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ABSTRACT

In this paper, we discuss the statistical learning theory based on intuitionistic fuzzy random
sample. First of all, we introduce the definition of intuitionistic fuzzy number intuitionistic
fuzzy random variables. Secondly, we give some properties of this concept. Thirdly, the
definitions of intuitionistic fuzzy empirical risk functional, intuitionistic fuzzy expected risk
functional, and intuitionistic fuzzy empirical risk minimization principle are presented. Finally,
we prove the key theorem of intuitionistic fuzzy random sample and obtain the rate of
uniform convergence of learning process based on the intuitionistic fuzzy random sample.

Keywords: Intuitionistic fuzzy numbers; Intuitionistic fuzzy random variables; Intuitionistic
fuzzy empirical risk minimization principle; The key theorem; The bounds of the rate of
convergence

1. INTRODUCTION

Statistical learning theory (SLT, for short), put forward in 1960s and completely founded by
Vapnik et al. in 1990s. [46-48], has become an interesting and good law that supports the
development of small samples statistical learning. The SLT has become the fastest growing
discipline in machine learning in the late 1990's. Its essence was to make the learning
machines work effectively with the limited samples and then improve the generalization
abilities of the learning machines. By doing this, we establish a meaningful theoretical
framework for statistical learning based on small data samples. Meanwhile, SLT gave rise to
a new category of general learning algorithms, which we called the Support Vector Machine
(SVM, for short). Currently, the SLT and SVM constitute interesting research avenues in
machine learning [6, 7,10,11,12,20,28,29,30,31,35,36,39,41,43,44,45,49,50,52,53,56].

The SLT covers four main parts [6]: (1) the learning process that minimizes the necessary
and sufficient conditions for the consistency of the empirical risk, which is referred to as the
key theorem of learning theory; (2) the scope of generalization; (3) the structural risk
minimization principle; (4) the support vector machine (SVM) algorithm that implements the
structure risk minimization principle. The key theorem of learning theory and the boundary of
convergence of the learning process are the two most important foundations for further
research on related topics, such as the structural risk minimization and the SVM.

Although the SLT has reached a level of high maturity, there are still some problems to be
solved, for example, the development of SLT and SVM is based on probability space and
real-valued random sample (real-valued random variables). In the real world, there are many
non-probability space (such as the Sugeno measure space [51], credibility measure space
[38]) and non-real random samples (such as fuzzy sample [55], fuzzy random sample [32],
and fuzzy complex random samples [26]). In order to solve these problems, the expansions
of the SLT in non-probabilistic space and non-real random samples have become an urgent
need to move forward. Some studies have been achieved along this line [21-27,39,42,43].
For example, Ha et al. [21-23] studied the key theorem and the generalized boundary on
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Sugeno measure probability space and quasi-probability measure space; Tian et al. [24,26]
investigated the construction of statistical learning theory based on fuzzy random samples
and fuzzy complex random samples; Lin et al. [36] constructed fuzzy support vector machine
based on random sample.

Intuitionistic (IF, for short) set, originated by Atanassov [1,5], is an important concept used
to cope with imperfect and/or imprecise information. It is an intuitively straightforward
extension of Zadeh'’s fuzzy sets [55]: while a fuzzy set gives a degree to which an element
belongs to a set, an intuitionistic fuzzy set gives both a membership degree and a non-
membership degree. The membership and non-membership values induce an indeterminacy
index, which models the hesitancy of deciding the degree to which an object satisfies a
particular property. As the basis for the study of IF set theory, many operations and relations
over IF sets were introduced [1-5]. Many concepts in fuzzy set theory were also extended to
IF set theory, such as IF relations, intuitionistic L-fuzzy sets, IF implication, IF logics, and the
degree of similarity between IF sets, etc., [4,9,13,15,16,33,34,57]. For a further study for the
structure of IF sets, construction theorems of IF sets, IF topology and the axiomatic
characterization of IF sets have been investigated [8,14,18,40]. Recently, IF set theory has
been successfully applied in decision analysis and pattern recognition (see, e.g., [19,37,54]).

However, the study for the combination of IF set theory and statistical learning theory is
still blank. This paper discusses the statistical learning theory based on intuitionistic fuzzy
random samples by combining intuitionistic fuzzy analysis and SLT, revisits the major parts
of the SLT and establishes some ground material for further development of classifiers such
as support vector machines. This paper is organized as follows: Section 2 introduces some
basic definitions, elaborates on a number of properties of intuitionistic fuzzy random
variables. In Section 3, we prove the key theorem of learning theory based on intuitionistic
fuzzy random samples. In the sequel, in Section 4, the bounds of the rate of uniform
convergence of learning process based on intuitionistic fuzzy random samples are
discussed. The final section offers the conclusions and brings prospects of potential future
developments.

2. PRELIMINARIES

Throughout this paper, we let (Q,A,P) be a probability measure space and R be the real

numbers field.
Definition 2.1 [32]. A fuzzy number is a fuzzy set X : R —[0,1] with the following properties:

(1) Xis normal, i.e., there exists x € R such that X (x)=1;
(2) X is upper semi-continuous;
(3) supp X =cl{xeR: X(x)>0}is compact;
(4) X is a convex fuzzy set, i.e., X(Ax+(1-4)y)=min(X(x),X(y)), for Vx,yeR and
Ae [0,1] .
Let F(R) be the family of all fuzzy numbers onR . For a fuzzy set X , if we define

B {x:X(x)Zr},O<rSl
supp X, r=0

then it follows that X is a fuzzy number if and only if (X) #@ and (X) is a closed
bounded interval for each r €[0,1]. Therefore, a fuzzy number X is completely determined
by the intervals (X) .

Let X,Y € F(R), Vre[0,1], (X), =[(X),,(xX), |and(¥), =[(¥), (1), ]. Define

r
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xer= U {[(x), £(0) () (1), ]}

Let us introduce a partially ordered relation on F(R)as follow: for any X,Y € F(R), we
say X <Y, iffvre[0,1], (X) <(Y) ie., (X) <(Y¥) and(X) <(Y).
Definition 2.2 [32]. A fuzzy number valued function §:Q—>F(R) is called fuzzy random
variable if for every closed subset B of R, the fuzzy set &' (B) is measurable when
considered as a function from Q to [0,1], where &' (B) denotes the fuzzy subset of Q
defined by 5"(3)(w)=sup§(w)(x) forevery wme Q.

Definition 2.3 [32]. A fuzzy random variable &(w {[f (w)]|0<r£1} is called
integrable if for eachr €[0,1], & (@) and &' (@) are integrable, or equivalentIyJ'||§||dP<oo,

where ]| = max{|§0’|,

manner
E¢=[édp= {Uf;dP,jg:dP]O <r< 1} .

Definition 2.4 [1]. LetU be a nonempty set. An intuitionistic fuzzy set 4 in U is an object
having the form A4 = {(x 1y (x),v, (x)>|x c U} ,

N } In this case, the expected value of £ is defined in the following

where u, :U —[0,1] and v, :U —[0,1] satisfy 0<u,+v, <1 for all xeU , and u,(x) and
v(x) are, respectively, called the degree of membership and the degree of non-membership
of the element xeU to 4 . The complement of an IF set 4 is denoted

by 4 = {<x,v(x),,uA (x)>|x IS U} .
Obviously, every fuzzy set 4= {<x,A(x)>|x e U} = {<x,,uA (x))|x eU} can be identified with

the IF set of the form {<x,,uA (x),1-p, (x)>|x c U} and is thus an IF set.

We introduce some basic operations about IF sets as follows [1-5,17,33]:
Let 4 and B be two IF sets, then

Ac B iffp, (x)< py(x) and v, (x)<v,(x) forall xeU,

Ao B iffBc A4,

A=B iff AcB and Bc 4,i.e, ,uA(x) 4y (x) and v, (x)=v,(x) foranyxeU,
AﬂB={<x,yA(x)/\yB(x),vA(x eU},

AUB:{<x,,uA(x)v,uB(x) v, (x)Av,(x eU},

Va,fe[01],a+p<1, (a,f)A= {<x,a/\,uA (x),Bvv, (x)>|x eU} .
Definition 2.5 [58]. Let 4 be an IF setand o, B €[0,1]witha+ B <1, the (a, B)-level cut set
of 4, denoted by 47, is defined as follows:

A7 ={er|yA(x)2a,vA (x)S/i’}
4, ={xeUlu,(x)2a}and 4, ={xeU|u,(x)>a|are, respectively, called the a—level cut

set and the strong ao- level cut set of membership generated by 4 . And
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A’ = {x eUlv,(x)< ﬂ} and A7 = {x eUlv,(x)< /3} are, respectively, referred to as the
S —level cut set and the strong S - level cut set of non-membership generated by 4 .
Proposition 2.1. Let 4 € IF (U),a, f €[0,1]and a + f<1. Then
A=J(a.p) 4 =U(a.p) 4L, = (. ) A" =\ (. 5) 47 .
Proof. We have only to prove that the equation A=U(a,ﬂ)Af holds for anyxeU . The
other equations can be proved in a similar way. On one hand, we have
'uU(a,/;)Af (x) =N (x) = v(a A Af (x))

:( v (a/\Af(x)))\/( N (aAAf(x)))

0<a<u,(x) 1y(x)<as<l

= v a=ux).

B 0<a<py(x)

On the other hand, we have

VU(a,ﬂ)Af (x) = AV o4t (x) = /\(ﬂv(l—Af (x)))
0 Sl(ﬂv(l—A{f(x))))

vy(x)<p
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v, (x)<ps<1
Thus 4=|J(a.B8) 4 .
Definition 2.6 [59]. The IF set 4={(x,u,(x),v,(x))|xeR}is called an IF number if and only
if 1, and v are two fuzzy numbers, where v =1-v,.

The family of all intuitionistic fuzzy numbers is denoted by IF'(R).
Proposition 2.2. Let 4 € [F(R) . Then the membership function x, (x)and non-membership
function v, (x) have the following properties:

(1) ,:R —[0,1]is an upper semi-continuous function and x, :R —[0,1]is a lower semi-

continuous function;

(2) p,(x)=0, Vxe(-oo,c]U[d,+0), v,(x)=1, Vxe(—o0,e]U[f,+0);

(3) u, (x)=l,VA (x)=0, Vxe[a,b];

(4) u, (x) is strictly monotonously increasing on [c,a] and strictly monotonously decreasing
on [b,d]; v,(x)is strictly monotonously decreasing on [e,a] and strictly monotonously
increasing on [b, f].

Definition 2.7. Some Operations on /F (R ) are defined as follows:
V4,BeIF(R),

A+B={<z, sup (11, () Aty (). inf (v, (x)wﬁ(y))>|x,yeu};

x+y=z xty=z

pA:{<Z,M (), (;j>|pu} pe0;

If p=0, then

supiju, (x)|xeU;, z=0 infiv, (x)lxeU;, z=0
=[] < [l 2o
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Proposition 2.3. Let 4,B € IF(R). And (a, ) level cut set of 4 and B are denoted by
AP = [,uA,,uA, viL(a, ﬁ):| B’ = [#B’ﬂe, vy, (a, ,B)].Then we have
A+B= {[yA+yB,yA + Vv v vy (a, B ]|a B e[0.,1], a+,8<1}
) {[pect. putt pvi, pvi (e B) |l B e[0.1])a+ <1} if p2 0
) Lol putt pvE . pvi (. ) e p <[00+ B 1. if p <O
Definition 2.8 [58]. Let A={(x,u,(x),v,(x))|xeU},B={(x.1, (x),v, (x))[xeU} e IF(R) .
Define A<B if u, <pyandvi<v,; A=B if A<B andB<A4; A<B if ASBandA4#B.
Obviously, (IF(R),<)is a partially ordered set.

Definition 2.9. LetS < /F(R)and M e IF (R). We say that M is the supremum of the set S if

the following two conditions are satisfied:
(1)forany4e S, A<M ,i.e., Misthe upper bound of the setS ;
(2) for any the upper bound Nof S, M <N .
Similarly, we can define the infimum of the set S .

Let K(R) be a family of all the nonempty compact convex subsets ofR . If 4,BeK(R),
then the Hausdorff metric is defined by

d, (A,B) = max{iggiggd(x,y),i}:gixrgd(x,y)} )
where d(x,y) denotes the distance between two real numbersxand y .
Let us define a consistent Hausdorff metric in IF(R) to be in the following form

d(4,B)= a‘sblgl[[g’l]max{dH (4,.B,).d, (A’H,Bﬁ )}

@ pel
= max {d (s, 41 ),d (v,,v, )}
:max{d(,uA,,uB ( VS )}
whereA:{<x w1, (x), >|er} {<x iy (x x>|er}elF(R).
Proposition 2.4. If 4, B, CeIF( ), thend (4, B)+d(B C)=d(4,C).
Proposition 2.5. If A,B,CeIF(R) and A>B>C ,
thend (4,C)>d (4,B)andd(4,C)>d(B,C).
Definition 2.10. Let(Q,A,P) be a probability measure space. An intuitionistic fuzzy number
valued mapping £:Q—>IF(R) , o—¢(w)= {<x,,u§(m) (x),vé(w) (x)>|x € R} is called an
intuitionistic fuzzy random variable if x.and v;are two fuzzy random variables defined on
(QA P) where . L0 > 1y, w—)v(w)and vi=l-v,.
Definition 2.11 Let &(w)= {<x, ey (%) Ve (x)>|x € R} be the intuitionistic fuzzy random
variable defined on (©,A ). We called
F(Z)= P{é(w) < Z} = P{,uﬁw) Sy Vi 2 VZ}

as the distribution function of &, where Z = {<x,,uz (x).v, (x)>|x € R} elF(R).
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Definition 2.12. We call é(a)):{<x,,u§(m)(x),vé(m)(x)>|xeR} integrable if 4. and v; are

integrable. In this case, we define the mathematical expectation of £ as the following manner

E(§)=[&dP ={(x.E(u;)(x).E(v.)(x))lx e R

= {UyédP,J.,ugdP,J-ngdP,J‘vgdP,(a,ﬂ)]a,ﬂ e[0,1],a+p< 1} ’

where E(v, ) =1-E(v¢).

Proposition 2.6. Let £ be an intuitionistic fuzzy random variable, then the following
equalities

1{E&)) =E(&)=E(&)NE(" ) for 0<r<1;

2.E(c&)=cE¢ , wheneverceR ;

3E(§1 i_‘fz):Eél iEé:z

hold.

Definition 2.13. Assume that & = {<x,,u§” (x),v,;” (x)>|x eU},n =1,2,--- is a collection of

intuitionistic fuzzy random variables.
(1) If the fuzzy random variables sequence x, ,n=1,2,---andv; ,n=1,2,--are respectively

mutually independent, then & ,n=12,--- is called a collection of mutually independent
intuitionistic fuzzy random variables.
(2) fu, ,n=12,-- and v;,n=12,-- are two sequences of identically distributed fuzzy

random vectors, then & ,n=12,.--is referred to as a sequence of identically distributed

intuitionistic fuzzy random variables.
Definition 2.14. Let £ ,n=1,2,--- be a sequence of intuitionistic fuzzy random variables and

let £ be an intuitionistic fuzzy random variable (or an intuitionistic fuzzy number). If Ve >0,
limP{a)|d(§” (0),¢(w))> e} =0,
then & converge in probability P to &, denoted by
§,— & n—>w,orlimg, =¢.
Theorem 2.1. Suppose that & = {<x,/¢§” (x),ve (x)>|x € U}, n=1,2,--- is a sequence of
intuitionistic fuzzy random variables and & = {<x,,u§ (x),v: (x)>|x eU} is an intuitionistic fuzzy
random variable. Then, &, ——¢ if and only if y, ——u, andv, ——>v, .
Proof. By the definition of Hausdorff metric in /F (R ), we have
d(py o) <d (&), d (v, v, )<d (&), d(£,.8)<d(pyp)+d (v, .v.).-
Hence,
P{d(fnj) > g} SP{d(yéy,y§)+d(v§",V§) > S}S P{d(,u;’,,ué) >§}+P{d(v§n,vé>>§}.

The theorem is easily proven.
Theorem 2.2 (The strong law of large numbers of fuzzy random variables) [32].

Let{fn,nzl,z,m} be a sequence of independent and identically distributed fuzzy random
variables with £|| | < . Then we have
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Jj=l1
Theorem 2.3 (The strong law of large numbers of intuitionistic fuzzy random variables). Let
{ n,nzl,z,o--} be a sequence of independent and identically distributed intuitionistic fuzzy

random variables with E",% || <o and E||v5] || <. Then
—25 —L S EE n—>w.

Jj=l1
Proof. It follows from Theorem 2.2 and Proposition 2.3.

3. THE KEY THEOREM OF LEARNING THEORY BASED ON INTUITIONISTIC
FUZZY RANDOM SAMPLES

Let $ni=12,,1 be a sequence of independent and identically distributed intuitionistic fuzzy
random samples whose distribution is given as F (&) .
Definition 3.1. We call R, (a)=E[Q({,a)]= jQ Ea)P,ae A, where Ais an index set

and Q(r:,a) denotes the loss functional, the expected risk functional on the basis of
intuitionistic fuzzy random samples. It could be considered as the intuitionistic fuzzy
expected risk functional.

!
Definition 3.2. R, (a %ZQ( ) a € Ais called the intuitionistic fuzzy empirical risk

p
functional.
Let the risk functional obtain its minimum atQ(g,ao)and the empirical risk functional

obtain its minimum at O(¢,«,).

Definition 3.3. We minimize R, («) to replace R, («) and refer to the function O(&,a,)
as an approximation to the function O(&,«,). We call this principle the intuitionistic fuzzy
empirical risk minimization principle.

Definition 3.4. If the following two sequences converge in probability to the same limit:

R, (a[)——nnfR/ ( )

Ry, (@, )leg Ry (a (@),

then the intuitionistic fuzzy empirical risk minimization principle is consistent for the set of
functions Q(&,a), @ € A and for the distribution functional F (&)

Definition 3.5. If for any nonempty subset A(C),C e IF (R) of this set of functions such that
A(C) :{a:jQ £, a)dPZC} the convergence
mfR (a)—%— inf R, (a),

aeA(C) ifemp aeA(C)
then the intuitionistic fuzzy empirical risk minimization principle is strictly consistent for the
set of function O(&,a) , @ € A and the distribution function F(¢).

Remark 3.1. We only consider the sequence of intuitionistic fuzzy random variables that are
partially ordered "<" . We denote by d((Ri, (a),R{.,émp(a)L) the Hausdorff metric

whenR, (a)<R,(a).



252
253

254

255
256

257

258
259

260

261

262

263
264
265

266
267

268

269
270

271

272

273
274

275

276

277

278
279

Theorem 3.1 (The key theorem of learning theory based on intuitionistic fuzzy random
samples). Suppose that there exist two intuitionistic fuzzy numbers W, and W, , such that for

all functions in the set O(¢&,a),aeA, and for a given distributed function F (&), the

inequalities W, < IQ(i,a)dP <W, hold true. Then the sufficient and necessary conditions for
the strict consistency of IFERM principle is that the convergence

P{sggd((RM (@).R,, (). ) > g}Tm

holds forany ¢ >0.
Proof. Necessary: By Definition 3.5 for the set A(C)={a: R, ()= C}, we have

inf sz(mp( )——— inf R, (a) (3.1)

ae\(C aeA(C)

We denote by 4 the event of the form supd(( (@), Ry (0‘))2) >e.

ael

Suppose that 4 holds. Then there exists @’ € A(C)such thatd((R,, («).R a*))2)> &. We

ifemp (

can find W, <a, <W,, such that o’ e A(a,) andd((Rif(a*),ak )>) <=. Then for these A(a,)

&
2
the inequalities

d((R[f(a*>’ inf R, S (e )lj<2andR’f”""( )Zai?&)Rv’emp(“)

(ze/\ a,‘
hold true.
Therefore
([t 2ot B (@) )

2 (R a). o R @) o[ (2 ) g @) )25

According to (3.1), we have

P{d(( 1}\1(1" R, (), mf)Rmmp(a)) ]>§}TO-

aeA

aeh(a;) aeh(aq;)

Denote by 7, the eventd(( inf R (a), inf R, (a)) j>%,thenAgUTk,
> k
P(A)SP[UTJTO.
k

Hence
P{supd((Rif.(a),Ri/emp (a))2)>g}m—>0 (3.2)

ael

Sufficiency: We denote by 4 the event {a):d(ag%fc R, (a ),agf R, (a ))>g}

Al ={wd(( ln(fc l/emp( )’ ll'l(f R ( )) j>g}
4, = {a) : d((aiel}\{c) R, (), ngc R (a))zj > 5} :

ThenA=4U4,,and P(4)< P(4)+P(4,).
Suppose that the event 4, occurs, we can find Q(g‘,a*),a" e A(C), such that
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d((RO’( a). inf R, (e ))>)<zand&w( )z inf R, ().

as/\

Byd((alen{ szemﬂ (a),aierz(f(,‘) Rif' (a))>j >g, we haVe

d((Riﬁ'mﬁ (a*)’aielzng) Rif‘ (05))>j e

Therefore

d((Ri/bnrp (a*)’Rff (a*))z) >§ .

In virtue of the monotonicity of probability and the strong law of large numbers of
intuitionistic fuzzy random variables, we obtain

P(4)< P{d((Rlﬁmp (a).R, (a))) > %}To :

On the other hand, if the event 4, takes place, we can find Q(g‘,a**),a** e A(C), such that

([ () o (a7) ] 5 a0, (o) g )

Then
d ((Ri/' (a** )’Rifbmp (a** ))2) > % )
Therefore
Pa)=P{a((R (") R () )£
: P{ililzd((zeﬁ_ (). Ry (), ) > %}TF’O
Hence

P(A)<P(4)+P(4,)—5—0.
The theorem has been proved.
The samples become fuzzy random samples whenv, =1- .. Then we have
Corollary 3.1 [26]. Let the set of functions O(¢&,a),a € A, satisfies X <R(a)<Y. Then the

sufficient and necessary condition for the strict consistency of FERM principle is the
convergence

hmP{supD(( (a).R,,, (a))z) > g} =0

[>o aeh
is valid.

The samples become random samples in the usual sense when the samples are not
represented as fuzzy sets, and let d be the subtraction of real numbers. Then we have
Corollary 3.2 [47]. Assume that there exist the constants a and 4 such that for all

functions in the set (&, a),a € A, and for a given distribution function F (&), the inequalities
a<R(a)<Ad,ael

hold true. Then the following two statements are equivalent:
1. For the given distribution function F(§) the empirical risk minimization method is

strictly consistent on the set of functions O(¢&,a),a e A.
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2. For the given distribution function 7 (&), the uniform one-sided convergence of the
means to their mathematical expectation takes place over the set of functions Q(i,a),a eA.

4. BOUNDS OF THE RATE OF UNIFORM CONVERGENCE OF INTUITIONISTIC
FUZZY RANDOM SAMPLES

In statistical learning theory, the important conclusions about the relationship between
empirical risk and actual risk form the promotion of some boundary. They are essential to
learning machine capacity analysis and the development of new learning algorithms. An
important part of the rate of convergence of learning processes is the generalization bounds.
In this section, consensus convergence of learning process based on intuitionistic fuzzy
random samples is discussed. We consider the model where a set of intuitionistic fuzzy

measurable functions Q(¢,a),aeA contains a finite number N of elements
0(¢,a,), k=1,2,---,N . Atfirst, we introduce a basic theorem:

Theorem 4.1[25,26]. Let ¢, :{[(éj);,(éj):]ke[O,l]},j:I,z,---,n be a sequence of fuzzy

random variables, and (£,) .(¢, )+ have the limited variance and the same upper bounds M .
Then

1 2M

P<d| — JEE | > <—.

{ (n;(f” fj] g} ne’
Theorem 4.2. Let¢, ={<x,,ufj (x),vg,/ (x)>|er},j=l,2,~--,n be a sequence of intuitionistic

fuzzy random variables, (,ué/ ):,(yf )+ and (vg,/ ):,(vé/ ): have the limited variance and the

same upper bounds M, and M, , respectively. Then
1L 8(M,+M,)
Pd| — LZEE |26 S ————2.
{ [n;:, s,] }

Proof. According to Theorem 4.1, we have
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_8M, 8M, _8(M,+M,)
ne’  neg’ ne’
Theorem 4.3. Suppose that O(¢,¢,),k=12,--,N is a set of the functions, E[Q(&,a)]

exists and satisfies the conditions of Theorem 4.2. Then the following inequality

8N (M, +M,)
d ((R”. (). Ry, (@), ) < T
holds with probability of at least1-7.

Proof.
N
P{li}flgvd((&f (@ ): Ry (2, ))2) > 5} < 2

P{d ((Rif’ (@0): Ry, (2 ))2 ) > 5}

8(M,+M,)

2

1

IA

N-
le

8N (M, +M,)
In '

8(Ml +M2)

1*

LetnN- =7, we conclude that ¢ =

Therefore
SN(M,+M

P{d ((Rif (). Ry, (2, ))2 ) < %} z1-7.
Theorem 4.4. The inequality

AN(M,+M,)
d((Rif(al),Rif (ao))Z)SZ #
is satisfied with probability of at least 1-27 .
Proof. Considering the properties of d and Theorem 4.3, we have
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d((Ri/ (@), Ry ( ))2 ) < d((R::f (@) Ryeny (@ ))2)"' d(R[/mp (). Ry (@, ))
d

((Rif (al)’Rifé"’p (0[, ))z)—‘rd((R'ﬁmp (ao)’Rif (0(0 ))z)
In '
Let the following relationships hold
8N (M, +M
A: d((Ri/. (@) Ry (al))z)g % ;
8N(M,+M,)

B: d((Rif‘emp (@), Ry (0‘0))2 ) | e —

<2

Cod((Ry (@), B () )2

and P(A)ZI—U;P(B)ZI—U.

We can conclude that C must hold true in virtue of 4 and B true, then P(C)> P(4B).
Therefore

P(C)> P(4B)=1-P((4B) ) 21-P(4°)-P(B)>1-21.

The theorem is proved.
When the samples are the fuzzy random samples, let

R, (a,)= d(J'Q(g,a)dF(f),I{o})and R, (a)= d(%ZQ(fk,a),l{o}j. Then we have
Corollary 4.1[25,26]. Suppose that Q(¢,a,), k=1,2,--,N is a set of functions
and Q(g,ak),=[(Q(§,ak));,(Q(§,ak))j LI (&) (0(&a,)) have the limited

variance and the same upper bounds M , then

1) R, (a,)-R,,, ()< leﬁ holds true with probability of at least 1-7.
‘ n

2) R, ()R, (a,)<2 ZZ—M is satisfied with probability of at least 1—27 .
‘ \ 1

Let d denote the subtraction of real numbers. We use Hoeffding’s inequalities when the
samples are the random samples in the usual sense. We have

Corollary 4.2[47. If {Q(&,a, )., € A,k =1,2,---,N} is bounded, i.e., A< Q(&,e,)< B, then

1) R(a,)-R,,, (a)< (B—A),/% is valid with probability of at least1-7 .
InN—-Inn —Inp . o
2) R(a)-R(e))<B T+(B—A) 5 holds true with probability of at

least1-27 .

5. CONCLUSIONS

This paper discusses the intuitionistic fuzzy numbers and intuitionistic fuzzy random
variables. We have proved the strong law of large numbers of intuitionistic fuzzy random
variables and showed some related theorems and useful properties. Furthermore, based on
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intuitionistic fuzzy random samples, we propose the principle of intuitionistic fuzzy empirical
risk minimization of learning theory, prove the key theorem of learning theory based on
intuitionistic fuzzy random samples, and discuss the bounds of the rate of uniform
convergence of learning process. Altogether these findings have laid the foundation for
further research in statistical learning theory involving intuitionistic fuzzy random samples.
Further investigations might focus on such fundamental issues as intuitionistic fuzzy
structural risk minimization and address the applied aspects such as support vector
machines based on intuitionistic fuzzy random samples, etc.
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