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ABSTRACT12
In this paper, we discuss the statistical learning theory based on intuitionistic fuzzy random
sample. First of all, we introduce the definition of intuitionistic fuzzy number intuitionistic
fuzzy random variables. Secondly, we give some properties of this concept. Thirdly, the
definitions of intuitionistic fuzzy empirical risk functional, intuitionistic fuzzy expected risk
functional, and intuitionistic fuzzy empirical risk minimization principle are presented. Finally,
we prove the key theorem of intuitionistic fuzzy random sample and obtain the rate of
uniform convergence of learning process based on the intuitionistic fuzzy random sample.
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1. INTRODUCTION18

19
Statistical learning theory (SLT, for short), put forward in 1960s and completely founded by20
Vapnik et al. in 1990s. [46-48], has become an interesting and good law that supports the21
development of small samples statistical learning. The SLT has become the fastest growing22
discipline in machine learning in the late 1990's. Its essence was to make the learning23
machines work effectively with the limited samples and then improve the generalization24
abilities of the learning machines. By doing this, we establish a meaningful theoretical25
framework for statistical learning based on small data samples. Meanwhile, SLT gave rise to26
a new category of general learning algorithms, which we called the Support Vector Machine27
(SVM, for short). Currently, the SLT and SVM constitute interesting research avenues in28
machine learning [6, 7,10,11,12,20,28,29,30,31,35,36,39,41,43,44,45,49,50,52,53,56].29
The SLT covers four main parts [6]: (1) the learning process that minimizes the necessary30
and sufficient conditions for the consistency of the empirical risk, which is referred to as the31
key theorem of learning theory; (2) the scope of generalization; (3) the structural risk32
minimization principle; (4) the support vector machine (SVM) algorithm that implements the33
structure risk minimization principle. The key theorem of learning theory and the boundary of34
convergence of the learning process are the two most important foundations for further35
research on related topics, such as the structural risk minimization and the SVM.36
Although the SLT has reached a level of high maturity, there are still some problems to be37
solved, for example, the development of SLT and SVM is based on probability space and38
real-valued random sample (real-valued random variables). In the real world, there are many39
non-probability space (such as the Sugeno measure space [51], credibility measure space40
[38]) and non-real random samples (such as fuzzy sample [55], fuzzy random sample [32],41
and fuzzy complex random samples [26]). In order to solve these problems, the expansions42
of the SLT in non-probabilistic space and non-real random samples have become an urgent43
need to move forward. Some studies have been achieved along this line [21-27,39,42,43].44
For example, Ha et al. [21-23] studied the key theorem and the generalized boundary on45
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Sugeno measure probability space and quasi-probability measure space; Tian et al. [24,26]46
investigated the construction of statistical learning theory based on fuzzy random samples47
and fuzzy complex random samples; Lin et al. [36] constructed fuzzy support vector machine48
based on random sample.49

Intuitionistic (IF, for short) set, originated by Atanassov [1,5], is an important concept used50
to cope with imperfect and/or imprecise information. It is an intuitively straightforward51
extension of Zadeh’s fuzzy sets [55]: while a fuzzy set gives a degree to which an element52
belongs to a set, an intuitionistic fuzzy set gives both a membership degree and a non-53
membership degree. The membership and non-membership values induce an indeterminacy54
index, which models the hesitancy of deciding the degree to which an object satisfies a55
particular property. As the basis for the study of IF set theory, many operations and relations56
over IF sets were introduced [1-5]. Many concepts in fuzzy set theory were also extended to57
IF set theory, such as IF relations, intuitionistic L-fuzzy sets, IF implication, IF logics, and the58
degree of similarity between IF sets, etc., [4,9,13,15,16,33,34,57]. For a further study for the59
structure of IF sets, construction theorems of IF sets, IF topology and the axiomatic60
characterization of IF sets have been investigated [8,14,18,40]. Recently, IF set theory has61
been successfully applied in decision analysis and pattern recognition (see, e.g., [19,37,54]).62

However, the study for the combination of IF set theory and statistical learning theory is63
still blank. This paper discusses the statistical learning theory based on intuitionistic fuzzy64
random samples by combining intuitionistic fuzzy analysis and SLT, revisits the major parts65
of the SLT and establishes some ground material for further development of classifiers such66
as support vector machines. This paper is organized as follows: Section 2 introduces some67
basic definitions, elaborates on a number of properties of intuitionistic fuzzy random68
variables. In Section 3, we prove the key theorem of learning theory based on intuitionistic69
fuzzy random samples. In the sequel, in Section 4, the bounds of the rate of uniform70
convergence of learning process based on intuitionistic fuzzy random samples are71
discussed. The final section offers the conclusions and brings prospects of potential future72
developments.73

74
2. PRELIMINARIES75

76
Throughout this paper, we let  , ,P A be a probability measure space andR be the real77

numbers field.78
Definition 2.1 [32]. A fuzzy number is a fuzzy set  : 0,1X R 0 with the following properties:79

(1) X is normal, i.e., there exists xR such that   1X x  ;80
(2) X is upper semi-continuous;81
(3)   supp : 0X cl x X x  R is compact;82

(4) X is a convex fuzzy set, i.e.,        1 min ,X x y X x X y    , for ,x y R and83

 0,1 .84

Let  F R be the family of all fuzzy numbers onR . For a fuzzy set X , if we define85

    : ,0 1

supp , 0r

x X x r r
X

X r

    


,86

then it follows that X is a fuzzy number if and only if  1X   and  rX is a closed87
bounded interval for each [0,1]r . Therefore, a fuzzy number X is completely determined88
by the intervals  rX .89

Let  ,X Y F R , [0,1]r  ,      ,r r rX X X     and      ,r r rY Y Y     . Define90
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 
        

0,1
,

r r r r rX Y XY YX    


      .91

Let us introduce a partially ordered relation on  F R as follow: for any  ,X Y F R , we92

say X Y , iff      0,1 , r rr X Y   i.e.,    r rX Y  and    r rX Y  .93

Definition 2.2 [32]. A fuzzy number valued function  : F  R is called fuzzy random94

variable if for every closed subset B of R , the fuzzy set  1 B  is measurable when95

considered as a function from  to [0,1] , where  1 B  denotes the fuzzy subset of 96

defined by      1 sup
x B

B x   


 for every  .97

Definition 2.3 [32]. A fuzzy random variable       += , 0 1r r r          is called98

integrable if for each  0,1r ,  r  and  +
r  are integrable, or equivalently dP   ,99

where  0 0max ,    . In this case, the expected value of  is defined in the following100

manner101

 , 0 1r rE dP dP dP r            .102

Definition 2.4 [1]. LetU be a nonempty set. An intuitionistic fuzzy set A in U is an object103
having the form     , ,A AA x x x x U   ,104

where  : 0,1A U  and  : 0,1A U  satisfy 0 1A A    for all x U , and  A x and105

 x are, respectively, called the degree of membership and the degree of non-membership106
of the element x U to A . The complement of an IF set A is denoted107
by     , ,c

AA x x x x U   .108

Obviously, every fuzzy set      , , AA x A x x U x x x U    can be identified with109

the IF set of the form     , ,1A Ax x x x U   and is thus an IF set.110

We introduce some basic operations about IF sets as follows [1–5,17,33]:111
Let A and B be two IF sets, then112
A B iff    A Bx x  and    A Bx x  for all x U ,113
A B iff B A ,114
A B iff A B and B A , i.e.,    A Bx x  and    A Bx x  for any x U ,115

        , ,A B A BA B x x x x x x U       ,116

        , ,A B A BA B x x x x x x U       ,117

 , 0,1 , 1       ,       , , ,A AA x x x x U         .118

Definition 2.5 [58]. Let A be an IF set and  , 0,1   with 1   , the  ,   level cut set119

of A , denoted by A , is defined as follows:120

    ,A AA x U x x
       121

  AA x U x     and   AA x U x      are, respectively, called the   level cut122

set and the strong   level cut set of membership generated by A . And123
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  AA x U x     and   AA x U x      are, respectively, referred to as the124

  level cut set and the strong   level cut set of non-membership generated by A .125
Proposition 2.1. Let    , , 0,1A IF U    and 1   . Then126

       , , , ,A A A A A   
           

        .127

Proof. We have only to prove that the equation  ,A A  holds for any x U . The128
other equations can be proved in a similar way. On one hand, we have129

          

 
     

   
 

 

, ,

0 1

0
.

A A

A

A A

x x

Ax

x x A x

A x A x

x

 
 


   

 
    

 

  

 

 
   

 

    

     

  



130

On the other hand, we have131

           

 
      

    
 

 

, ,

0 1

1

1

1 1

.
A A

A

A A

x x

Ax

x x A x

A x A x

x

 
 


   

 
    

 

  

 

 
   

 

     

       

  



132

Thus  ,A A  .133

Definition 2.6 [59]. The IF set     , ,A AA x x x x  R is called an IF number if and only134

if A and c
A are two fuzzy numbers, where 1c

A A   .135
The family of all intuitionistic fuzzy numbers is denoted by  IF R .136

Proposition 2.2. Let  A IF R . Then the membership function  A x and non-membership137

function  A x have the following properties:138

(1)  : 0,1A R is an upper semi-continuous function and  : 0,1A R is a lower semi-139
continuous function;140

(2)   0A x  ,    , ,x c d    ,   1A x  ,    , ,x e f    ;141

(3)    1, 0A Ax x   ,  ,x a b  ;142

(4)  A x is strictly monotonously increasing on  ,c a and strictly monotonously decreasing143

on  ,b d ;  A x is strictly monotonously decreasing on  ,e a and strictly monotonously144

increasing on  ,b f .145

Definition 2.7. Some Operations on  IF R are defined as follows:146

 ,A B IF  R ,147

         , sup , inf ,A B A Bx y zx y z
A B z x y x y x y U   

  

 
     

 
;148

, , ,A A
z zA z z x x U   
 

           
     

, 0  ;149

If 0  , then150

    
0

sup , 0

0, 0
A

A

x x U z
z

z




   


,     
0

inf , 0

1, 0
A

A

x x U z
z

z




   


.151
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Proposition 2.3. Let  ,A B IF R . And  ,   level cut set of A and B are denoted by152

 , , , , ,L R L R
A A A AA          ,  , , , , ,L R L R

B B B BB          . Then we have153

    , , , , , , 0,1 , 1L L R R L L R R
A B A B A B A BA B                         ,154

    
    

, , , , , , 0,1 , 1 , 0

, , , , , , 0,1 , 1 , 0

L R L R
A A A A

R L R L
A A A A

if
A

if

          


          

        
       

.155

Definition 2.8 [58]. Let            , , , , ,A A B BA x x x x U B x x x x U IF        R .156

Define A B if A B  and c c
A B  ; A B if A B and B A ; A B if A B and A B .157

Obviously,   ,IF R is a partially ordered set.158

Definition 2.9. Let  S IF R and  M IF R . We say that M is the supremum of the set S if159
the following two conditions are satisfied:160

(1) for any A S , A M , i.e., M is the upper bound of the set S ;161
(2) for any the upper bound N of S , M N .162
Similarly, we can define the infimum of the set S .163
Let  RK be a family of all the nonempty compact convex subsets ofR . If  ,A B RK ,164

then the Hausdorff metric is defined by165

     , max supinf , ,supinf ,H y B x Ax A y B
d A B d x y d x y

  

   
 

,166

where  ,d x y denotes the distance between two real numbers x and y .167

Let us define a consistent Hausdorff metric in  IF R to be in the following form168

 
 

    

    
    

, 0,1
1

, sup max , , ,

max , , ,

max , , ,

H H

A B A B

c c
A B A B

d A B d A B d A B

d d

d d

 
 

 
 

   

   


 







169

where            , , , , ,A A B BA x x x x U B x x x x U IF        R .170

Proposition 2.4. If  , ,A B C IF R , then      , , ,d A B d B C d A C  .171

Proposition 2.5. If  , ,A B C IF R and A B C  ,172

then    , ,d A C d A B and    , ,d A C d B C .173

Definition 2.10. Let  , ,P A be a probability measure space. An intuitionistic fuzzy number174

valued mapping  : IF  R ,           , ,x x x x         R is called an175

intuitionistic fuzzy random variable if  and c
 are two fuzzy random variables defined on176

 , ,P A , where  :     ,  :     and 1c
    .177

Definition 2.11 Let           , ,x x x x       R be the intuitionistic fuzzy random178

variable defined on  , A . We called179

         ,Z ZF Z P Z P             180

as the distribution function of  , where       , ,Z ZZ x x x x IF   R R .181
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Definition 2.12. We call           , ,x x x x       R integrable if  and c
 are182

integrable. In this case, we define the mathematical expectation of as the following manner183

        
    

, ,

, , , , , , 0,1 , 1L R L R

E dP x E x E x x

dP dP dP dP

 

   

   

         

  

     


   

R
,184

where    1 cE E    .185
Proposition 2.6. Let  be an intuitionistic fuzzy random variable, then the following186
equalities187
1.         E E E E

  
 

      for 0 1r  ;188

2.  E c cE  , whenever cR ;189

3.  1 2 1 2E E E     190
hold.191
Definition 2.13. Assume that     , , , 1, 2,

n nn x x x x U n       is a collection of192

intuitionistic fuzzy random variables.193
(1) If the fuzzy random variables sequence , 1, 2,

n
n  and , 1, 2,

n

c n  are respectively194

mutually independent, then , 1, 2,n n   is called a collection of mutually independent195
intuitionistic fuzzy random variables.196

(2) If , 1, 2,
n
n   and , 1, 2,

n

c n   are two sequences of identically distributed fuzzy197

random vectors, then , 1, 2,n n   is referred to as a sequence of identically distributed198
intuitionistic fuzzy random variables.199
Definition 2.14. Let , 1, 2,n n   be a sequence of intuitionistic fuzzy random variables and200
let  be an intuitionistic fuzzy random variable (or an intuitionistic fuzzy number). If 0  ,201

     lim , 0nn
P d     


  ,202

then n converge in probability P to  , denoted by203
,P

n n   , or lim nn
 


 .204

Theorem 2.1. Suppose that     , , , 1, 2,
n nn x x x x U n       is a sequence of205

intuitionistic fuzzy random variables and     , ,x x x x U     is an intuitionistic fuzzy206

random variable. Then, P
n  if and only if

n

P
   and

n

P
   .207

Proof. By the definition of Hausdorff metric in  IF R , we have208

             , , , , , , , , ,
n n n nn n nd d d d d d d                        .209

Hence,210

           , , , , ,
2 2n n n nnP d P d d P d P d       
                         

   
.211

The theorem is easily proven.212
Theorem 2.2 (The strong law of large numbers of fuzzy random variables) [32].213
Let  , 1, 2,n n   be a sequence of independent and identically distributed fuzzy random214

variables with 1E    . Then we have215



7

1
1

1 ,
n

P
j

j
E n

n
 



  .216

Theorem 2.3 (The strong law of large numbers of intuitionistic fuzzy random variables). Let217
 , 1, 2,n n   be a sequence of independent and identically distributed intuitionistic fuzzy218

random variables with
1

E    and
1

E    . Then219

1
1

1 ,
n

P
j

j
E n

n
 



  .220

Proof. It follows from Theorem 2.2 and Proposition 2.3.221
222

3. THE KEY THEOREM OF LEARNING THEORY BASED ON INTUITIONISTIC223
FUZZY RANDOM SAMPLES224

225
Let , 1, 2, ,j j l   be a sequence of independent and identically distributed intuitionistic fuzzy226

random samples whose distribution is given as  F  .227

Definition 3.1. We call      , ,ifR E Q Q dP         ,  , where  is an index set228

and  ,Q   denotes the loss functional, the expected risk functional on the basis of229
intuitionistic fuzzy random samples. It could be considered as the intuitionistic fuzzy230
expected risk functional.231

Definition 3.2.    
1

1 ,
l

ifemp j
j

R Q
l

  


  ,  is called the intuitionistic fuzzy empirical risk232

functional.233
Let the risk functional obtain its minimum at  0,Q   and the empirical risk functional234

obtain its minimum at  , lQ   .235

Definition 3.3. We minimize  ifempR  to replace  ifR  and refer to the function  , lQ  236

as an approximation to the function  0,Q   . We call this principle the intuitionistic fuzzy237
empirical risk minimization principle.238
Definition 3.4. If the following two sequences converge in probability to the same limit:239
   infP

if l iflR R


  
 ,240

   infP
ifemp l iflR R


  
 ,241

then the intuitionistic fuzzy empirical risk minimization principle is consistent for the set of242
functions  ,Q   ,  and for the distribution functional  F 243

Definition 3.5. If for any nonempty subset    ,C C IF  R of this set of functions such that244

    : ,C Q dP C     the convergence245

 
 

 
 inf infP

ifemp iflC C
R R

 
  
 ,246

then the intuitionistic fuzzy empirical risk minimization principle is strictly consistent for the247
set of function  ,Q   ,  and the distribution function  F  .248
Remark 3.1. We only consider the sequence of intuitionistic fuzzy random variables that are249
partially ordered " " . We denote by      ,if ifempd R R 


the Hausdorff metric250

when    ifemp ifR R  .251



8

Theorem 3.1 (The key theorem of learning theory based on intuitionistic fuzzy random252
samples). Suppose that there exist two intuitionistic fuzzy numbers 1W and 2W , such that for253
all functions in the set  ,Q   ,   , and for a given distributed function  F  , the254

inequalities  1 2,W Q dP W   hold true. Then the sufficient and necessary conditions for255
the strict consistency of IFERM principle is that the convergence256

      sup , 0if ifemp lP d R R


   
 257

holds for any 0  .258
Proof. Necessary: By Definition 3.5 for the set     : ifC R C    , we have259

 
 

 
 inf infP

ifemp iflC C
R R

 
  
 (3.1)260

We denote by A the event of the form      sup ,if ifempd R R


  

 .261

Suppose that A holds. Then there exists  * C  such that      * *,if ifempd R R  

 . We262

can find 1 2kW a W  , such that  *
ka  and    * ,

2if kd R a 

 . Then for these  ka263

the inequalities264

 
 

 * , inf
2k

if ifa
d R R



 
 

       
and  

 
 * inf

k
ifemp ifempa
R R


 


265

hold true.266
Therefore267

 
 

 
 

 
 

   
 

 * *

inf , inf

, inf , inf
2

k k

k k

if ifempa a

if ifemp if ifa a

d R R

d R R d R R

 

 

 

   

  

  

      
                    

.268

According to (3.1), we have269

 
 

 
 inf , inf 0

2k k
if ifemp la a

P d R R
 

    

           
.270

Denote by kT the event
 

 
 

 inf , inf
2k k

if ifempa a
d R R

 

 
  

       
, then k

k

A T ,271

  0k l
k

P A P T 

 
  
 
 .272

Hence273

      sup , 0if ifemp lP d R R


   
  (3.2)274

Sufficiency: We denote by A the event
 

 
 

   : inf , infif ifempC C
d R R
 

   
 

275

 
 

 
  1 : inf , infifemp ifC C

A d R R
 

   
  

     
  

276

 
 

 
  2 : inf , infif ifempC C

A d R R
 

   
  

     
  

.277

Then 1 2A A A  , and      1 2P A P A P A  .278

Suppose that the event 1A occurs, we can find    *, ,Q C     , such that279



9

 
 

  * , inf
2if ifC

d R R


 
 

   
 

and  
 

 infifemp ifempC
R R


 


 .280

By
 

 
 

  inf , infifemp ifC C
d R R

 
  

  

   
 

, we have281

 
 

  * , infifemp ifC
d R R


  

 

   
 

.282

Therefore283

     * *,
2ifemp ifd R R  


 .284

In virtue of the monotonicity of probability and the strong law of large numbers of285
intuitionistic fuzzy random variables, we obtain286

       * *
1 , 0

2ifemp if lP A P d R R   

    
 

.287

On the other hand, if the event 2A takes place, we can find    ** **, ,Q C    , such that288

 
    **inf ,

2if ifempC
d R R



 
 

   
 

and  
 

 ** infif ifC
R R


 


 .289

Then290

     ** **,
2if ifempd R R  


 .291

Therefore292

       
     

** **
2 ,

2

sup , 0.
2

if ifemp

if ifemp l

P A P d R R

P d R R


 

 





   
 
    
 

293

Hence294
     1 2 0lP A P A P A    .295
The theorem has been proved.296
The samples become fuzzy random samples when 1    . Then we have297

Corollary 3.1 [26]. Let the set of functions  , ,Q     , satisfies  X R Y  . Then the298
sufficient and necessary condition for the strict consistency of FERM principle is the299
convergence300

      lim sup , 0f fempl
P D R R


  

 
 301

is valid.302
The samples become random samples in the usual sense when the samples are not303

represented as fuzzy sets, and let d be the subtraction of real numbers. Then we have304
Corollary 3.2 [47]. Assume that there exist the constants a and A such that for all305
functions in the set  , ,Q     , and for a given distribution function  F  , the inequalities306

  ,a R A   307
hold true. Then the following two statements are equivalent:308

1. For the given distribution function  F  , the empirical risk minimization method is309

strictly consistent on the set of functions  , ,Q     .310
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2. For the given distribution function  F  , the uniform one-sided convergence of the311

means to their mathematical expectation takes place over the set of functions  , ,Q     .312
313

4. BOUNDS OF THE RATE OF UNIFORM CONVERGENCE OF INTUITIONISTIC314
FUZZY RANDOM SAMPLES315

316
In statistical learning theory, the important conclusions about the relationship between317
empirical risk and actual risk form the promotion of some boundary. They are essential to318
learning machine capacity analysis and the development of new learning algorithms. An319
important part of the rate of convergence of learning processes is the generalization bounds.320
In this section, consensus convergence of learning process based on intuitionistic fuzzy321
random samples is discussed. We consider the model where a set of intuitionistic fuzzy322
measurable functions  , ,Q     contains a finite number N of elements323

 , , 1, 2, ,kQ k N    . At first, we introduce a basic theorem:324

Theorem 4.1[25,26]. Let       , 0,1 , 1, 2, ,j j jr r
r j n  

      
 be a sequence of fuzzy325

random variables, and    ,j jr r
 

 
have the limited variance and the same upper boundsM .326

Then327

2
1

1 2,
n

j j
j

MP d E
n n
  



       
   
 .328

Theorem 4.2. Let     , , , 1, 2, ,
j jj x x x x U j n       be a sequence of intuitionistic329

fuzzy random variables,    ,
j jr r  
 

and    ,
j jr r  
 

have the limited variance and the330

same upper bounds 1M and 2M , respectively. Then331

 1 2
2

1

81 ,
n

j j
j

M M
P d E

n n
  



        
   
 .332

Proof. According to Theorem 4.1, we have333
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1 1 1

1 1

1

1 1 1, max , , ,

1 1, ,

1 1,

j j j j

j j j j

j j

n n n

j j
j j j

n n

j j

n

j

P d E P d E d E
n n n

P d E d E
n n

P d E d
n n

   

   

 

       

    

 

  

 



                          
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Theorem 4.3. Suppose that  , , 1, 2, ,kQ k N    is a set of the functions,  ,E Q    335
exists and satisfies the conditions of Theorem 4.2. Then the following inequality336

       1 28
,if l ifemp l

N M M
d R R

l
 




337

holds with probability of at least1  .338
Proof.339
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1 1

1 2
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sup , ,
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if k ifemp k if k ifemp k
k N k

P d R R P d R R

M M
N

l

     



   

  


 


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Let
 1 2

2

8 M M
N

l





  , we conclude that
 1 28N M M
l





 .341

Therefore342
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  

.343

Theorem 4.4. The inequality344

       1 2
0

2
, 2if l if

N M M
d R R

l
 




345

is satisfied with probability of at least 1 2 .346
Proof. Considering the properties of d and Theorem 4.3, we have347
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 

 




348

Let the following relationships hold349

       1 28
: ,if l ifemp l

N M M
A d R R

l
 




 ;350

       1 2
0 0

8
: ,ifemp if

N M M
B d R R

l
 




 ;351

       1 2
0

8
: , 2if l if

N M M
C d R R

l
 




 ,352

and    1 ; 1P A P B     .353

We can conclude that C must hold true in virtue of A and B true, then    P C P AB .354
Therefore355

          1 1 1 2c c cP C P AB P AB P A P B         .356

The theorem is proved.357
When the samples are the fuzzy random samples, let358

        0, ,f lR d Q dF I     and      0
1

1 , ,
l

femp l k
k

R d Q I
n

  


 
  
 
 . Then we have359

Corollary 4.1[25,26]. Suppose that  , ,kQ   1,2, ,k N  is a set of functions360

and        , , , ,k k kr r r
Q Q Q     

  
  . If   , k r

Q  


,   , k r
Q  


have the limited361

variance and the same upper boundsM , then362

1)     2
f l femp l

MR R
l

 


  holds true with probability of at least 1  .363

2)    0
22f l f
MR R
l

 


  is satisfied with probability of at least 1 2 .364

Let d denote the subtraction of real numbers. We use Hoeffding’s inequalities when the365
samples are the random samples in the usual sense. We have366
Corollary 4.2[47]. If   , , , 1, 2, ,k kQ k N      is bounded, i.e.,  , kA Q B   , then367

1)       ln ln
2l emp l
NR R B A
l
  

   is valid with probability of at least1  .368

2)      0
ln ln ln
2 2l
NR R B B A
l l
    

    holds true with probability of at369

least1 2 .370
371

5. CONCLUSIONS372
373

This paper discusses the intuitionistic fuzzy numbers and intuitionistic fuzzy random374
variables. We have proved the strong law of large numbers of intuitionistic fuzzy random375
variables and showed some related theorems and useful properties. Furthermore, based on376
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intuitionistic fuzzy random samples, we propose the principle of intuitionistic fuzzy empirical377
risk minimization of learning theory, prove the key theorem of learning theory based on378
intuitionistic fuzzy random samples, and discuss the bounds of the rate of uniform379
convergence of learning process. Altogether these findings have laid the foundation for380
further research in statistical learning theory involving intuitionistic fuzzy random samples.381
Further investigations might focus on such fundamental issues as intuitionistic fuzzy382
structural risk minimization and address the applied aspects such as support vector383
machines based on intuitionistic fuzzy random samples, etc.384
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