
* Tel.: +86 312 5079660; fax: +86 312 5079660.
E-mail address: zhimingzhang@ymail.com.

1

SDI Paper Template Version 1.6 Date 11.10.20121

2-tuple prioritized aggregation operators and2

their application to multiple attribute group3

decision making4

5
Zhiming Zhang*6

7
1College of Mathematics and Computer Science, Hebei University, Baoding 071002, Hebei8

Province, PR China9
10
1112

.13
ABSTRACT14
Aims: The aim of this paper is to present some 2-tuple prioritized aggregation operators for
handling the multiple attribute group decision making problems where there exists a
prioritization relationship over the attributes and decision makers.
Study design: Motivated by the idea of the prioritized aggregation (PA) operators, we first
develop two 2-tuple prioritized aggregation operators called the 2-tuple prioritized weighted
average (2TPWA) operator and the 2-tuple prioritized weighted geometric (2TPWG)
operator.
Place and Duration of Study: We examine their desirable properties.
Methodology: The significant feature of these operators is that they not only deal with the
linguistic and interval linguistic information but also take the prioritization relationship among
the arguments into account.
Results: Then, based on the proposed operators, we propose an approach to multiple
attribute group decision making under linguistic environment in which the attributes and
decision makers are in different priority level.
Conclusion: Finally, an illustrative example is employed to show the reasonableness and
effectiveness of the proposed approach.
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1. INTRODUCTION20

21
Multiple attribute group decision making (MAGDM) consists of finding the most desirable22
alternative(s) from a given alternative set according to the preferences provided by a group23
of experts [16,44-49]. For some MAGDM problems, the decision information about24
alternatives is usually uncertain or fuzzy due to the increasing complexity of the socio-25
economic environment and the vagueness of inherent subjective nature of human thinking26
[2,9,19]; thus, the decision information cannot be precisely assessed in a quantitative form.27
However, it may be appropriate and sufficient to assess the information in a qualitative form28
rather than a quantitative form. For example, when evaluating a house’s cost, linguistic29
terms such as ‘‘high’’, ‘‘medium’’, and ‘‘low’’ are usually used, and when evaluating a house’s30
design, linguistic terms like ‘‘good’’, ‘‘medium’’, and ‘‘bad’’ can be frequently used. Up to31
now, some methods have been developed for coping with linguistic information. These32
methods can be summarized as follows [22]: (1) The approximative computational model33
based on the Extension Principle [5]. This model transforms linguistic assessment34
information into fuzzy numbers and uses fuzzy arithmetic to make computations over these35
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fuzzy numbers. The use of fuzzy arithmetic increases the vagueness. The results obtained36
by the fuzzy arithmetic are fuzzy numbers that usually do not match any linguistic term in the37
initial term set. (2) The ordinal linguistic computational model [7]. This model is also called38
symbolic model which makes direct computations on labels using the ordinal structure of the39
linguistic term sets. But symbolic method easily results in a loss of information caused by the40
use of the round operator. (3) The 2-tuple linguistic computational model [12,13,14,15]. This41
model uses the 2-tuple linguistic representation and computational model to make linguistic42
computations. (4) The model, which computes with words directly43
[24,26,27,28,29,30,31,32,33].44
The 2-tuple fuzzy linguistic representation model represents the linguistic information by45
means of a pair of values called 2-tuple, composed by a linguistic term and a number.46
Meanwhile, the model also gives a computational technique to deal with the 2-tuples without47
loss of information. Since its introduction, the 2-tuple fuzzy linguistic representation model48
has received more and more attention. In a MAGDM problem involving the 2-tuple fuzzy49
linguistic representation model, in order to aggregate the individual linguistic preference50
information into the overall linguistic preference information, 2-tuple aggregation operators51
are most widely used. In the past few decades, many scholars have developed a variety of52
2-tuple aggregation operators, such as 2-tuple arithmetic mean operator [12,14], 2-tuple53
weighted averaging operator [12], 2-tuple OWA operator[12], 2-tuple weighted geometric54
averaging (TWGA) operator [34], 2-tuple ordered weighted geometric averaging (TOWGA)55
operator [34], 2-tuple hybrid geometric averaging (THGA) operator [34], 2-tuple arithmetic56
average (TAA) operator [12], 2-tuple weighted average (TWA) operator [12], 2-tuple ordered57
weighted average (TOWA) operator [12], extended 2-tuple weighted average (ET-WA)58
operator [12],  2-tuple ordered weighted geometric (TOWG) operator [18], extended 2-tuple59
weighted geometric (ET-WG) operator [21], extended 2-tuple ordered weighted geometric60
(ET-OWG) operator [21], generalized 2-tuple weighted average (G-2TWA) operator [22],61
generalized 2-tuple ordered weighted average (G-2TOWA) operator [22], induced62
generalized 2-tuple ordered weighted average (IG-2TOWA) operator [22], 2-tuple linguistic63
power average (2TLPA) operator [36], 2-tuple linguistic weighted power average (2TLWPA)64
operator [36], and 2-tuple linguistic power ordered weighted average (2TLPOWA) operator65
[36].66
The above MAGDMs are under the assumption that the attribute and the decision makers67
are at the same priority level respectively. In this situation, we have the ability to trade off68
between attributes. For instance, if iC and jC are two attributes with the weights iw and jw69
respectively, then we can compensate for a decrease of q in satisfaction to attribute iC by70

gain j

i

w
w
q in satisfaction to attribute jC . However, in some MAGDM problems, we do not71

want to allow this kind of compensation between attributes. For example, consider the72
situation in which we are buying a car based on the safety and cost of cars. We may not73
allow a benefit with respect to cost to compensate for a loss in safety. In this case we have a74
kind of prioritization of the attributes, i.e., safety has a higher priority than cost. Additionally,75
decision making in a company, general manager has a higher priority than vice manager.76
Yager [38] first investigated criteria aggregation problems where there is a prioritization77
relationship over the criteria. Then, Yager [39] and Yager et al. [40] gave much deeper78
insights into this issue. Motivated by the ideas of Yager [38,39] and Yager et al. [40], Wei79
[23] generalized prioritized aggregation operators to hesitant fuzzy environment, proposed80
some hesitant fuzzy prioritized aggregation operators, and applied these operators to81
develop some models for hesitant fuzzy multiple attribute decision making problems in which82
the attributes are in different priority level. Yu and Xu [42] investigated the prioritization83
relationship of attributes in multi-attribute decision making with intuitionistic fuzzy information84
and developed some prioritized intuitionistic fuzzy aggregation operators by extending the85
prioritized aggregation operators. Yu et al. [41] proposed some interval-valued intuitionistic86
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fuzzy prioritized aggregation operators and investigated the application of these operators in87
the group decision making under interval-valued intuitionistic fuzzy environment in which the88
attributes and experts are in different priority level. However, the existing 2-tuple aggregation89
operators are difficult to deal with the MAGDM where the attributes and the decision makers90
are in different priority level respectively. Moreover, we are conscious that there has been91
rather little work completed for using prioritized aggregation operators to solve the MAGDM92
with linguistic preference information. Thus, it is necessary to extend prioritized aggregation93
operators to the linguistic environment. To do it, in the current paper, we develop some 2-94
tuple prioritized aggregation operators. The prominent characteristic of these proposed95
operators is that they take prioritization among the attributes and the decision makers into96
account. Then, we utilize these operators to develop some approaches to the MAGDM97
where the attributes and the decision makers are in different priority level. Finally, some98
numerical examples are given to verify the practicality and effectiveness of the proposed99
operators and approaches.100
This paper is organized as follows. Section 2 introduces some basic concepts of the 2-tuple101
fuzzy linguistic approach and the prioritized average operator. In Section 3, we propose the102
2-tuple prioritized weighted average (2TPWA) operator and the 2-tuple prioritized weighted103
geometric (2TPWG) operator to aggregate the linguistic information. Furthermore, we104
develop a method for MAGDM based on the proposed operators under the linguistic105
environment. In Section 4, an example concerning talent introduction is provided to106
demonstrate the practicality and effectiveness of the developed approach. The final section107
offers some concluding remarks.108

109
2. PRELIMINARIES110

111
In this section, we will introduce the basic notions of the 2-tuple fuzzy linguistic approach and112
the prioritized average operator.113
2.1. The 2-tuple fuzzy linguistic representation model114
Let  0,1, 2, ,iS s i g  be a finite and totally ordered discrete linguistic term set with odd115

cardinality, where is represents a possible value for a linguistic variable, and it should satisfy116
the following characteristics [4, 12,13,14, 17,43].117
(1) The set is ordered: i js s if i j ;118

(2) There is the negation operator:  i jneg s s such that j g i  ;119

(3) Max operator:  max ,i j is s s if i js s ;120

(4) Min operator:  min ,i j is s s if i js s .121
For example, a set of seven terms S could be given as follows [1,3,6,8,10,11]:122

 0 1 2 3 4 5 6, , , , , ,S s nothing s very low s low s medium s high s very high s perfect        .123
To preserve all the given information, Xu [26] extended the discrete linguistic term set S to a124
continuous linguistic term set   0 , 0,gS s s s s g      . If s S  , then s is called an125

original linguistic term; otherwise, s is called a virtual linguistic term. In general, the126
decision maker uses the original linguistic terms to evaluate alternatives, and the virtual127
linguistic terms can only appear in operation.128
Based on the concept of symbolic translation, Herrera and Martinez [12,13] introduced a 2-129
tuple fuzzy linguistic representation model for dealing with linguistic information. This model130
represents the linguistic assessment information by means of a 2-tuple  ,is  , where is S131

represents a linguistic label from the predefined linguistic term set S and  0.5,0.5   is132
the value of symbolic translation.133
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Definition 2.1 [12,13]. Let  be the result of an aggregation of the indexes of a set of labels134
assessed in a linguistic term set S , i.e., the result of a symbolic aggregation operation.135
 0, g  , being 1g  the cardinality of S . Let  roundi  and i   be two values136

such that  0,i g and  0.5,0.5   then  is called a symbolic translation, where137

 round is the usual round operation.138

Definition 2.2 [12,13]. Let  0,1, 2, ,iS s i g  be a linguistic term set and  0, g  a139
value representing the result of a symbolic aggregation operation, then the 2-tuple that140
expresses the equivalent information to  is obtained with the following function:141

   : 0, 0.5,0.5g S   142
(1)143

   ,is   ,       with
 
 

, round

, 0.5,0.5
is i

i



  

 

   

144

(2)145
where is has the closest index label to  and  is the value of the symbolic translation.146

Theorem 2.1 [12,13]. Let  0,1, 2, ,iS s i g  be a linguistic term set and  ,is  be a 2-147

tuple. There is always a 1 function such that from a 2-tuple it returns its equivalent148
numerical value  0, g R   , where149

   1 : 0.5,0.5 0,S g   150
(3)151
 1 ,is i      .152

(4)153
It is obvious that the conversion of a linguistic term into a linguistic 2-tuple consist of adding154
a value zero as symbolic translation155

 ,0i is S s  .156
Definition 2.3 [12,13]. The comparison of linguistic information represented by 2-tuples is157
carried out according to an ordinary lexicographic order. Let  ,k ks  and  ,l ls  be two 2-158
tuples, with each one representing a counting of information as follows.159
(1) If k l then  ,k ks  is smaller than  ,l ls  .160
(2) If k l then161
• if k l  then  ,k ks  ,  ,l ls  represents the same information;162

• if k l  then  ,k ks  is smaller than  ,l ls  ;163

• if k l  then  ,k ks  is bigger than  ,l ls  .164
2.2. Prioritized average (PA) operators165

The prioritized average (PA) operator was originally introduced by Yager [37,38], which166
was defined as follows:167
Definition 2.4 [38]. Let  1 2, , , nC C C C be a collection of criteria and that there is a168
prioritization between the criteria expressed by the linear ordering 1 2 3 nC C C C   ,169
indicate criteria jC has a higher priority than kC if j k . The value  jC x is the170

performance of any alternative x under criteria jC , and satisfies    0,1jC x  . If171
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    
1

n

j j j
j

PA C x w C x


172

(5)173

where

1

j
j n

j
j

T
w

T





,    

1

1

2, ,
j

j k
k

T C x j n




  , 1 1T  . Then PA is called the prioritized174

average (PA) operator.175
176

3. 2-TUPLE PRIORITIZED AGGREGATION OPERATORS177
178

The prioritized average operators, however, have only been used in situations where the179
input arguments are the exact values [37,38]. In the following, we extend the PA operator to180
linguistic environment and develop two 2-tuple prioritized aggregation operators, which can181
accommodate the situations where the input arguments are linguistic assessment182
information.183
3.1. 2-tuple prioritized weighted average (2TPWA) operators184
Definition 3.1. Let       1 1 2 2, , , , , ,n nr r r     , 0.5,0.5 , 1, 2, ,j jr S j n    be a set of185
2-tuples, if186

            1 1 11 2
1 1 2 2 1 1 2 2

1 1 1

2TPWA , , , , , , , , ,n
n n n nn n n

j j j
j j j

T T Tr r r r r r
T T T

       

  

 
 
        
 
 
 
  

  ,187

(6)188

where 1 1T  and
   

11

1

,
2, ,

1

j
k k

j
k

r
T j n

g




 
    
  , then 2TPWA is called a 2-tuple189

prioritized weighted average (2TPWA) operator.190
Theorem 3.1 (Boundedness). Let       1 1 2 2, , , , , ,n nr r r   be a set of 2-tuples, then191

            1 1 2 21 1
min , 2TPWA , , , , , , max ,i i n n i ii n i n

r r r r r    
   

  .192

(7)193
Proof. Because        

1 1
min , , max ,i i i i i ii n i n

r r r  
   

  , we have194

           

     

   

1 1 11 2

1 1 1

1 1 1

1 1 11 2
1 1 2 2

1 1 1

11 2

1

1 1

min , min , min ,

, , ,

max ,

n
i i i i i in n ni n i n i n

j j j
j j j

n
n nn n n

j j j
j j j

i in ni n

j j
j j

TT Tr r r
T T T

TT Tr r r
T T T

T Tr
T T





  

  



  

     

  

  

  

 

 

 

 
 
       
 
 
 
 
 
        
 
 
 

    

  

  

 
       1 1

1 1

1

max , max , .n
i i i ini n i n

j
j

T
r r

T
 

   



 
 
   
 
 
 



195
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That is,             1 1 2 21 1
min , 2TPWA , , , , , , max ,i i n n i ii n i n

r r r r r    
   

  .196

Theorem 3.2 (Idempotency). Let       1 1 2 2, , , , , ,n nr r r   be a set of 2-tuples. If all197

   , 1, 2, ,j jr j n  are equal, i.e.,    , ,j jr r  , for all j , then198

        1 1 2 22TPWA , , , , , , ,n nr r r r    .199
(8)200
Proof. If    , ,j jr r  , for all j , then we have201

            

     

 

1 1 11 2
1 1 2 2 1 1 2 2

1 1 1

1 1 11 2

1 1 1

1 1 2

1 1 1

2TPWA , , , , , , , , ,

, , ,

,

n
n n n nn n n

j j j
j j j

n
n n n

j j j
j j j

n
n n n

j j j
j j j

T T Tr r r r r r
T T T

T T Tr r r
T T T

T T Tr
T T T

     

  



  

  

  

  



  

 
 
        
 
 
 

 
 
        
 
 
 



     




  

  

  

 





  
 

1 ,

, .

r

r







 
 
 
 
  

 

  



202

The proof is completed.203
Theorem 3.3 (Monotonicity). Let       1 1 2 2, , , , , ,n nr r r   and       1 1 2 2, , , , , ,n nr r r       204

be two set of 2-tuples, if    , ,j j j jr r   , for all j , then205

             1 1 2 2 1 1 2 22TPWA , , , , , , 2TPWA , , , , , ,n n n nr r r r r r            .206
(9)207
Proof. This proof is analogous to the proof for monotonicity of the prioritized average208
operator in Ref. [38].209
3.2. 2-tuple prioritized weighted geometric (2TPWG) operators210
Based on the 2TPWA operator and the geometric mean, here we define a 2-tuple prioritized211
weighted geometric (2TPWG) operators.212
Definition 3.2. Let       1 1 2 2, , , , , ,n nr r r     , 0.5,0.5 , 1, 2, ,j jr S j n    be a set of213
2-tuples, if214

      

        1 21 1 1

1 1 2 2

1 1 1
1 1 2 2

2TPWG , , , , , ,

, , ,
n n n

j j n jj j j

n n

T T T T T T

n n

r r r

r r r

  

                 
 




,215

(10)216

where 1 1T  and
   

11

1

,
2, ,

1

j
k k

j
k

r
T j n

g




 
    
  , then 2TPWG is called a 2-tuple217

prioritized weighted geometric (2TPWG) operator.218
Similar to Theorems 3.1-3.3, we have the following theorems.219
Theorem 3.4 (Boundedness). Let       1 1 2 2, , , , , ,n nr r r   be a set of 2-tuples, then220
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            1 1 2 21 1
min , 2TPWG , , , , , , max ,i i n n i ii n i n

r r r r r    
   

  .221

(11)222
Theorem 3.5 (Idempotency). Let       1 1 2 2, , , , , ,n nr r r   be a set of 2-tuples. If all223

   , 1, 2, ,j jr j n  are equal, i.e.,    , ,j jr r  , for all j , then224

        1 1 2 22TPWG , , , , , , ,n nr r r r    .225
(12)226
Theorem 3.6 (Monotonicity). Let       1 1 2 2, , , , , ,n nr r r   and       1 1 2 2, , , , , ,n nr r r       227

be two set of 2-tuples, if    , ,j j j jr r   , for all j , then228

             1 1 2 2 1 1 2 22TPWG , , , , , , 2TPWG , , , , , ,n n n nr r r r r r            .229
(13)230

Lemma 3.1 [20,25]. Let 0ix  , 0i  , 1, 2, ,i n  , and
1

1
n

i
i




 , then231

 
11

i
n n

i i i
ii

x x 


232

with equality if and only if 1 2 nx x x   .233

Theorem 3.7. Let       1 1 2 2, , , , , ,n nr r r   be a set of 2-tuples, then we have234

             1 1 2 2 1 1 2 22TPWG , , , , , , 2TPWA , , , , , ,n n n nr r r r r r       .235

Proof. Because 1

1
1 1

1
n

n jj j
n n

j j jj j

TT

T T



 

 
   
 
 



 

, by Definition 3.1, Definition 3.2, and Lemma 3.1,236

we have237

               

     

      

1 21 1 11 1 1
1 1 2 2 1 1 2 2

1 1 11 2
1 1 2 2

1 1 1

1 1 2 2

2TPWG , , , , , , , , ,

, , ,

2TPWA , , , , , , .

n n n

j j n jj j j
T T T T T T

n n n n

n
n nn n n

j j j
j j j

n n

r r r r r r

T T Tr r r
T T T

r r r

     

  

  

    

  

  

           
 

 
 
        
 
 
 



  

 





238

The proof is completed.239
Theorem 3.7 shows that the values obtained by the 2TPWG operator are not bigger than the240
ones obtained by the 2TPWA operator.241
3.3. An approach to multiple attribute group decision making with 2-tuple prioritized242
aggregation operators243
In this subsection, we develop an approach to a multiple attribute group decision making244
problem, where the attribute values are represented by linguistic variables and there exists245
the prioritization relationships over the attributes and decision makers.246
A group decision making problem with linguistic preference information in which the247
attributes and decision makers are in different priority level can be described as follows: Let248

 1 2, , , mX x x x be the set of alternatives. Let  1 2, , , nC c c c be a collection of attributes249
and that there is a prioritization between the attributes expressed by the linear ordering250

1 2 3 nc c c c   , indicate attribute jc has a higher priority than kc if j k . Let251

 1 2, , , lD d d d is the set of decision makers and that there is a prioritization between the252
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decision makers expressed by the linear ordering 1 2 3 ld d d d   , indicate decision253
maker pd has a higher priority than qd if p q . For each alternative ix X , the decision254

maker kd D provided his/her preference value  k
ijr with respect to the attribute jc C ,255

where  k
ijr S takes the form of linguistic variables, then, all the preference values of the256

alternatives with respect to the attributes consist the linguistic decision matrix     k k
ij m n

R r


257

 1,2, ,k l .258
To get the best alternative(s), we next present a method based on 2-tuple prioritized259
aggregation operators for multiple attribute group decision making with linguistic preference260
information. The proposed method is depicted as follows:261

Step 1. Transform the linguistic decision matrix     k k
ij m n

R r


  1,2, ,k l into 2-tuple262

linguistic decision matrix      ,0k k
ij

m n
R r


  1,2, ,k l .263

Step 2. Calculate the matrices       , 1, 2, ,p p
ij m n

T T p l


  based on the following264

equations:265

 
  11

1

,0k
p ijp

ij
k

r
T

g





 
 
 
 
 , 2, ,p l , 1, 2, , ,i m 1, 2, ,j n ,266

(14)267
 1 1ijT  , 1, 2, , ,i m 1, 2, ,j n .268

(15)269
Step 3. Utilize the 2TPWA operator:270

         
 

 

  
 

 

  
 

 

  
1 2

1 2 1 21 1 1

1 1 1

2TPWA ,0 , ,0 , , ,0 ,0 ,0 ,0
l

l lij ij ij
ij ij ij ij ij ijl l l

p p p
ij ij ij

p p p

T T T
r r r r r r

T T T

  

  

 
 
        
 
 
 
  

 271

(16)272
or the 2TPWG operator:273

             
   

   
   

   
   1 2

1 1 11 2 1 21 1 12TPWG ,0 , ,0 , , ,0 ,0 ,0 ,0
l l l

p p l p
ij ij ij ij ij ij

p p p

T T T T T T
l l

ij ij ij ij ij ijr r r r r r    
   
        
 
 

 274

(17)275
to aggregate all the individual 2-tuple linguistic decision matrices      ,0k k

ij
m n

R r


276

 1,2, ,k l into the collective 2-tuple linguistic decision matrix     ,ij ij ijm n m n
R r r 

 
  .277

Step 4. Calculate the matrix  ij m nT T


 based on following equations:278

   
11

1

,
1, 2, , , 2, ,

j
ik ik

ij
k

r
T i m j n

g
 





 
    

 
 ,279

(18)280
 1 1 1,2, ,iT i m  .281

(19)282
Step 5. Utilize the 2TPWA operator:283
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        

     

1 1 2 2

1 1 11 2
1 1 2 2

1 1 1

= , =2TPWA , , , , , ,

, , ,

i i i i i i i in in

i i in
i i i i in inn n n

ij ij ij
j j j

r r r r r

T T T
r r r

T T T





   

    

  

 
 
        
 
 
 
  

284

(20)285
or the 2TPWG operator:286

        

        1 2
1 1 1

1 1 2 2

1 1 1
1 1 2 2

= , =2TPWG , , , , , ,

, , ,
n n n

i ij i ij in ij
j j j

i i i i i i i in in

T T T T T T

i i i i in in

r r r r r

r r r





   

    
             

 

287

(21)288
to derive the collective overall preference value  = ,i i ir r  of the alternative ix .289

Step 6. Rank the collective overall preference values  = ,i i ir r   1,2, ,i m in descending290

order. Rank all the alternatives ix  1,2, ,i m and select the best one(s) in accordance291

with the collective overall preference values  = ,i i ir r   1,2, ,i m .292
Step 7. End.293

294
4. AN ILLUSTRATIVE EXAMPLE295

296
In this section, let us consider a numerical example adapted from Herrera et al. [15], and297
Herrera and Herrera-Viedma [13].298
Example 4.1. Suppose that an investment company wants to invest a sum of money in the299
best option. There is a panel with four possible alternatives in which to invest the money: (1)300

1x is a car industry; (2) 2x is a food company; (3) 3x is a computer company; and (4) 4x is301
an arms industry. The investment company must make a decision according to the following302
four attributes: (1) 1c is the risk analysis; (2) 2c is the growth analysis; (3) 3c is the social-303
political impact analysis; and (4) 4c is the environmental impact analysis. The four possible304
alternatives ix  1,2,3,4i  are to be evaluated using the linguistic term set305

0 1 2 3 4

5 6 7 8

extremely poor, very poor, poor, slightly poor, fair,
slightly good, good, very good, extremely good

s s s s s
S

s s s s
     

      
306

by three decision makers  1,2,3kd k  under the above four attributes, and construct,307

respectively, the decision matrices     
4 4

k k
ijR r


  1,2,3k  as shown in Tables 1-3. The308

decision maker 1d has the absolute priority for decision making, the decision maker 2d309
comes next. That is, there is a prioritization between three decision makers expressed by the310
linear ordering 1 2 3d d d  . In three decision makers’ opinion, there exists the prioritization311
relationship among these attributes, for example, the risk analysis of the candidate is the312
most important, but the environmental impact analysis of the candidate is not so important313
comparing with other attributes. Therefore, the prioritization relationship can be denoted by:314

1 2 3 4c c c c   .315

Table 1. Decision matrix  1R provided by 1d .316
317
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318

Table 2. Decision matrix  2R provided by 2d .319
320
321
322
323
324

Table 3. Decision matrix  3R provided by 3d .325
326

Step 1.327
Transfo328
rm the329
linguisti330

c331
decisio332

n333
matrice334

s     
4 4

k k
ijR r


  1,2,3k  given in Tables 1-3 into 2-tuple linguistic decision matrices335

     
4 4

,0k k
ijR r


  1,2,3k  which are given in Tables 4-6.336

Table 4. 2-tuple linguistic decision matrix  1R .337
338

339
340
341
342
343

1 1c 2c 3c 4c

1x 4s 4s 1s 5s

2x 3s 6s 5s 8s

3x 3s 2s 7s 5s

4x 8s 1s 3s 6s

2 1c 2c 3c 4c

1x 5s 2s 7s 3s

2x 7s 4s 8s 8s

3x 7s 8s 6s 6s

4x 8s 6s 5s 2s

3 1c 2c 3c 4c

1x 2s 1s 2s 8s

2x 7s 8s 6s 8s

3x 5s 6s 4s 4s

4x 6s 8s 5s 7s

4 1c 2c 3c 4c

1x  4 ,0s  4 ,0s  1,0s  5 ,0s

2x  3 ,0s  6 ,0s  5 ,0s  8 ,0s

3x  3 ,0s  2 ,0s  7 ,0s  5 ,0s

4x  8 ,0s  1,0s  3 ,0s  6 ,0s
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344
345
346
347
348
349
350
351

Table 6. 2-tuple linguistic decision matrix  3R .352
353
354

Step 2. Utilize Eqs. (14) and (15) to calculate the matrices  1T ,  2T , and  3T as follows:355

 1

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

T

 
 
 
 
 
 

,  2

0.5000 0.5000 0.1250 0.6250
0.3750 0.7500 0.6250 1.0000
0.3750 0.2500 0.8750 0.6250
1.0000 0.1250 0.3750 0.7500

T

 
 
 
 
 
 

,356

 3

0.3125 0.1250 0.1094 0.2344
0.3281 0.3750 0.6250 1.0000
0.3281 0.2500 0.6563 0.4688
1.0000 0.0938 0.2344 0.1875

T

 
 
 
 
 
 

.357

Step 3. Utilize the 2TPWA operator (Eq. (16)) to aggregate all the individual 2-tuple linguistic358
decision matrices      

4 4
,0k k

ijR r


  1,2,3k  into the collective 2-tuple linguistic decision359

matrix     4 4 4 4
,ij ij ijR r r 

 
  (see Table 7).360

Table 7. The collective 2-tuple linguistic361
decision matrix R .362

363

Table 5. 2-tuple linguistic decision matrix  2R .

5 1c 2c 3c 4c

1x  5 ,0s  2 ,0s  7 ,0s  3 ,0s

2x  7 ,0s  4 ,0s  8 ,0s  8 ,0s

3x  7 ,0s  8 ,0s  6 ,0s  6 ,0s

4x  8 ,0s  6 ,0s  5 ,0s  2 ,0s

6 1c 2c 3c 4c

1x  2 ,0s  1,0s  2 ,0s  8 ,0s

2x  7 ,0s  8 ,0s  6 ,0s  8 ,0s

3x  5 ,0s  6 ,0s  4 ,0s  4 ,0s

4x  6 ,0s  8 ,0s  5 ,0s  7 ,0s
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Step 4. Calculate the matrix  
4 4ijT T


 based on Eqs. (18) and (19):364

1 0.4914 0.1937 0.0411
1 0.5814 0.4104 0.3135
1 0.5333 0.2444 0.1795
1 0.9167 0.2350 0.1104

T

 
 
 
 
 
 

.365

Step 5. Utilize the 2TPWA operator (Eq. (20)) to derive the collective overall preference366

value  ,i i ir r  of the alternative ix .367

 1 3 ,0.4774r s ,  2 6 , 0.3822r s  ,  3 4 ,0.3780r s ,  4 5 , 0.3146r s  .368

Step 6. Rank the collective overall preference values  = ,i i ir r   1,2,3,4i  in descending369
order.370

2 4 3 1r r r r   .371
Because 2 4 3 1r r r r   , we have 2 4 3 1x x x x   . Therefore, the best candidate is 2x .372
If we deal with Example 3.1 using the 2TPWG operator instead of the 2TPWA operator, then373
the main steps are shown as follows:374
Step 1’: See Step 1.375
Step 2’: See Step 2.376
Step 3’. Utilize the 2TPWG operator (Eq. (17)) to aggregate all the individual 2-tuple377
linguistic decision matrices      

4 4
,0k k

ijR r


  1,2,3k  into the collective 2-tuple linguistic378

decision matrix     4 4 4 4
,ij ij ijR r r 

 
     (see Table 8).379

380
381

Table 8. The collective 2-tuple linguistic decision matrix R .382
383

7 1c 2c 3c 4c

1x  4 , 0.0690s   3 ,0.1538s  2 , 0.3038s   5 , 0.2941s 

2x  5 , 0.3486s   6 , 0.3529s   6 ,0.1111s  8 ,0s

3x  4 ,0.2661s  4 , 0.3333s   6 , 0.1235s   5 ,0.0746s

4x  7 ,0.3333s  2 ,0.0513s  4 , 0.2427s   5 , 0.4516s 

8 1c 2c 3c 4c

1x  4 , 0.2252s   3 , 0.0952s   1,0.2950s  4 ,0.4682s

2x  4 ,0.2564s  5 ,0.4708s  6 , 0.0067s   8 , 0.0000s 

3x  4 , 0.0108s   3 ,0.0262s  6 , 0.2595s   5 ,0.0224s
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384
Step 4’. Calculate the matrix  

4 4ijT T


  based on Eqs. (18) and (19):385

1 0.4718 0.1713 0.0277
1 0.5320 0.3638 0.2726
1 0.4986 0.1886 0.1353
1 0.9086 0.1602 0.0729

T

 
 
  
 
 
 

.386

Step 5’. Utilize the 2TPWG operator (Eq. (21)) to derive the collective overall preference387
value  ,i i ir r    of the alternative ix .388

 1 3 ,0.1502r s  ,  2 5 ,0.1900r s  ,  3 4 , 0.0930r s   ,  4 3 ,0.3725r s  .389

Step 6’. Rank the collective overall preference values  = ,i i ir r     1,2,3,4i  in descending390
order.391

2 3 4 1r r r r      .392
Because 2 3 4 1r r r r      , we have 2 3 4 1x x x x   . Therefore, the best candidate is 2x .393
Through Example 4.1, we can see that there are different priority levels among four394
attributes and three decision makers respectively. For instance, if a candidate owns bad395
morality, then this candidate is impossible to be selected by three decision makers, no396
matter how well he/she performs on the other three attributes. If a candidate receives a bad397
evaluation from university president, then he/she is also impossible to be selected no matter398
how high evaluations he has received from the other two decision makers. Clearly, the399
existing 2-tuple linguistic aggregation operators are difficult to deal with such cases due to400
the fact that these operators are usually used to solve MAGDM where the attributes and the401
decision makers are at the same priority level. However, the proposed operators in this402
paper not only accommodate the linguistic preference information but also take the403
prioritization among the attributes and the decision makers into account; thus, our operators404
and approaches can effectively cope with the situations in which the attributes and the405
decision makers are at different priority levels.406
Recently, Zhou et al. [50] developed some uncertain linguistic prioritized aggregation407
operators and their application to multiple attribute group decision making. Peng et al.408
[51] developed several multigranular uncertain linguistic prioritized aggregation409
operators and their application to multiple criteria group decision making. The main410
differences between these two papers and our paper is that these two papers deal with411
MAGDM problems with uncertain linguistic information, while our paper deal with412
MAGDM problems with 2-tuple linguistic information. As shown in the introduction413
section, uncertain linguistic model computes with words directly, while the 2-tuple linguistic414
computational model uses the 2-tuple linguistic representation and computational model to415
make linguistic computations, which is more reasonable and reliable than uncertain linguistic416
model in some practical situations [12-15]. As a consequence, the developed 2-tuple417
prioritized aggregation operators are more reasonable and effective than uncertain linguistic418
prioritized aggregation operators and multigranular uncertain linguistic prioritized419
aggregation operators in some practical MAGDM problems.420

421
5. CONCLUSIONS422

423
Considering that there may exist a prioritization relationship over the attributes and decision424
makers in some multiple attribute group decision making problems with linguistic information,425
this paper provides some 2-tuple prioritized aggregation operators to handle the multiple426
attribute group decision making problems where there exists a prioritization relationship over427

4x  7 ,0.2685s  1,0.4102s  4 , 0.3598s   4 , 0.0195s 



14

the attributes and decision makers. The significant feature of these operators is that they not428
only deal with the linguistic and interval linguistic information but also take the prioritization429
relationship among the arguments into account. Furthermore, we apply the proposed430
operators to solve some multiple attribute group decision making problems and propose an431
approach to multiple attribute group decision making under linguistic environment in which432
the attributes and decision makers are in different priority level. Finally, some illustrative433
examples are employed to show that the proposed approaches are not only more434
reasonable but more efficient in practical applications due to the fact that these approaches435
consider the prioritization relationship among the attributes and decision makers. The436
limitation of this paper is that we only propose the 2TPWA operator and the 2TPWG437
operator and do not propose the ordered weighted forms of them, such as the 2TPOWA and438
2TPOWG operators and the hybrid forms. In the future, we will focus on addressing this439
issue and extending the prioritized aggregation (PA) operators to the other domains.440
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