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Abstract

In this paper, we study the energy decay rate for tresd® system in a one-dimensional
bounded domain with nonlinear localized damping acting lithal three wave equations. We
show the asymptotic stability without impose conditionsowd the equal-speed waye
propagation using a method developed by Kormornik[1994] and Mz[1i#@9], providing &
larger class for non-linear functions.
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1 Introduction

We consider the initial-boundary value problem for theesBe system with weak nonlinear
localized dissipation

Py —K(@x +i + W)y = kg l(wy = 1§) + 6 +a, (%) 9y(4y) =0, (L.1)
Pt~ xx + K(@x+ + W) +a5(X) gpgy) =0, (1.2)
Pt — Ko(Wy = 18) x + KI(Px + ¢ + W) +a5(x) g5(W) =0, (1.3)

in (O,L)x% R", whereL > 0is a constant anl’ = (0,+00), with Dirichlet boundary conditions

$0)=g(L,1)=wOL)=¢ L 1)=w(Ot)=w{ t)= 0t0R" (1.4)

and initial conditions

$(10) = g (B0)= @y w C0)= W (1.5)
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6, (C0) = 4y 4y CO)= oy w C10)= Wy (1.6)

Here p;, p5.b,1.k .k, are positive constants which related to composit@inthe material,
g;: R - R i=12,3, are continuous nondecreasing function a(pd =1,2,3, are positive
functions. Byw, ¢ andy we are denoting, respectively, the longitudinaktigal and shear angle

displacements, af@, ¢, w is a sought solution of (1.1)-(1.3). Elastic stues of the arches

type are objects of study in many areas like matties) physics and engineering. For more
details, the interested reader can visit the warksLiu and Rao[1]; Boussouira et al.[2] and
references therein.

There exist a few results about the stability & Bresse system where the authors consider the
different kinds of the dissipative mechanism. Faaraple, in the works of Liu and Rao [1], they
consider the Bresse system with two different geiie mechanisms, given by two heat
equations, non-dissipative coupled to the systeousBouira et al.[2]; Noun and Wehbe [3]
proved that the semigroup associated with the Bregstem

P11t~ k(@x + & + W) x —kgl(wy — 1¢) =0, (1.7)
Pty —bfyx + k(@x+¢ + W) + ypy =0, (1.8)
Pt — Kg(Wy = I9)x + Ki(@x +¢ +1w) =0, (1.9)

with boundary conditions of the Dirichlet-Dirichi8iirichlet type or mixed boundary conditions is
polynomially stable provided

k
ﬂ:—,andk:ko
py b

(i.e., the equal-speed wave propagation conditiandi moreover they proved the lack of
exponential stability when they considered the dbiet-Neumann-Neumann type boundary
condition. The equal-speed wave propagation carditias been used in many works in order to
establish exponential decay rates, see for inst®wessouira et al.[2]; Noun and Wehbe [3];
Fatori and Monteiro [4]; Soriano et al. [5]; Fatarid Rivera [6]. Fatori and Monteiro [4] showed
the optimality of the polynomial decay rate for tAeesse system (1.7)-(1.9) with the Dirichlet-
Neumann-Neumann type boundary condition. Soriarz. 5] proved the asymptotic stability for
the system with indefinite damping mechanism.

Wehbe and Youssef [7]; Santos and Junior [8] shothedasymptotic stability without impose

conditions about the equal-speed wave propagatiorinie system for the Bresse system with
linear dissipation by different methods.

Soriano et al. [9] and Charles et al. [10 ] gadwe asymptotic stability for the following Bresse
system with nonlinear dissipation
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P — k(@ ¢ + W), —Kol(w, = 19) + a,(x) 9,(¢,) =0, (1.10)
Py — 0 + k(D + i + W) +a,(x) g, =0 (1.12)
Py — Ko(W, = 19), + KI(@, + ¢ + W) + a5(x) g5(W) =0 (1.12)

by energy methods. However, to obtain the energgayleate estimate, the author required tnat

and the damping termg, ()i satisfy the following growth rate:

a, =a(x)0L°(@O,L),a (x)=zc>0,
g,(s)s>0, for s# 0,cs< g(s) < dsfor |5| >1,i=1,2,3 (1.13)

whereC, ¢, d are constant.

Fatori and Rivera [6] consider the Bresse system)+{1.9) with thermal dissipation effective in
additional equation of the system. There are samalts about the stability and global attractors
for thermoelastic Bresse system (see Ma[11]; HahXan[12]).

Our main goal is to obtain rates of decay for thalimear localized damped system (1.1)-(1.6) by
using the multiplier method. In this paper, insgit®y the works of Komornik [13] and Martinez

[14], we extend the behavior of , g; ()to more general cases which does not necessatitfysa
(1.13) and get the explicit energy decay rate egtnfor the system (1.1)-(1.6).

Adopting the methods of the works Komornik [13]; ftlieez [14]; Guesmia[l5]; Haraux and
Zuazua [16], we construct an energy functional Whiequivalent to the energy of the problem
(1.1)-(1.6) and then prove that the functional fig$ a differential inequality from which our
energy decay rate estimate can be established.

There is much literature concerned with the enelggay rate estimates for related problems, for
more recent results we refer the reader to BenaisdadMokeddem [17]; Burio [18]; Cavalcanti et
al. [19]; Zhang and Zuazua [20].

Our paper is organized as follows. In Section Zovesent the main assumptions and the existence
and uniqueness of solutions of the problem (1.1§)(1Section 3 is devoted to the proof of the
main result.

2  Preliminaries and the Existence and Uniqueness of Solutions

In this section, we present some material needeth&proof of our results and the existence and
uniqueness of solutions by Galerkin method. Throughthis paper, we denote by

aLm , the usual norms in spaclt.\Z(O,L),Lp (o,L) and Hl(O,L), respectively, and
0
0

V) = Jou(UQdx,Q=(0,L)x (0,T).
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We suppose that (x) andg; (s) satisfy the following hypotheses:
() a;=a(x0L”0OL),a(02c>0i=123
(i) g(t):R- Ris a nondecreasin@0 function and suppose that there exist constant

K, 2K, >0 such thatfor=1,2,3

i

0,(9s>0(s20), Kmid| $| §}<| o B .Kmdk [ s}, =pL
We first state a well-known lemma that will be needater.

Lemma 2.1 (Komornik[13]; Martinez[14]) LetE: R* -~ R be a nonincreasing function and
assume that there am@o constant =1andA > 0 such that
p+l

[E(M 7 di< AB(9,05 S+,
then
E(t) < cE(0)(1+ ) 7 ,t= 0,f p>1,
E(t)< cE(0) €“,t= 0,if p=1.

where ¢ and ware positive constants independent of the iniMhaE(O) .
If w,¢ andy is a solution of (1.1)-(1.6) then the energy oftegsrelated to this solution will be
denoted byE(t), with t nonnegative, and given by

£(0) =31, (Al8] + 2ol + oW[ 110" +holw =10 + g, ++ ) ax 2.1)

We can prove that the system (1.1)-(1.6) is dissipas stated below:

Lemma 2.2 (Charies et al.[7]; Soriano et al.[8]) The enefgnctional E(t) defined by (2.1),
satisfies:

d L

GEO=-[ ey a(p g +aly oy rafx ¢ ¥ de0.  (22)
There are many results about the global existenceitue of the semi-group arguments (see
Soriano et al. [5]; Boussouira et al. [2]; Charitsal. [7]; Fatori and Rivera [6]; Fatori and
Monteiro [4]; Soriano et al.[8]). Next, for compdetess, we state and present a brief discussion of
the existence, uniqueness of the solutions of {{ILB) by standard Galerkin method.
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Theorem2.3 Letg,,@,,w,0H, and ¢, ¢, w,0L°, and assume thag,,a; ,i =1,2,3, satisfy
the above condition. Then the problem (1.1)-(1.6Pmi#s a uniqueness weak
solution(¢,¢,w) such that

¢ @, woL (0.T;H)(Q)); ¢ 9o w DL (0T;12)
and satisfies the equation (1.1)-(1.3) in the waakse and the initial condition (1.5)-(1.6).

Proof Let{v} be orthonormal bases id;L* and denote/, = spar{ v, v,---, y} . We find
the approximate solution of problem (1.5)-(1.6)he form
B =2 Fin(t)Viitn= Z‘Ihjm(t) Vi W = X (1)
<

i=1 j=1

where the coefficient functiorfg, (t),h,, (), r;,(t) are solutions to the approximate problem

' Uim

PP V)t K@+ gt W, V)= K (W= B @,V + (@,(R Q@ ) V=0, (2.3)

Po Wi V) + B s V) + K@ it ¢ ot W W+ (@, (R 9@ ) Y= 0, (2.4)
P Wiy V) + K (W = 1 V) + KUP i 1w, W+ (@5 (% g (W), ¥=10, (2.5)
$(0) = Gomt¥ m(0) = Yo W 1 (0)= Wo 1y (2.6)
9 (0) = @10l 1 (0) =1 oW 1 (0)= Wi 1, 2.7)

for anyVDVm' Here¢0m :Z(¢O’Vj)vj - ¢01¢/0n :Z(I/’oyvj)\/j - wo’ W(ln :Z@or\{)\{ - V\é
Strongly in Hé ; ¢lm :Z(¢1’Vj)vj - ¢1vw1m :Z(wl’vj)vj - wlv \M:n :Z(¢17 \{)Y - W
strongly in L? .

From the assumptions of Theorem 2.3, system (2.3)-fas a local solutiaf), i ,,w,,, on some
interval [0,T, ] with0<T, <T and we can extend this solution to whole interd@IT| by
making use of a priori estimates below.

Putting v=¢,,(t),v=¢,(t) andv=w,(t) in (2.3), (2.4) and (2.5), respectively, and adding
these three equations, we obtain

En(1)+ [ [(D 6@ Pt @ ¥ W 20 o+ a{ X o W) W) dxde ED) (28)

where
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En(1) =3 [, (Al + 2alp ol + £+ blg 4]0 |

ol Wy, =1, 4Kt ot ) (2.9)

which implies thatE_ (t) is non-increasing if0,T,) and thenE, (t)< E,(0) .Therefore,
employing the assumptions abog ¢, w, we deduce that there exists a constant
C= C(T) >0, independent ofm, andt D[O,Tm), such that

L 2 2 2 2 2
[o (2wl + 2aldrnl” + oW + Bl | 41 |
ol Wy, =16, 4K 0 ot [F) dxs © (2.10)
The above estimates allow one to tdke=T for all m and gives
Bt W, is bounded i (0,T; H3 ) ;
Pl s W,y IS bOUNded ih” (O,T;LZ) nL*(Q).
Then by the compactness lemma and the embeddip@ L',1<r <+w, there exist a
subsequence of,, , a subsequence af,, a subsequence wuf, , a subsequence @, a
subsequence ap,, and a subsequence of, which we still denote by the same notations, and
functions @, ¢, w such that
B — Bl — YW, ~ wweak *inL” (0,T;H;) :
P » By — Wi W,, » Wweak *in L (O,T;Lz) and weak *irL”(Q);
b — W, - YW, - Wa.e. strongly inl?(Q).

Analogous arguments as in Section 6.2 of Lions [21], we have
9 (2n) ~ %(2) % (W) ~ %), &( W) - a( W) weakinl” (Q).

and then lettingn — « in (2.3), (2.4) and (2.5) for am H;, we established the existence and
uniqueness of the weak solution.

Furthermore, we can get the following result about regulatisolbut we omit the proof.
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Theorem 2.4 Let @,,¢,,W,0H*n H} and ¢,¢,,w,0L°n H,, and assume thagy,,a ,
i =1,2,3,satisfy the above condition. Then the problem (1.1)-(1.6) @danuniqueness regular
solution(g,¢,w) such that

$p wOL (0T;H2 0 H) g 4, WO L (0T;20 HY) #, ¢, w0 E(0T;E)
and satisfies the equation (1.1)-(1.3) in the weak sensthanitial condition (1.5)-(1.6).

3 Energy Decay of Solution

In this section, we prove our decay result. The definitiontaadexistence of solutions of (1.1)-
(1.6) are the same as Theorem 2.3.

Theorem 3.1 Assume that the condition aboat(x), g (t),i=1,2,3 hold. Letg,,¢,, w, O H;
and ¢,,¢,,w, 0 L*. Then the solution of the problem (1.1)-(1.6) satisfies

E(t)<cE(0)e“,t2 0, p=1,

E(t) < cE(0)(1+ ) 7 ,t= 0,p> 1,

where candware positive constants independent of the initial VE|(,® .

-1 -1
Proof We multiply equation (1.1) bE(t)pT(/ﬁ, equation (1.2) b;E(t)pTz,l/ and equation (1.3)
p-1

by E(t) 2 w, and then integrate these three equati@k)x(S,T), we have

p-1

0=[TE() [[ad ~k(g, +w+ ), — Ki(w, - 1)+ +a (¥) g (4,) }p cch

p-3

PR E()E E(Y] kg axde ] £ ) [ dxc

(e IOLpl¢t¢de

+LT E(t)?joL[(—k(w +w), ~kI(w ~1g) +¢+a,(%) g(¢,))¢ - pg? |dxat (3.2)

OZJ.T J. [ ot ~ b, + k(o ++ W +a,(X) g (@) dxdi

S

_1 L T
= (E(t)pT [ pzwlt/deJ

—p?_lr E( 1) pT J P dxdt tﬁ Eﬁ) Jz/z dxc

s
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+[! E(t)%lj':[(k(@ ++ )+ ay (X o, ())w - pap? | dxdt (3.2)

0= .[ST E(t)%IOL[plwt —k(w - I¢)X +Kl(g, ++ W) +a, (¥ g vy)} wdxd

T

LT B wuehat ] €[

S

:[ £ [ o vvdx]

p-1
+[LE() 2 [ (kg +1(9,+ 0+ W)+ ay(x) gs(w)) w- 0, vf ] dxcl (33)
Taking the sum of the above three equations, we get
2 B0 dt=[T ()% [ (6l + pulunl + o i+ o+ g (o= b7+ Mg, +0+ 1)

1 T

{E(t)pz'

[ (oge+ ot + pw) dX}

S

+P2TE()7 E(1) [ (ahd+ oy + poww) dxd

p1
2

[LEM 7 [ (@(x)pa(s)ra (9w aw)+ax( ) wa( W) dxc

p1
+2J'ST E(t)2 J'OL( PP+ pipi+ plqu)dxdt. (3.9)
Noting that|y| < C |, and

[l < Culgx @+ + o] +Twl, [l < & [ w - 1] + T[] (35)

since E(t) is non-increasing and non-negative function Rn, using Holder's inequality,
Poincare's inequality, Young's inequality and the exgioes ofE(t) , We have

P+l

<) (10 € ¥ kB 6o

L

(E(t)p? s (og g+ ot + o w)dxj

PTE()% E()[ (abd+ o + pww) e

T P

<c[E()7 E()dts CH g2

. e} s cE B (3.7)
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where and in the followin@ denote the different constants. Using (3.6) and (3.7), we wdacl
from (3.4) that

2T E(1)7 dt< cE( 9+ § E()pT_ljoL[pllﬂlz+p2|l//t|2+pll W

+a,(x) 96 (¢.) +a, (¢ 6 (¢) + as( § wa( W] dxd (3.8)

Now, we estimate the terms of the right-hand sid@®) in order to apply the results of Lemma
2.1. By the assumption aboat(x), the condition (i) abouty,, Sobolev embedding, Holder's

inequality, (3.5), (2.2) and the expressionsidft) , we get

p

O [fasale)ods L €)7o ¢ €X[] do) ox

p+1

sce(9 +q €% ], ,

o) o ],.| do) ok

p+l T p-1

<ce(97 + ] €07 |[,,, ale)@, o], [ de)w) ok

2
p+1 p-1

<ce(9% + ] Y7 (- e() ar ¢ €)X (], ( do)B) &

" 2
<CE(9)7 +d §)7 (-&()) dv ¢ E)7 (- € i o (3.9)
We may prove in the same way the following estimate
L
‘ -[LE(1) 2 t//gz(wt)dxd}
+ — 2
<ce(9)7 + d €)% (- () dv ¢ €)7 (- & i o (3.10)

" ‘—JSTE(t)pz_lJ'OLaS(x) wg (W) dxc{t

2

<ce(9)% + ] H)7 (- E(}) dr ¢ £X7 (- § e ce

By the assumption about the condition (ii) aboytand (2.2), we get
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JLEWT ], piaxat

S
(e 24 24| d
=) | [, 00 ], ol o

T

<cflE(y* { J, . a(0) @00 (654 (4,)o5 d% d

|#)<1

2

<c[! E()Z (~E(1)dt+ d. | B ( [yl 9(2)®) df‘l d

<cflE(y (~E())de o E)7 (- E(})p o 5.12)

By an analogous estimates of (3.11) and (3.12)pbtain the following estimate,
T L T P T P 2
[LE()7 [ papldxdt<C[ E(t)2 (-E(9)dt+ ] H )2 (- E(})r d, (3.13)

Pt p-1 Pl 2
[TE()2 [ awrdxdt<C[ E(t)z (-E())dtr O] B ¥z (- E())ea dt (3.14)
Substituting the estimates (3.6)-(3.11) into tlyhtdihand side of (3.4), we obtain that

T p+l p+l

JlE(Fasce(9 + ] €Y7 (- () dv ¢ €)X (- & o o

p+l

- 2
<ce(9)7 + d §)7 (- &())e d (3.15)
Using the Young inequality, for any fixefl > Owe have

[TE()7 dsce(97 + d &) (- E( ) d

p+l

<CE(9): + [ H )% dv @l;zpj;(— H) d (3.16)

Therefore
p+l

(1-ce) [ E() = o



British Journal of Mathematics & Computer ScienCeX................. , 2014

sCE(S)%l + c:gj:(— E()) d cE1+gl_2p][1+ £ 3;] Ex (3.17)

Choosing0< ¢ <1 such thatl—Ce > 0 and using the non increasingness of the energyawve,
forall 0 S< T<+w,

T Pl Pt
[TE()7 dts c[1+ £(0)'2 j K S.
LettingT - +o, this yields the following estimate:
+oo Pl
[ E(t)z dt< CE(S. (3.18)

The constanC in (3.18) is independent & and E(O) , then, by Lemma 2.1, we get the result.
If p=1, we easily obtain from (3.9) and (3.12)

e [[a(9pale)ods o §

T L +1
IS E(t) 2 IO pg2dxdts CH §™7,
then, by an analogous process of the above anaimyria 2.1, we get the result.

Acknowledgements

This work is supported by National Natural ScierRoendation of China (N0.11171311).

Competing interests

Authors have declared that no competing interedts.e

References

[1] Liu Z, Rao B. Energy decay rate of the thermoedaBtiesse system. Z. Angew. Math.
Phys., 2009;60: 54-69.

[2] Boussouira FA, Rivera JEM, Almeida DJ. Stabitityweak dissipative Bresse system. J
Math Anal Appl. 2011;374 (2): 481-498.



British Journal of Mathematics & Computer ScienCeX................. , 2014

(3]

[4]

5]

(6]

[7]

(8]

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

Noun N, Wehbe A. Weakly locally internal stabilive of elastic Bresse system. C R
Acad Sci Paris, Ser. I. 2012;350: 493-498.

Fatori LH, Monteiro RN. The optimal decay rate foweak dissipative Bresse system.
Applied Mathematics Letters. 2012;25: 600-604.

Soriano JA, Rivera JEM, Fatori, LH. Bresse systeith wdefinite damping. J Math Anal
Appl. 2012;387: 284-290.

Fatori LH, Rivera JEM. Rates of decay to weakrieglastic Bresse system. IMA J Appl
Math. 2010;75 (1): 881-904.

Wehbe A, Youssef W. Exponential and polynomial iitgbof an elastic Bresse system
with two locally distributed feedbacks. JournalMédithematical Physics. 2010; 51, 103523,
1-17.

Santos ML, Junior DSA. Numerical exponential deta dissipative Bresse System. J
Appl Math. 2010;848620, 1-17.

Soriano JA, Charles W, Schulz R. Asymptotic stapifor Bresse systems. Journal of
Mathematical Analysis and Applications. 2014;412-380.

Charles W, Soriano JA, Nascimento FAF, Rodrigues Detay rates for Bresse system
with arbitrary nonlinear localized damping. J Diffatial Equations. 2013;255: 2267-2290.

Ma ZY. Exponential stability and global attractdes a thermoelastic Bresse system. Adv
Difference Eq, 2010;748789: 1-15.

Han ZJ, Xu GQ. Spectral analysis and stabilityhefrtnoelastic Bresse system with second
sound and boundary viscoelastic damping. Math. Mefppl. Sci. 2013; DOI:
10.1002/mma.3052.

Komornik V. Exact Controllability and Stabilizatio The Multiplier Method. RAM:
Research in Applied Mathematics, Masson, Paris4199

Martinez P. A new method to obtain decay ratevestiés for dissipative systems. ESAIM
Control Optim. Calc. Var. 1999;4: 419-444.

Guesmia A. Energy decay for a damped nonlineapledusystem. J. Math. Anal. Appl.
1999;239: 38-48.

Haraux A, Zuazua E. Decay estimates for somelsear damped hyperbolic problems.
Arch. Ration. Mech. Anal. 1988;100 (2): 191-206.

Benaissa A, Mokeddem S. Global existence and graggay of solutions to the Cauchy
problem for a wave equation with a weakly nonlindasipation. Abstract and Applied
Analysis. 2004;(11): 935-955.



British Journal of Mathematics & Computer ScienCeX................. , 2014

[18] Buriol C. Energy decay rates for the Timoshenkdesysof thermoelastic plates. Nonlinear
Analysis. 2006;64: 92-108.

[19] Cavalcanti MM, Cavalcanti VND, Martinez P. Generdécay rate estimates for
viscoelastic dissipative systems. Nonlinear Analy2008;68: 177-193.

[20] Zhang Z, Zuazua E. Long-time behavior of a coupledt-wave system arising in fluid-
structure interaction. Arch. Ration. Mech. Anal02(184:49-120.

[21] Lions JL. Quelques methodes de resolution despr@sdeaux limites non lineaires. Dunod,
Paris,1969.

© 2014 Li et al.; This is an Open Access articlstabbuted under the terms of the Creative CommornéhAtion License
(http://creativecommons.org/licenses/by)3.@&hich permits unrestricted use, distribution, areproduction in any
medium, provided the original work is properly cited



