
i

w
=

=å . If 237 

                       

( ) ( ) ( )( )

( ) ( )( ) ( )( )( )

,

1 1 2 2

1

1 1

, 1

W2TLB , , , , , ,

1
, ,

1

p q

w n n

p q
n qp

i i i j j j
i j
i j

r r r

w r w r
n n

a a a

a a
+

- -

=
¹

æ ö
æ öç ÷
ç ÷ç ÷= D ×D × ×Dç ÷-ç ÷ç ÷
è øç ÷
è ø

å

L

,           (19) 238 

then 
,

W2TLB
p q

w  is called the weighted 2-tuple linguistic Bonferroni mean (W2TLBM). 239 

Theorem 3.3. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 240 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL  and ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL  be two collections of 2-tuples, 241 

if ( ) ( ), ,n n n nr ra a£  , for all i  , then 242 

          ( ) ( ) ( )( ) ( ) ( ) ( )( ), ,

1 1 2 2 1 1 2 2W2TLB , , , , , , W2TLB , , , , , ,
p q p q

w n n w n nr r r r r ra a a a a a£L L .   (20) 243 

Proof. 244 
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( ) ( ) ( )( )

( ) ( )( ) ( )( )( )

( ) ( )( ) ( )( )( )

( ) ( ) ( )( )

,

,

1 1 2 2

1

1 1

, 1

1

1 1

, 1

1 1 2 2

W2TLB , , , , , ,

1
, ,

1

1
, ,

1

W2TLB , , , , , ,

p q

p q

w n n

p q
n qp

i i i j j j
i j
i j

p q
n qp

i i i j j j
i j
i j

w n n

r r r

w r w r
n n

w r w r
n n

r r r

a a a

a a

a a

a a a

+

- -

=
¹

+

- -

=
¹

æ ö
æ öç ÷
ç ÷ç ÷= D ×D × ×Dç ÷-ç ÷ç ÷
è øç ÷
è ø
æ ö
æ öç ÷
ç ÷ç ÷£ D ×D × ×Dç ÷-ç ÷ç ÷
è øç ÷
è ø

=

å

å

L

L

 245 

The proof of Theorem 3.3 is complete. 246 
The W2TLBM operator is neither idempotent, bounded, nor commutative. 247 
Theorem 3.4. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 248 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a  [ )( ), 0.5,0.5 , 1,2, ,i ir S i nLaÎ Î - =  be a collection of 2-tuples. 249 

( )1 2, , ,
T

nw w w w= L  is the weight vector of ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL , satisfying [ ]0,1iw Î  250 

( 1, 2, ,i n= L ) and 
1

1
n

i
i

w
=

=å . Then, we have 251 

( ) ( ) ( )( ) ( ) ( ) ( )( ), ,

1 1 2 2 1 1 2 2W2TLB , , , , , , W2TLB , , , , , ,
p q q p

w n n w n nr r r r r rL La a a a a a= .(21) 252 

Proof. 253 

( ) ( ) ( )( )

( ) ( )( ) ( )( )( )

( ) ( )( ) ( )( )( )

( ) ( ) ( )( )

,

,

1 1 2 2

1

1 1

, 1

1

1 1

, 1

1 1 2 2

W2TLB , , , , , ,

1
, ,

1

1
, ,

1

W2TLB , , , , , ,

p q

q p

w n n

p q
n qp

i i i j j j
i j
i j

q p
n q p

j j j i i i
j i
j i

w n n

r r r

w r w r
n n

w r w r
n n

r r r

L

L

a a a

a a

a a

a a a

+

- -

=
¹

+

- -

=
¹

æ ö
æ öç ÷
ç ÷ç ÷= D ×D × ×Dç ÷-ç ÷ç ÷
è øç ÷
è ø
æ ö
æ öç ÷
ç ÷ç ÷= D ×D × ×Dç ÷-ç ÷ç ÷
è øç ÷
è ø

=

å

å
 254 

The proof of Theorem 3.4 is complete. 255 
 256 

4. 2-TUPLE LINGUISTIC GEOMETRIC BONFERRONI MEAN AND WEIGHTED 2-257 
TUPLE LINGUISTIC GEOMETRIC BONFERRONI MEAN 258 
 259 
In this section, we shall investigate the geometric Bonferroni mean under 2-tuple linguistic 260 
environments, i.e., develop a 2-tuple linguistic geometric Bonferroni mean operator and its 261 
weight form. 262 
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Definition 4.1. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 263 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a  [ )( ), 0.5,0.5 , 1, 2, ,i ir S i nLaÎ Î - =  be a collection of 2-tuples. If 264 

       ( ) ( ) ( )( ) ( ) ( )( ) ( )
1

, 1 1 1
1 1 2 2

, 1

1
2TLGB , , , , , , , ,L

n
p q n n

n n i i j j
i j
i j

r r r p r q r
p q

a a a a a- - -

=
¹

æ ö
ç ÷= D ×D + ×Dç ÷+ç ÷
è ø

Õ , (22) 265 

then ,2TLGBp q  is called the 2-tuple linguistic geometric Bonferroni mean (2TLGBM). 266 
 In what follows, we investigate some desirable properties of the 2TLGBM: 267 
Theorem 4.1. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 268 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a  [ )( ), 0.5,0.5 , 1,2, ,i ir S i nLaÎ Î - =  be a collection of 2-tuples. 269 

Then, the following properties hold. 270 

(1) Commutativity: If ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a¢ ¢ ¢ ¢ ¢ ¢  is any permutation of 271 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL , then 272 

( ) ( ) ( )( ) ( ) ( ) ( )( ), ,
1 1 2 2 1 1 2 22TLGB , , , , , , 2TLGB , , , , , ,p q p q

n n n nr r r r r ra a a a a a¢ ¢ ¢ ¢ ¢ ¢=L L .     (23) 273 

(2) Idempotency: If ( ) ( ), ,i ir ra a=  for all i , then 274 

( ) ( ) ( )( ) ( ),
1 1 2 22TLGB , , , , , , ,p q

n nr r r ra a a a=L .                                            (24) 275 

(3) Boundedness: 276 

( ){ } ( ) ( ) ( )( ) ( ){ },
1 1 2 21 1

min , 2TLGB , , , , , , max ,p q
i i n n i ii n i n
r r r r ra a a a a

£ £ £ £
£ £L .        (25) 277 

(4) Monotonicity: Let ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL  and ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL  be two 278 

collections of 2-tuples, if ( ) ( ), ,i i i ir ra a£  , for all i  , then 279 

           ( ) ( ) ( )( ) ( ) ( ) ( )( ), ,
1 1 2 2 1 1 2 22TLGB , , , , , , 2TLGB , , , , , ,p q p q

n n n nr r r r r ra a a a a a£L L .  (26) 280 

Proof. (1) Since ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a¢ ¢ ¢ ¢ ¢ ¢  is any permutation of 281 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a , then we have 282 

( ) ( ) ( )( )

( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( ) ( )( )

,
1 1 2 2

1
1 1 1

, 1

1
1 1 1

, 1

,
1 1 2 2

2TLGB , , , , , ,

1
, ,

1
, ,

2TLGB , , , , , ,

p q
n n

n
n n

i i j j
i j
i j

n
n n

i i j j
i j
i j

p q
n n

r r r

p r q r
p q

p r q r
p q

r r r

a a a

a a

a a

a a a

- - -

=
¹

- - -

=
¹

æ ö
ç ÷= D ×D + ×Dç ÷+ç ÷
è ø
æ ö
ç ÷¢ ¢ ¢ ¢= D ×D + ×Dç ÷+ç ÷
è ø

¢ ¢ ¢ ¢ ¢ ¢=

Õ

Õ

L

L

 283 

(2) If ( ) ( ), ,i ir ra a=  for all i , then 284 
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( ) ( ) ( )( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

( )

1
, 1 1 1

1 1 2 2
, 1

1
1 1 1

, 1

1
2TLGB , , , , , , , ,

1
, ,

,

L
n

p q n n
n n i i j j

i j
i j

n
n n

i j
i j

r r r p r q r
p q

p r q r
p q

r

a a a a a

a a

a

- - -

=
¹

- - -

=
¹

æ ö
ç ÷= D ×D + ×Dç ÷+ç ÷
è ø

æ ö
ç ÷= D ×D + ×Dç ÷+ç ÷
è ø

=

Õ

Õ

 285 

(3) Because ( ){ } ( ) ( ) ( )( ) ( ){ }1 1 2 21 1
min , 2TLPG , , , , , , max ,i i n n i ii n i n

r r r r rLa a a a a
£ £ £ £

£ £ , we have 286 

( ){ } ( ){ }( ) ( ){ }( )( ) ( )

( ) ( )( ) ( )

( ){ }( ) ( ){ }( )( ) ( )

1
11 1

1 1 1
, 1

1
1 1 1

, 1

1
11 1

1 1
, 1

1
min , min , min ,

1
, ,

1
max , max ,

n
n n

i i i i i ii n i n i n
i j
i j

n
n n

i i j j
i j
i j

n
n n

i i i i
i n i n

i j
i j

r p r q r
p q

p r q r
p q

p r q r
p q

a a a

a a

a a

-- -

£ £ £ £ £ £
=

¹

- - -

=
¹

-- -

£ £ £ £
=

¹

æ ö
ç ÷= D ×D + ×Dç ÷+ç ÷
è ø
æ ö
ç ÷£ D ×D + ×Dç ÷+ç ÷
è ø
æ ö
ç ÷£ D ×D + ×Dç ÷+ç
è ø

Õ

Õ

Õ

( ){ }
1
max , .i i

i n
r a

£ £

÷

=

       (4) 287 

        288 

( ) ( ) ( )( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( ) ( )( )

1
, 1 1 1

1 1 2 2
, 1

1
1 1 1

, 1

,
1 1 2 2

1
2TLGB , , , , , , , ,

1
, ,

2TLGB , , , , , ,

L

L

n
p q n n

n n i i j j
i j
i j

n
n n

i i j j
i j
i j

p q
n n

r r r p r q r
p q

p r q r
p q

r r r

a a a a a

a a

a a a

- - -

=
¹

- - -

=
¹

æ ö
ç ÷= D ×D + ×Dç ÷+ç ÷
è ø

æ ö
ç ÷£ D ×D + ×Dç ÷+ç ÷
è ø

=

Õ

Õ
 289 

The proof of Theorem 4.1 is complete. 290 
Theorem 4.2. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 291 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a  [ )( ), 0.5,0.5 , 1, 2, ,i ir S i nLaÎ Î - =  be a collection of 2-tuples. 292 

Then, we have 293 

( ) ( ) ( )( ) ( ) ( ) ( )( ), ,
1 1 2 2 1 1 2 22TLGB , , , , , , 2TLGB , , , , , ,p q q p

n n n nr r r r r rL La a a a a a= . (27) 294 

Proof. 295 

( ) ( ) ( )( ) ( ) ( )( ) ( )

( ) ( )( ) ( )

( ) ( ) ( )( )

1
, 1 1 1

1 1 2 2
, 1

1
1 1 1

, 1

,
1 1 2 2

1
2TLGB , , , , , , , ,

1
, ,

2TLGB , , , , , ,

L

L

n
p q n n

n n i i j j
i j
i j

n
n n

j j i i
j i
j i

q p
n n

r r r p r q r
p q

q r p r
q p

r r r

a a a a a

a a

a a a

- - -

=
¹

- - -

=
¹

æ ö
ç ÷= D ×D + ×Dç ÷+ç ÷
è ø

æ ö
ç ÷= D ×D + ×Dç ÷+ç ÷
è ø

=

Õ

Õ  296 
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The proof of Theorem 4.2 is complete. 297 
In the following, let us consider some special cases of the 2TLGBM operator by taking 298 
different values of the parameters p  and q . 299 

Case1. If 0q® , then, by Eq. (22), we have 300 

                          

( ) ( ) ( )( )

( ) ( )( ) ( )

( )( ) ( ) ( )( )

( ) ( ) ( )( )

,
1 1 2 20

1
1 1 1

0
, 1

1 1
1 11

, 1 1

,0
1 1 2 2

lim 2TLGB , , , , , ,

1
lim , ,

1 1
, ,

2TLGB , , , , , ,

L

L

p q
n nq

n
n n

i i j jq
i j
i j

n n
n n n

i i i i
i j i
i j

p
n n

r r r

p r q r
p q

p r p r
p p

r r r

a a a

a a

a a

a a a

®

- - -

®
=

¹

- --

= =
¹

æ ö
ç ÷= D ×D + ×Dç ÷+ç ÷
è ø

æ ö
æ öç ÷= D ×D = D ×Dç ÷ç ÷ è øç ÷

è ø
=

Õ

Õ Õ

                           (28) 301 

which we call the generalized 2-tuple linguistic geometric mean [21]. 302 
Case 2. If 2p =  and 0q® , then Eq. (22) is transformed as: 303 

   

( ) ( ) ( )( ) ( )( ) ( )

( )( )

1
2,0 1 1

1 1 2 2
, 1

1
1

1

1
2TLGB , , , , , , 2 ,

2

1
2 ,

2

n
n n

n n i i
i j
i j

n
n

i i
i

r r r r

r

a a a a

a

- -

=
¹

-

=

æ ö
ç ÷= D ×Dç ÷ç ÷
è ø
æ ö

= D ×Dç ÷
è ø

Õ

Õ

L
 (29)  304 

which we call the 2-tuple linguistic square geometric mean [21]. 305 
Case 3. If 1p =  and 0q® , then Eq. (22) reduces to the 2-tuple linguistic geometric 306 
average [25]: 307 

              

( ) ( ) ( )( ) ( )( ) ( )

( )( )

1
1,0 1 1

1 1 2 2
, 1

1
1

1

2TLGB , , , , , , ,

,

n
n n

n n i i
i j
i j

n
n

i i
i

r r r r

r

a a a a

a

- -

=
¹

-

=

æ ö
ç ÷= D Dç ÷ç ÷
è ø
æ ö

= D Dç ÷
è ø

Õ

Õ

L
      (30) 308 

Case 4. If 1p q= = , then Eq. (22) reduces to the following: 309 
                 310 

( ) ( ) ( )( ) ( ) ( )( ) ( )
1

1,1 1 1 1
1 1 2 2

, 1

1
2TLGB , , , , , , , ,

2

n
n n

n n i i j j
i j
i j

r r r r ra a a a a- - -

=
¹

æ ö
ç ÷= D D + Dç ÷ç ÷
è ø
ÕL   (31) 311 

which we call the 2-tuple linguistic interrelated square geometric mean. 312 
It should be noted that the 2TLGBM operator does not consider the importance of the 313 
aggregated arguments, but in many practical problem, especially in some group decision 314 
makings, the aggregated arguments have different weights, to overcome this drawback, we 315 
introduce the following definition: 316 
Definition 4.2. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 317 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a  [ )( ), 0.5,0.5 , 1,2, ,i ir S i nLaÎ Î - =  be a collection of 2-tuples. 318 
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( )1 2, , ,
T

nw w w w= L  is the weight vector of ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL , where iw  indicates 319 

the importance degree of ( ),i ir a , satisfying [ ]0,1iw Î  ( 1, 2, ,i n= L ) and 
1

1
n

i
i

w
=

=å . If 320 

                       

( ) ( ) ( )( )

( )( ) ( )( )( ) ( )

,
1 1 2 2

1
11 1

, 1

W2TLGB , , , , , ,

1
, ,

ji

p q
w n n

n ww n n

i i j j
i j
i j

r r r

p r q r
p q

a a a

a a -- -

=
¹

æ ö
ç ÷= D × D + × Dç ÷+ç ÷
è ø

Õ

L

,                (32) 321 

then ,W2TLGBp q
w  is called the weighted 2-tuple linguistic geometric Bonferroni mean 322 

(W2TLGBM). 323 
Theorem 4.3. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 324 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL  and ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL  be two collections of 2-tuples, 325 

if ( ) ( ), ,n n n nr ra a£  , for all i  , then  326 

  ( ) ( ) ( )( ) ( ) ( ) ( )( ), ,

1 1 2 2 1 1 2 2W2TLGB , , , , , , W2TLGB , , , , , ,
p q p q

w n n w n nr r r r r ra a a a a a£L L .     (33) 327 

Proof. 328 

( ) ( ) ( )( )

( )( ) ( )( )( ) ( )

( )( ) ( )( )( ) ( )

( ) ( ) ( )( )

,

,

1 1 2 2

1
11 1

, 1

1
11 1

, 1

1 1 2 2

W2TLGB , , , , , ,

1
, ,

1
, ,

W2TLGB , , , , , ,

p q

ji

ji

p q

w n n

n ww n n

i i j j
i j
i j

n ww n n

i i j j
i j
i j

w n n

r r r

p r q r
p q

p r q r
p q

r r r

a a a

a a

a a

a a a

-- -

=
¹

-- -

=
¹

æ ö
ç ÷= D × D + × Dç ÷+ç ÷
è ø
æ ö
ç ÷£ D × D + × Dç ÷+ç ÷
è ø

=

Õ

Õ

L

L

 329 

The proof of Theorem 4.3 is complete. 330 
The W2TLGBM operator is neither idempotent, bounded, nor commutative. 331 
Theorem 4.4. Let 0p ³ , 0q ³ , and ,p q  do not take the value 0  simultaneously. Let 332 

( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r rLa a a  [ )( ), 0.5,0.5 , 1,2, ,i ir S i nLaÎ Î - =  be a collection of 2-tuples. 333 

( )1 2, , ,
T

nw w w w= L  is the weight vector of ( ) ( ) ( ){ }1 1 2 2, , , , , ,n nr r ra a aL , satisfying [ ]0,1iw Î  334 

( 1, 2, ,i n= L ) and 
1

1
n

i
i

w
=

=å . Then, we have 335 

( ) ( ) ( )( ) ( ) ( ) ( )( ), ,

1 1 2 2 1 1 2 2W2TLGB , , , , , , W2TLGB , , , , , ,L Lp q q p

w n n w n nr r r r r ra a a a a a= .        (34) 336 

Proof. 337 



 

 

15 

( ) ( ) ( )( )

( )( ) ( )( )( ) ( )

( )( ) ( )( )( ) ( )

( ) ( ) ( )( )

,

,

1 1 2 2

1
11 1

, 1

1
11 1

, 1

1 1 2 2

W2TLGB , , , , , ,

1
, ,

1
, ,

W2TLGB , , , , , ,

p q

ji

j i

q p

w n n

n ww n n

i i j j
i j
i j

n w w n n

j j i i
j i
j i

w n n

r r r

p r q r
p q

q r p r
q p

r r r

L

L

a a a

a a

a a

a a a

-- -

=
¹

-- -

=
¹

æ ö
ç ÷= D × D + × Dç ÷+ç ÷
è ø
æ ö
ç ÷= D × D + × Dç ÷+ç ÷
è ø

=

Õ

Õ
 338 

The proof of Theorem 4.4 is complete. 339 
 340 
5. APPROACHES FOR MULTIPLE ATTRIBUTE GROUP DECISION MAKING 341 
WITH 2-TUPLE LINGUISTIC INFORMATION 342 
 343 
In this section, we utilize the proposed aggregation operators to develop some approaches 344 
for multiple attribute group decision making with 2-tuple linguistic information. 345 
The multiple attribute group decision making (MAGDM) with 2-tuple linguistic information can 346 
be formulated as follows: Let { }1 2, , , mX x x xL=  be a set of m  alternatives, and let 347 

{ }1 2, , , nC c c cK=  be a collection of n  attributes, whose weight vector is 348 

( )1 2, , ,
T

nw w w w= L , with [ ]0,1jw Î , 1,2, ,j n= L , and 
1

1
n

j
j

w
=

=å , where jw  denotes the 349 

importance degree of the attribute jc , and let { }1 2, , , lD d d dL=  be a set of l  decision 350 

makers, whose weight vector is ( )1 2, , ,
T

lLw w w w=  with [ ]0,1kw Î , 1,2, ,k lL= , and 351 

1

1
l

k
k

w
=

=å , where kw  denotes the importance degree of the decision maker kd . Each 352 

decision maker provides his/her own linguistic decision matrix ( ) ( )( )k k
ij

m n
A a

´
=  ( )1,2, ,k l= L , 353 

where ( )k
ija SÎ  is a performance value, which takes the form of linguistic variable, given by 354 

the decision maker kd DÎ , for the alternative ix XÎ  with respect to the attribute jc CÎ . 355 

If all the attributes jc  ( 1,2, ,j n= L ) are of the same type, then the performance values do 356 

not need normalization. Whereas there are, generally, benefit attributes (the bigger the 357 
performance values the better) and cost attributes (the smaller the performance values the 358 
better) in multiple attribute group decision making, in such cases, we may transform the 359 
performance values of the cost type into the performance values of the benefit type. Then, 360 

we can transform ( ) ( )( )k k
ij

m n
A a

´
=  into the matrix ( ) ( )( )k k

ij
m n

R r
´

= , where 361 

 ( )
( )

( )( )
, for benefit attribute

, for cost attribute

k
ij jk

ij k
ij j

a c
r

neg a c

ìï= í
ïî

,    1,2, ,i m= L , 1,2, ,j n= L , 1,2, ,k l= L      (35) 362 

where ( )( )k
ijneg a  is the complement of ( )k

ija . 363 
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In the following, we utilize the W2TLBM (or W2TLGBM) operator to develop an approach for 364 
multiple attribute group decision making under 2-tuple linguistic environments. The algorithm 365 
involves the following steps. 366 
Approach I 367 

Step 1. Transform the linguistic decision matrix ( ) ( )( )k k
ij

m n
A a

´
=  into a normalized linguistic 368 

decision matrix ( ) ( )( )k k
ij

m n
R r

´
=  using Eq. (35). 369 

Step 2. Transform the linguistic decision matrix ( ) ( )( )k k
ij

m n
R r

´
=  ( )1,2, ,k lL=  into 2-tuple 370 

linguistic decision matrix ( ) ( )( )( ),0k k
ij

m n
R r

´
=  ( )1,2, ,k lL= . 371 

Step 3. Utilize the W2TLBM operator (Eq. (19)), 372 

                       

( ) ( )( ) ( )( ) ( )( )( )

( )
( )( )( ) ( )( )( )

, 1 2

1

1 1

, 1

, W2TLB ,0 , ,0 , , ,0

1
,0 ,0

1

p q l
ij ij ij ij ij ij

p q
l p q

s t
s ij t ij

s t
s t

r r r r r

r r
l l

wa

w w
+

- -

=
¹

= =

æ ö
æ öç ÷æ öç ÷ç ÷= D ×D × × Dç ÷ç ÷-ç è ø ÷ç ÷
è øç ÷
è ø

å

K

               (36) 373 

or the W2TLGBM operator (Eq. (32)), 374 

                        

( ) ( )( ) ( )( ) ( )( )( )
( )( )( ) ( )( )( ) ( )

1 2,

1
11 1

, 1

, W2TLGB ,0 , ,0 , , ,0

1
,0 ,0

s t

lp q
ij ij ij ij ij ij

l l ls t
ij ij

s t
s t

r r r r r

p r q r
p q

w

w w

a

-- -

=
¹

= =

æ ö
æ öç ÷= D × D + × Dç ÷ç ÷+ è øç ÷

è ø
Õ

K

               (37) 375 

to aggregate all of the individual 2-tuple linguistic decision matrices ( ) ( )( )( ),0k k
ij

m n
R r

´
=  376 

( 1,2, ,k lL= ) into the collective 2-tuple linguistic decision matrix ( ) ( )( ),ij ij ijm n m n
R r r a

´ ´
= = . 377 

Step 4. Utilize the W2TLBM operator (Eq. (19)), 378 

                            

( ) ( ) ( ) ( )( )

( ) ( )( )( ) ( )( )( )

,

1 1 2 2

1

1 1

, 1

, W2TLB , , , , , ,

1
, ,

1

p q

i i i w i i i i in in

p q
n qp

x ix ix y iy iy
x y
x y

r r r r r

w r w r
n n

Ka a a a

a a
+

- -

=
¹

= =

æ ö
æ öç ÷æ öç ÷ç ÷= D ×D × × Dç ÷ç ÷- è øç ÷ç ÷
è øç ÷
è ø

å
(38) 379 

or the W2TLGBM operator (Eq. (32)), 380 

                             

( ) ( ) ( ) ( )( )

( )( ) ( )( )( ) ( )

,
1 1 2 2

1
11 1

, 1

, W2TLGB , , , , , ,

1
, ,

yx

p q
i i i w i i i i in in

n ww n n

ix ix iy iy
x y
x y

r r r r r

p r q r
p q

Ka a a a

a a -- -

=
¹

= =

æ ö
ç ÷= D × D + × Dç ÷+ç ÷
è ø

Õ
           (39) 381 

to aggregate all of the preference values ijr  ( 1,2, ,j nL= ) in the ith line of R , and then 382 

derive the collective overall preference value ( )= ,i i ir r a  ( )1,2, ,i mL=  of alternative ix  383 

( )1,2, ,i mL= . 384 
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Step 5. Rank the ( )= ,i i ir r a  ( )1,2, ,i mL=  in descending order using Definition 2.3. 385 

Step 6. Rank all of the alternatives ix  ( )1,2, ,i mL= , and then select the best one(s) in 386 

accordance with the collective overall preference values ( )= ,i i ir r a  ( )1,2, ,i mL= . 387 

Step 7. End. 388 
If the information regarding the weights of the decision makers and attributes is unknown, 389 
then we utilize the 2TLBM (or 2TLGBM) operator to develop an alternative approach for the 390 
MAGDM problem with 2-tuple linguistic information, which is described below. 391 
Approach II 392 

Step 1. Transform the linguistic decision matrix ( ) ( )( )k k
ij

m n
A a

´
=  into a normalized linguistic 393 

decision matrix ( ) ( )( )k k
ij

m n
R r

´
=  using Eq. (35). 394 

Step 2. Transform the linguistic decision matrix ( ) ( )( )k k
ij

m n
R r

´
=  ( )1,2, ,k lL=  into 2-tuple 395 

linguistic decision matrix ( ) ( )( )( ),0k k
ij

m n
R r

´
=  ( )1,2, ,k lL= . 396 

Step 3. Utilize the 2TLBM operator (Eq. (7)), 397 

                                 

( ) ( )( ) ( )( ) ( )( )( )

( )
( )( )( ) ( )( )( )

, 1 2

1

1 1

, 1

, 2TLB ,0 , ,0 , , ,0

1
,0 ,0

1

p q l
ij ij ij ij ij ij

p q
l p q

s t
ij ij

s t
s t

r r r r r

r r
l l

wa

+

- -

=
¹

= =

æ ö
æ öç ÷æ öç ÷ç ÷= D D × Dç ÷ç ÷-ç è ø ÷ç ÷
è øç ÷
è ø

å

K

                 (40) 398 

or the 2TLGBM operator (Eq. (22)), 399 

                            

( ) ( )( ) ( )( ) ( )( )( )
( )( ) ( )( )( ) ( )

1 2,

1
11 1

, 1

, 2TLGB ,0 , ,0 , , ,0

1
,0 ,0

lp q
ij ij ij ij ij ij

l
s t l l

ij ij
s t
s t

r r r r r

p r q r
p q

wa

-- -

=
¹

= =

æ ö
ç ÷= D ×D + ×Dç ÷+ç ÷
è ø

Õ

K

                        (41) 400 

to aggregate all of the individual 2-tuple linguistic decision matrices ( ) ( )( )( ),0k k
ij

m n
R r

´
=  401 

( 1,2, ,k lL= ) into the collective 2-tuple linguistic decision matrix ( ) ( )( ),ij ij ijm n m n
R r r a

´ ´
= = . 402 

Step 4. Utilize the 2TLBM operator (Eq. (7)), 403 

                              

( ) ( ) ( ) ( )( )

( ) ( )( )( ) ( )( )( )

,

1 1 2 2

1

1 1

, 1

, 2TLB , , , , , ,

1
, ,

1

p q

i i i w i i i i in in

p q
n qp

ix ix iy iy
x y
x y

r r r r r

r r
n n

Ka a a a

a a
+

- -

=
¹

= =

æ ö
æ öç ÷æ öç ÷ç ÷= D D × Dç ÷ç ÷- è øç ÷ç ÷
è øç ÷
è ø

å
           (42) 404 

or the 2TLGBM operator (Eq. (22)), 405 

                             

( ) ( ) ( ) ( )( )

( ) ( )( ) ( )

,
1 1 2 2

1
1 1 1

, 1

, 2TLGB , , , , , ,

1
, ,

p q
i i i w i i i i in in

n
n n

ix ix iy iy
x y
x y

r r r r r

p r q r
p q

Ka a a a

a a- - -

=
¹

= =

æ ö
ç ÷= D × D + ×Dç ÷+ç ÷
è ø

Õ
                       (43) 406 
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to aggregate all of the preference values ijr  ( 1,2, ,j nL= ) in the ith line of R , and then 407 

derive the collective overall preference value ( )= ,i i ir r a  ( )1,2, ,i mL=  of alternative ix  408 

( )1,2, ,i mL= . 409 

Step 5. Rank the ( )= ,i i ir r a  ( )1,2, ,i mL=  in descending order using Definition 2.3. 410 

Step 6. Rank all of the alternatives ix  ( )1,2, ,i mL= , and then select the best one(s) in 411 

accordance with the collective overall preference values ( )= ,i i ir r a  ( )1,2, ,i mL= . 412 

Step 7. End. 413 
Remark 5.1. Approach I is designed for situations where the weights of the decision makers 414 
and attributes can be predefined and it utilizes the W2TLBM (or W2TLGBM) operator to 415 
aggregate all of the individual 2-tuple linguistic decision matrices into the collective 2-tuple 416 
linguistic decision matrix. Approach II is designed for situations where the information 417 
regarding the weights of the decision makers and attributes is unknown and it utilizes the 418 
2TLBM (or 2TLGBM) operator to aggregate all of the individual 2-tuple linguistic decision 419 
matrices into the collective 2-tuple linguistic decision matrix. 420 
 421 
6. ILLUSTRATIVE EXAMPLES 422 
 423 
In this subsection, let us consider a numerical example adapted from Herrera et al. [48] and 424 
Herrera and Martínez [41]. 425 
Example 6.1 [41,48]. Suppose that an investment company wants to invest a sum of money 426 
in the best option. There is a panel with four possible alternatives in which to invest the 427 
money: (1) 1x  is a car industry; (2) 2x  is a food company; (3) 3x  is a computer company; 428 

and (4) 4x  is an arms industry. The investment company must make a decision according to 429 

the following four attributes: (1) 1c  is the risk analysis; (2) 2c  is the growth analysis; (3) 3c  is 430 

the social-political impact analysis; and (4) 4c  is the environmental impact analysis. Among 431 

the considered attributes, 2c  is the benefit attribute, and jc  ( )1,3,4j =  are the cost 432 

attributes. The weight vector of attributes jc  ( )1,2,3,4j =  is ( )0.3,0.25,0.25,0.2
T

w = . The 433 

four possible alternatives ix  ( )1,2,3,4i =  are to be evaluated using the linguistic term set 434 

          0 1 2 3 4

5 6 7 8

extremely poor, very poor, poor, slightly poor, fair,

slightly good, good, very good, extremely good

s s s s s
S

s s s s

= = = = =ì ü
= í ý= = = =î þ

 435 

by three decision makers ( )1,2,3kd k =  (suppose that the weight vector of three decision 436 

makers is ( )0.2,0.5,0.3
Tw = ) under the above four attributes, and construct, respectively, 437 

the linguistic decision matrices ( ) ( )( )
4 4

k k
ijA a

´
=  ( )1,2,3k =  as shown in Tables 1-3. 438 

 439 
 440 
 441 
 442 
 443 
 444 
 445 
 446 
 447 

1 1c  2c  3c  4c  

1x  4s  3s  7s  3s  

2x  5s  6s  2s  0s  

3x  5s  2s  1s  3s  

4x  0s  1s  5s  2s  
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Table 1. Linguistic decision matrix ( )1A  provided by 1d . 448 

 449 
 450 
 451 
 452 
 453 
 454 
 455 
 456 
 457 
 458 

Table 2. Linguistic decision matrix ( )2A  provided by 2d . 459 
 460 
 461 
 462 
 463 
 464 
 465 
 466 
 467 
 468 

Table 3. Linguistic decision matrix ( )3A  provided by 3d . 469 
 470 
Assume that the weights of the decision makers and attributes are known. We use Approach 471 
I to find the decision result. 472 

Step 1. Using Eq. (35), we transform the linguistic decision matrix ( ) ( )( )
4 4

k k
ijA a

´
=  into a 473 

normalized linguistic matrix ( ) ( )( )
4 4

k k
ijR r

´
=  (see Table 4, 5, and 6). 474 

 475 
 476 
 477 
 478 
 479 
 480 
 481 
 482 
 483 

Table 4. Linguistic decision matrix ( )1R  provided by 1d . 484 
 485 

 486 
 487 
 488 
 489 
 490 
 491 
 492 
 493 
 494 

Table 5. Linguistic decision matrix ( )2R  provided by 2d . 495 
 496 

2 1c  2c  3c  4c  

1x  3s  2s  1s  5s  

2x  1s  4s  0s  2s  

3x  1s  8s  3s  2s  

4x  0s  6s  3s  5s  

3 1c  2c  3c  4c  

1x  3s  1s  6s  0s  

2x  1s  8s  2s  3s  

3x  3s  6s  5s  4s  

4x  2s  8s  3s  1s  

4 1c  2c  3c  4c  

1x  4s  3s  1s  5s  

2x  3s  6s  5s  8s  

3x  3s  2s  7s  5s  

4x  8s  1s  3s  6s  

5 1c  2c  3c  4c  

1x  5s  2s  7s  3s  

2x  7s  4s  8s  6s  

3x  7s  8s  5s  6s  

4x  8s  6s  5s  3s  
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 497 
 498 
 499 
 500 
 501 
 502 
 503 
 504 
 505 

Table 6. Linguistic decision matrix ( )3R  provided by 3d . 506 
 507 

Step 2. Transform the linguistic decision matrices ( ) ( )( )
4 4

k k
ijR r

´
=  ( )1,2,3k =  given in 508 

Tables 4-6 into 2-tuple linguistic decision matrices ( ) ( )( )( )
4 4

,0k k
ijR r

´
=  ( )1,2,3k =  which are 509 

given in Tables 7-9. 510 
 511 

 512 
 513 
 514 
 515 
 516 
 517 
 518 
 519 
 520 

Table 7. 2-tuple linguistic decision matrix ( )1R . 521 
 522 
 523 
 524 
 525 
 526 
 527 
 528 
 529 
 530 
 531 

Table 8. 2-tuple linguistic decision matrix ( )2R . 532 
 533 

 534 
 535 
 536 
 537 
 538 
 539 
 540 
 541 
 542 

 Table 9. 2-tuple linguistic decision matrix ( )3R . 543 
 544 

6 1c  2c  3c  4c  

1x  5s  1s  2s  8s  

2x  7s  8s  6s  5s  

3x  5s  6s  3s  4s  

4x  6s  8s  5s  7s  

7 1c  2c  3c  4c  

1x  ( )4 ,0s  ( )3 ,0s  ( )1,0s  ( )5 ,0s  

2x  ( )3 ,0s  ( )6 ,0s  ( )5 ,0s  ( )8 ,0s  

3x  ( )3 ,0s  ( )2 ,0s  ( )7 ,0s  ( )5 ,0s  

4x  ( )8 ,0s  ( )1,0s  ( )3 ,0s  ( )6 ,0s  

8 1c  2c  3c  4c  

1x  ( )5 ,0s  ( )2 ,0s  ( )7 ,0s  ( )3 ,0s  

2x  ( )7 ,0s  ( )4 ,0s  ( )8 , 0s  ( )6 ,0s  

3x  ( )7 ,0s  ( )8 , 0s  ( )5 ,0s  ( )6 ,0s  

4x  ( )8 , 0s  ( )6 ,0s  ( )5 ,0s  ( )3 ,0s  

9 1c  2c  3c  4c  

1x  ( )5 ,0s  ( )1,0s  ( )2 ,0s  ( )8 ,0s  

2x  ( )7 ,0s  ( )8 , 0s  ( )6 ,0s  ( )5 ,0s  

3x  ( )5 ,0s  ( )6 ,0s  ( )3 ,0s  ( )4 ,0s  

4x  ( )6 ,0s  ( )8 , 0s  ( )5 ,0s  ( )7 ,0s  
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Step 3. Use the W2TLBM operator (Eq. (36)) (here, we take 1p q= = ) to aggregate all of 545 

the individual 2-tuple linguistic decision matrices ( ) ( )( )( )
4 4

,0k k
ijR r

´
=  ( 1,2,3k = ) into the 546 

collective 2-tuple linguistic decision matrix ( ) ( )( )4 4 4 4
,ij ij ijR r r a

´ ´
= =  (see Table 10). 547 

 548 
 549 
 550 
 551 
 552 
 553 
 554 
 555 
 556 
 557 
 558 

 559 
Table 10. The collective 2-tuple linguistic decision matrix R . 560 
 561 
Step 4. Use the W2TLBM operator (Eq. (38)) to aggregate all of the preference values 562 

( ),ij ijr a  ( 1,2,3,4j = ) in the ith line of R  and then derive the collective overall preference 563 

value ( )= ,i i ir r a  ( )1,2,3,4i =  of the alternative ix  ( )1,2,3,4i = . 564 

 ( )1 0 ,0.2852r s= ,  ( )2 0 ,0.4837r s= ,  ( )3 0 ,0.4101r s= ,  ( )4 0 ,0.4394r s= . 565 

Using Definition 2.3, we then rank the ir  ( )1,2,3,4i =  in descending order: 566 

          2 4 3 1r r r r> > > . 567 

 Step 5. Rank all of the alternatives ix  ( )1,2,3,4i =  as follows: 568 

2 4 3 1x x x xf f f . 569 

The best alternative is 2x . 570 

We can find that as the values of the parameters p  and q  change according to the decision 571 

makers’ subjective preferences, we may obtain different rankings of the alternatives, which 572 
can reflect the decision makers’ risk preferences. As the values of the parameters p  and q  573 

change, the collective overall preference value ( )= ,i i ir r a  ( )1,2,3,4i =  and the ranking of 574 

alternatives can be obtained and shown in Table 11. 575 
 576 
 577 

10 1c  2c  3c  4c  

1x  ( )2 , 0.4779s -  ( )1, 0.4000s -  ( )1, 0.0134s -  ( )2 , 0.4189s -  

2x  ( )2 , 0.1106s -  ( )2 , 0.1670s -  ( )2 ,0.0817s  ( )2 , 0.0252s -  

3x  ( )2 , 0.3417s -  ( )2 , 0.2186s -  ( )2 , 0.4714s -  ( )2 , 0.3875s -  

4x  ( )2 ,0.3438s  ( )2 , 0.3387s -  ( )1,0.4318s  ( )2 , 0.4220s -  
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 578 

 579 
Table 11. The collective overall preference values obtained with the W2TLBM operator and 580 
rankings of the alternatives. 581 
 582 
Furthermore, it is possible to analyze how the different attitudinal characters p  and q  play 583 

a role in the aggregation results. As the values of the parameters p  and q  change between 584 

0  and 20 , different results of a symbolic aggregation operation ( )1
i irb -= D  ( )1,2,3,4i =  of 585 

the collective overall preference values ir  ( )1,2,3,4i =  of the four alternatives ix  586 

( )1,2,3,4i =  can be obtained. Figs. 1-4 illustrate the values ( )1
i irb -= D  ( )1,2,3,4i =  of the 587 

four alternatives ix  ( )1,2,3,4i =  obtained by the W2TLBM operator in detail. 588 

 589 

 590 

11 0, 20p q= =  0.5, 15p q= =  5p q= =  15, 0.1p q= =  
20,

0.05

p

q

=
=

 

1x  ( )1, 0.2255s -  ( )1, 0.3110s -  ( )0 ,0.3779s  ( )1, 0.2668s -  ( )1, 0.2308s -  

2x  ( )1, 0.0577s -  ( )1, 0.1233s -  ( )1, 0.4132s -  ( )1, 0.0948s -  ( )1, 0.0610s -  

3x  ( )1, 0.0577s -  ( )1, 0.1302s -  ( )1, 0.4712s -  ( )1, 0.0963s -  ( )1, 0.0615s -  

4x  ( )1,0.0598s  ( )1, 0.0280s -  ( )1, 0.4210s -  ( )1,0.0074s  ( )1,0.0560s  

Ranking 4 2 3 1f f fx x x x  4 2 3 1f f fx x x x  
2 4 3 1f f fx x x x  4 2 3 1f f fx x x x  4 2 3 1f f fx x x x  
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Fig. 1. The values b  for alternative 1x  obtained by the W2TLBM operator ( ( ]0,20pÎ , 591 

( ]0,20qÎ ). 592 

 593 
 594 

 595 
Fig. 2. The values b  for alternative 2x  obtained by the W2TLBM operator ( ( ]0,20pÎ , 596 

( ]0,20qÎ ). 597 
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 598 
Fig. 3. The values b  for alternative 3x  obtained by the W2TLBM operator ( ( ]0,20pÎ , 599 

( ]0,20qÎ ). 600 

 601 
 602 

 603 
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Fig. 4. The values b  for alternative 4x  obtained by the W2TLBM operator ( ( ]0,20pÎ , 604 

( ]0,20qÎ ). 605 

 606 
If we let the parameter p  fixed, different values ib  and rankings of the alternatives can be 607 
obtained as the parameter q  changed which was shown in Fig. 5. 608 
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 609 
Fig. 5. Variation of b  obtained with the W2TLBM operator ( 1p = , ( ]0,20qÎ ). 610 

From Fig. 5, we can find that, 611 
1) when ( ]0,4.6560qÎ , the ranking of the four alternatives is 2 4 3 1x x x xf f f  and the best 612 

choice is 2x . 613 

2) when ( ]4.6560,20qÎ , the ranking of the four alternatives is 4 2 3 1x x x xf f f  and the best 614 

choice is 4x . 615 
From Fig. 5, we also find that the collective overall preference values obtained by the 616 
W2TLBM aggregation operators become bigger as parameter p  and q  increase for the 617 

same aggregation arguments. Therefore, it plays a crucial part in decision making. For 618 
example, in the real group decision making problems, the decision makers who takes a 619 
gloomy view of the prospects could choose the smaller values of the parameters p  and q  620 

while the decision makers who are optimistic could choose the bigger values of the 621 
parameters p  and q . 622 

If the W2TLGBM operator is used in place of the W2TLBM operator to aggregate the values 623 
of the alternatives in steps 3 and 4, then the collective overall preference values and the 624 
rankings of the alternatives are listed in Table 12. 625 
 626 
 627 
 628 
 629 
 630 
 631 
 632 
 633 
 634 
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 635 
Table 12. The collective overall preference values obtained with the W2TLGBM operator 636 
and rankings of the alternatives. 637 
 638 
Furthermore, it is possible to analyze how the different attitudinal characters p  and q  play 639 

a role in the aggregation results. As the values of the parameters p  and q  change between 640 

0  and 20 , different results of a symbolic aggregation operation ( )1
i irb -= D  ( )1,2,3,4i =  of 641 

the collective overall preference values ir  ( )1,2,3,4i =  of the four alternatives ix  642 

( )1,2,3,4i =  can be obtained. Figs. 6-9 illustrate the values ( )1
i irb -= D  ( )1,2,3,4i =  of the 643 

four alternatives ix  ( )1,2,3,4i =  obtained by the W2TLGBM operator in detail. 644 

 645 

 646 

12 0, 20p q= =  0.5, 15p q= =  5p q= =  15, 0.1p q= =  20, 0.05p q= =  

1x  ( )1,0.1057s  ( )1,0.1066s  ( )1,0.1130s  ( )1,0.1059s  ( )1,0.1057s  

2x  ( )1,0.1604s  ( )1,0.1614s  ( )1,0.1677s  ( )1,0.1606s  ( )1,0.1605s  

3x  ( )1,0.1464s  ( )1,0.1476s  ( )1,0.1558s  ( )1,0.1466s  ( )1,0.1465s  

4x  ( )1,0.1477s  ( )1,0.1488s  ( )1,0.1560s  ( )1,0.1479s  ( )1,0.1478s  

Ranking 2 4 3 1f f fx x x x  2 4 3 1f f fx x x x  2 4 3 1f f fx x x x  4 2 3 1f f fx x x x  4 2 3 1f f fx x x x  
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Fig. 6. The values b  for alternative 1x  obtained by the W2TLGBM operator ( ( ]0,20pÎ , 647 

( ]0,20qÎ ). 648 

 649 

 650 
Fig. 7. The values b  for alternative 2x  obtained by the W2TLGBM operator ( ( ]0,20pÎ , 651 

( ]0,20qÎ ). 652 

 653 
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 654 
Fig. 8. The values b  for alternative 3x  obtained by the W2TLGBM operator ( ( ]0,20pÎ , 655 

( ]0,20qÎ ). 656 

 657 

 658 
Fig. 9. The values b  for alternative 4x  obtained by the W2TLGBM operator ( ( ]0,20pÎ , 659 

( ]0,20qÎ ). 660 
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 661 
If we let the parameter p  fixed, different values ib  and rankings of the alternatives can be 662 
obtained as the parameter q  changed which was shown in Fig. 10. 663 
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 664 
Fig. 10. Variation of b  obtained with the W2TLGBM operator ( 1p = , ( ]0,20qÎ ). 665 

 666 
From Fig. 10, we can find that when ( ]0,20qÎ , the ranking of the four alternatives is 667 

2 4 3 1x x x xf f f  and the best choice is 2x . 668 
From Fig. 10, we find that the collective overall preference values obtained by the 669 
W2TLGBM aggregation operators become smaller as parameter p  and q  increase for the 670 
same aggregation arguments. Therefore, it plays a crucial part in decision making. For 671 
example, in the real group decision making problems, the decision makers who take a 672 
gloomy view  of the prospects could choose the bigger values of the parameters p  and q  673 

while the decision makers who are optimistic could choose the smaller values of the 674 
parameters p  and q . 675 
It should be noted that the belta obtained by the W2TLBM operator are smaller than the 676 
belta obtained by the W2TLGBM operator, which indicates that the W2TLBM operator can 677 
obtain more unfavorable (or pessimistic) expectations, while the W2TLGBM operator has 678 
more favorable (or optimistic) expectations. Therefore, we can conclude that the W2TLBM 679 
operator can be considered as the optimistic operator, while the W2TLGBM operator can be 680 
considered as the pessimistic operator and the values of the parameters can be considered 681 
as the optimistic or pessimistic levels. By Figs. 1-10, we can conclude that the decision 682 
makers who take a gloomy view of the prospects could use the W2TLBM operator and 683 
choose the smaller values of the parameters p  and q , while the decision makers who are 684 

optimistic could use the W2TLGBM operator and choose the smaller values of the 685 
parameters p  and q . 686 

In order to obtain the more neutral results, we can use the arithmetic averages of the 687 
optimistic and pessimistic results, which can be found in Figs. 11-14. 688 

 689 
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 690 
Fig. 11. The values b  for alternative 1x  obtained by the W2TLBM and W2TLGBM operators 691 

( ( ]0,20pÎ , ( ]0,20qÎ ). 692 

 693 

 694 
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Fig. 12. The values b  for alternative 2x  obtained by the W2TLBM and W2TLGBM 695 

operators ( ( ]0,20pÎ , ( ]0,20qÎ ). 696 

 697 

 698 
Fig. 13. The values b  for alternative 3x  obtained by the W2TLBM and W2TLGBM 699 

operators ( ( ]0,20pÎ , ( ]0,20qÎ ). 700 

 701 
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 702 
Fig. 14. The values b  for alternative 4x  obtained by the W2TLBM and W2TLGBM 703 

operators ( ( ]0,20pÎ , ( ]0,20qÎ ). 704 

 705 
In the following, we compare our operators and approaches with the existing 2-tuple 706 
linguistic aggregation operators and approaches so as to demonstrate the advantages of the 707 
operators and approaches proposed here. In Example 5.1, we utilize the 2-tuple linguistic 708 
weighted average (2TLWA) operator [14,41]: 709 

              ( ) ( ) ( )( ) ( )1
1 1 2 2

1

2TLWA , , , , , , ,
n

n n i i i
i

r r r w rLa a a a-

=

æ ö= D ×Dç ÷
è ø
å                   (44) 710 

to replace the W2TLBM operator; then the collective overall preference value ( )= ,i i ir r a  711 

( )1,2,3,4i =  of alternative ix  ( )1,2,3,4i =  are shown as follows: 712 

( )1 4 , 0.0300r s= - ,  ( )2 6 ,0.1800r s= ,  ( )3 5 ,0.4700r s= ,  ( )4 6 , 0.2700r s= - . 713 

Using Definition 2.3, we then rank the ir  ( )1,2,3,4i =  in descending order: 714 

          2 4 3 1r r r r> > > . 715 

According to the ranking of the ir  ( )1,2,3,4i = , rank all of the alternatives ix  ( )1,2,3,4i =  716 

as follows: 717 

2 4 3 1x x x xf f f . 718 

Thus, the best alternative is 2x . 719 

Based on the aforementioned analysis, we can see that the 2TLWA operator is simpler than 720 
the W2TLBM and W2TLGBM operators from the computational point of view, but the 721 
W2TLBM and W2TLGBM operators can capture the interrelationship of the aggregated 722 
arguments [35] and can provide the decision makers more choices by changing the values 723 
of the parameters determined by the preferences of the decision makers [35]. 724 
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Example 6.2. Let us reconsider Example 6.1. Assume that ( ) ( )( )
4 4

k k
ijA a

´
=  ( )1,2,3k =  are 725 

three linguistic decision matrices shown in Tables 1-3. ( ) ( )( )
4 4

k k
ijR r

´
=  ( )1,2,3k =  are three 726 

normalized linguistic decision matrices given in Tables 4-6. ( ) ( )( )( )
4 4

,0k k
ijR r

´
=  ( )1,2,3k =  are 727 

three corresponding 2-tuple linguistic decision matrices given in Tables 7-9. Suppose that 728 
the weights of the decision makers and the attributes are unknown; then, we use Approach II 729 
to determine the decision. The collective 2-tuple linguistic decision matrix 730 

( ) ( )( )4 4 4 4
,ij ij ijR r r a

´ ´
¢ ¢ ¢ ¢= =  is given in Table 13. The best alternative is 2x . 731 

 732 
 733 
 734 
 735 
 736 
 737 
 738 
 739 
 740 
 741 
 742 
 743 

Table 13. The collective 2-tuple linguistic decision matrix R¢ . 744 
 745 
We can find that as the values of the parameters p  and q  change according to the decision 746 

makers’ subjective preferences, we may obtain different rankings of the alternatives, which 747 
can reflect the decision makers’ risk preferences. As the values of the parameters p  and q  748 

change, the collective overall preference value ( )= ,i i ir r a¢ ¢ ¢  ( )1,2,3,4i =  and the ranking of 749 

alternatives can be obtained and shown in Table 14. 750 
 751 

 752 
Table 14. The collective overall preference values obtained with the 2TLBM operator and 753 
rankings of the alternatives. 754 
 755 
As the values of the parameters p  and q  change between 0  and 20 , different results of a 756 

symbolic aggregation operation ( )1
i irb - ¢= D  ( )1,2,3,4i =  of the collective overall 757 

13 1c  2c  3c  4c  

1x  ( )5 , 0.3453s -  ( )2 , 0.0851s -  ( )3 , 0.2311s -  ( )5 ,0.1316s  

2x  ( )6 , 0.4924s -  ( )6 , 0.1122s -  ( )6 ,0.2716s  ( )6 ,0.2716s  

3x  ( )5 , 0.1352s -  ( )5 ,0.0332s  ( )5 , 0.1352s -  ( )5 , 0.0334s -  

4x  ( )7 ,0.3030s  ( )5 , 0.4539s -  ( )4 ,0.2817s  ( )5 ,0.1962s  

14 0, 20p q= =  0.5, 15p q= =  5p q= =  15, 0.1p q= =  20, 0.05p q= =  

1x  ( )7 ,0.0891s  ( )7 , 0.4043s -  ( )4 ,0.4483s  ( )7 , 0.2153s -  ( )7 ,0.0684s  

2x  ( )7 ,0.4823s  ( )7 ,0.2594s  ( )6 ,0.3807s  ( )7 ,0.3246s  ( )7 ,0.4752s  

3x  ( )7 ,0.1133s  ( )7 , 0.2625s -  ( )6 , 0.4656s -  ( )7 , 0.1379s -  ( )7 ,0.0981s  

4x  ( )7 ,0.4740s  ( )7 ,0.2032s  ( )6 ,0.2012s  ( )7 ,0.2934s  ( )7 ,0.4625s  

Ranking 2 4 3 1f f fx x x x  2 4 3 1f f fx x x x  2 4 3 1f f fx x x x  2 4 3 1f f fx x x x  2 4 3 1f f fx x x x  
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preference values ir  ( )1,2,3,4i =  of the four alternatives ix  ( )1,2,3,4i =  can be obtained. 758 

Figs. 15-18 illustrate the values ( )1
i irb - ¢= D  ( )1,2,3,4i =  of the four alternatives ix  759 

( )1,2,3,4i =  obtained by the 2TLBM operator in detail. 760 

 761 

 762 
Fig. 15. The values b  for alternative 1x  obtained by the 2TLBM operator ( ( ]0,20pÎ , 763 

( ]0,20qÎ ). 764 

 765 
 766 
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 767 
Fig. 16. The values b  for alternative 2x  obtained by the 2TLBM operator ( ( ]0,20pÎ , 768 

( ]0,20qÎ ). 769 

 770 

 771 
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Fig. 17. The values b  for alternative 3x  obtained by the 2TLBM operator ( ( ]0,20pÎ , 772 

( ]0,20qÎ ). 773 

 774 

 775 
Fig. 18. The values b  for alternative 4x  obtained by the 2TLBM operator ( ( ]0,20pÎ , 776 

( ]0,20qÎ ). 777 

 778 
If we let the parameter p  fixed, different values ib  and rankings of the alternatives can be 779 
obtained as the parameter q  changed which was shown in Fig. 19. 780 
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Fig. 19. Variation of b  obtained with the 2TLBM operator ( 1p = , ( ]0,20qÎ ). 782 

From Fig. 19, we can find that when ( ]0,20qÎ , the ranking of the four alternatives is 783 

2 4 3 1x x x xf f f  and the best choice is 2x . 784 
From Fig. 19, we find that the collective overall preference values obtained by the 2TLBM 785 
aggregation operators become bigger as parameter p  and q  increase for the same 786 

aggregation arguments. Therefore, it plays a crucial part in decision making. For example, in 787 
the real group decision making problems, the decision makers who take a gloomy view  of 788 
the prospects could choose the smaller values of the parameters p  and q  while the 789 

decision makers who are optimistic could choose the bigger values of the parameters p  and 790 

q . 791 
If the 2TLGBM operator is used in place of the 2TLBM operator to aggregate the values of 792 
the alternatives in steps 1 and 2, then the collective overall preference values and the 793 
rankings of the alternatives are listed in Table 15. 794 
 795 

 796 
Table 15. The collective overall preference values obtained with the 2TLGBM operator and 797 
rankings of the alternatives. 798 
 799 
As the values of the parameters p  and q  change between 0  and 20 , different results of a 800 

symbolic aggregation operation ( )1
i irb -= D  ( )1,2,3,4i =  of the collective overall 801 

preference values ir  ( )1,2,3,4i =  of the four alternatives ix  ( )1,2,3,4i =  can be obtained. 802 

Figs. 20-23 illustrate the values ( )1
i irb -= D  ( )1,2,3,4i =  of the four alternatives ix  803 

( )1,2,3,4i =  obtained by the 2TLGBM operator in detail. 804 

 805 
 806 

15 0, 20p q= =  0.5, 15p q= =  5p q= =  15, 0.1p q= =  20, 0.05p q= =  

1x  ( )3,0.1644s  ( )3,0.2330s  ( )4 , 0.3675s -  ( )3,0.1792s  ( )3,0.1700s  

2x  ( )6 , 0.1442s -  ( )6 , 0.1208s -  ( )6 ,0.0328s  ( )6 , 0.1392s -  ( )6 , 0.1423s -  

3x  ( )5 , 0.2650s -  ( )5 , 0.2273s -  ( )5 ,0.0098s  ( )5 , 0.2570s -  ( )5 , 0.2620s -  

4x  ( )5 , 0.1387s -  ( )5 , 0.0524s -  ( )5 ,0.3822s  ( )5 , 0.1196s -  ( )5 , 0.1314s -  

Ranking 2 4 3 1f f fx x x x  2 4 3 1f f fx x x x  2 4 3 1f f fx x x x  2 4 3 1f f fx x x x  2 4 3 1f f fx x x x  
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 807 
Fig. 20. The values b  for alternative 1x  obtained by the 2TLGBM operator ( ( ]0,20pÎ , 808 

( ]0,20qÎ ). 809 

 810 

 811 
Fig. 21. The values b  for alternative 2x  obtained by the 2TLGBM operator ( ( ]0,20pÎ , 812 

( ]0,20qÎ ). 813 

 814 
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 815 

 816 
Fig. 22. The values b  for alternative 3x  obtained by the 2TLGBM operator ( ( ]0,20pÎ , 817 

( ]0,20qÎ ). 818 

 819 

 820 
Fig. 23. The values b  for alternative 4x  obtained by the 2TLGBM operator ( ( ]0,20pÎ , 821 

( ]0,20qÎ ). 822 
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 823 
If we let the parameter p  fixed, then different values ib  and rankings of the alternatives can 824 
be obtained as the parameter q  changed, which was shown in Fig. 24. 825 
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 826 
Fig. 24. Variation of b  obtained with the 2TLGBM operator ( 1p = , ( ]0,20qÎ ). 827 

 828 
From Fig. 24, we can find that when ( ]0,20qÎ , the ranking of the four alternatives is 829 

2 4 3 1x x x xf f f  and the best choice is 2x . 830 
From Fig. 24, we find that the collective overall preference values obtained by the 2TLGBM 831 
aggregation operators become smaller as parameter p  and q  increase for the same 832 
aggregation arguments. Therefore, it plays a crucial part in decision making. For example, in 833 
the real group decision making problems, the decision makers who take a gloomy view  of 834 
the prospects could choose the bigger values of the parameters p  and q  while the decision 835 

makers who are optimistic could choose the smaller values of the parameters p  and q . 836 

It is worth noting that most of the belta obtained by the 2TLBM operator are bigger than most 837 
of the belta obtained by the 2TLGBM operator, which indicates that the 2TLBM operator can 838 
obtain more favorable (or optimistic) expectations, while the 2TLGBM operator has more 839 
unfavorable (or pessimistic) expectations. Therefore, we can conclude that the 2TLBM 840 
operator can be considered as the optimistic operator, while the 2TLGBM operator can be 841 
considered as the pessimistic operator and the values of the parameters can be considered 842 
as the optimistic or pessimistic levels. By Figs. 15-24, we can conclude that the decision 843 
makers who take a gloomy view of the prospects could use the 2TLGBM operator and 844 
choose the bigger values of the parameters p  and q , while the decision makers who are 845 

optimistic could use the 2TLBM operator and choose the bigger values of the parameters p  846 

and q . 847 

In order to obtain the more neutral results, we can use the arithmetic averages of the 848 
optimistic and pessimistic results, which can be found in Figs. 25-28. 849 

 850 



 

 

41 

 851 
Fig. 25. The values b  for alternative 1x  obtained by the 2TLBM and 2TLGBM operators 852 

( ( ]0,20pÎ , ( ]0,20qÎ ). 853 

 854 

 855 
Fig. 26. The values b  for alternative 2x  obtained by the 2TLBM and 2TLGBM operators 856 

( ( ]0,20pÎ , ( ]0,20qÎ ). 857 

 858 
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 859 
Fig. 27. The values b  for alternative 3x  obtained by the 2TLBM and 2TLGBM operators 860 

( ( ]0,20pÎ , ( ]0,20qÎ ). 861 

 862 

 863 
Fig. 28. The values b  for alternative 4x  obtained by the 2TLBM and 2TLGBM operators 864 

( ( ]0,20pÎ , ( ]0,20qÎ ). 865 

By examples 1 and 2, we can see that the decision results obtained with Approach I may be 866 
different from the decision results obtained with Approach II. Approach I utilizes the 867 
W2TLBM (or W2TLGBM) operator to aggregate all of the individual 2-tuple linguistic decision 868 
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matrices into a collective 2-tuple linguistic decision matrix and then utilize the W2TLBM (or 869 
W2TLGBM) operator to derive the collective overall preference values of each alternative. 870 
Approach II utilizes the 2TLBM (or 2TLGBM) operator to aggregate all of the individual 2-871 
tuple linguistic decision matrices into a collective 2-tuple linguistic decision matrix and then 872 
utilize the 2TLBM (or 2TLGBM) operator to derive the collective overall preference values of 873 
each alternative. The 2TLBM and 2TLGBM operators only involve the input data and their 874 
interrelationships, but the importance of each datum is not emphasized. The W2TLBM and 875 
W2TLGBM operators not only involve the input data and their interrelationships but also take 876 
the importance of each datum into account. 877 

 878 
7. CONCLUSIONS 879 
In this paper, we have developed several new 2-tuple linguistic aggregation operators, 880 
including the 2TLBM, W2TLBM, 2TLGBM, and W2TLGBM operators. We have studied 881 
some fundamental properties of the developed operators, such as commutativity, 882 
idempotency, boundedness, and monotonicity. We also discuss some special cases of the 883 
proposed operators. Compared with the existing 2-tuple linguistic aggregation operators, the 884 
primary advantage of these operators is that they capture the interrelationship of the input 885 
arguments and thus consider the decision information as much as possible. Furthermore, we 886 
have used the proposed operators to develop two approaches for multiple attribute group 887 
decision making with 2-tuple linguistic information. Finally, two numerical examples are 888 
provided to illustrate the developed approaches and to compare the developed approaches 889 
with the existing ones. In the future, we will study the Bonferroni mean and the geometric 890 
Bonferroni mean under interval-valued 2-tuple linguistic environments [49,50]. 891 
 892 
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