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Abstract

In this paper we obtain the convolution sum formulae of

Z moe(m)os(n — 2m)

n
m< 5

for n(e N) and an odd positive integer e and f. Moreover we obtain some identities induced from

Zm<% m2ae(m)os(n — 2m).
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1 Introduction

Forn,m € N, s,r € NU {0}, ¢ € C with |¢q| < 1, we define some necessary divisor functions and
infinite product sums which also appear in many areas of number theory:

o)=Y _d°,  oe(mm)= > d,

dln d|n

B(g) =Y _bm)q" = (A@A@)F =¢[[ -1 - )  (1.1)

Clg) =Y cln)q" = (A@)*A(g)E =4 [JTa-gm*a-e¢m",
D(q) =Y d(n)q" = (A@)*A@*)AH) = ¢ [T (1 a1 ) (1 - ¢*)F

In general, it is satisfied that
b(n) = —sb(g) (1.2)

for even n (see ([8], Remark 4.3)). We note that

os(n) = 0s,1(n;2) 4 05,0(n;2) (1.3)

and

0s1(2n;2) = 051(n;2), 0s0(2n;2) = 2°05(n). (1.4)
The Eisenstein series L(q), M(q), and N(q) for ¢ € C with |¢| < 1 are

L(g)=1-24) oi(n)q", (1.5)

M(q) =1+ 240 i o3(n)q", (1.6)
n=1

N(g) =1-504  o5(n)q" (1.7)

by ([2], p. 318). Lahiri ([9], p. 149) has derived the following identities from the work of Ramanujan
[11]:

L?(q) =1 — 288 Z noi(n)q”™ + 240 Z o3(n)q", (1.8)
n=1 n=1
L*(q) =1-1728> n’o1(n)q" + 2160 > nos(n)g" — 504 >  o5(n)q", (1.9)
n=1 n=1 n=1
L(q)M(q) = 1+720) nos(n)qg" —504 Y o5(n)q", (1.10)
n=1 n=1
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L*(q)M(q) =1+ 1728 ) " n’os(n)q" — 2016 Z nos(n)q™ + 480 Z or(n

n=1 n=1

L(q)N(g) = 1 —1008 Z nos(n)q” + 480 Z or(n)q",

n=1

L*(¢)N(q) =1 —1728 Z n’os(n)g" + 1440 Z noz(n)q" — 264 Z o9(n)

n=1 n=1

Fore, fym,n € Nand k € NU {0} we define

Iy e.p(n) Zmae Yor(n —m),
m=1
Ime,f(n) = I s(n Z moe(m)os(n —m),
n—1
I.¢(n) := I,(il’e,f(n) = oe(m)og(n —m).
m=1

q".

Ramanujan [11] and Lahiri [9], [10] have shown that 1. ; can be expressed as :

5 (1—6n)

Iii(n) = EUS(N) + 0 a1(n),

Iiz(n) = 8%05(71) + %03(71) - %00'1(”)7

1) = 1ogorm) + L5 2 ou ) + ()

s.8(n) = Ty5or(n) = T3s0a(n),

hatn) = goom) + E 2 or() - o),

Ia5(n) = z5100(n) — 5505(n) + s 0a()

Bo(n) = s gna(m) + P aym) 4 1) — 2 r (),
Is7(n) = %Uum) — ﬁfﬁ(n) - T%US(”) 2;247'(7’)»
Is5(n) = %011(71) + %05(71) - %T(n)»

Liii(n) = 622;0013(11) + a 2—4n) o11(n) — %T(n),
Too(n) = g so1a(n) — 51500(n) + 5oros(n),

Is7(n) = ngoam(n) + ﬁm(n) — réoag)(n).

And we have already obtained :

(1.11)

(1.12)

(1.13)

(1.14)
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Proposition 1.1. Letn € N. Then we have

(a) (See ([12], p. 155))

I 1a(n) = 5on {505(n) = (6n.— 1) o1 ()}
(b) (See ([12], p. 157))
Ima3(n) = %TLO%(TL) — %ngag(n) — ﬁnal(n),

7 1 1
Imgs,i(n) = mna;,(n) + <ﬂn — 1—0712) o3(n),

() (See ([5], Theorem 3.3, Theorem 3.1), ([12], p. 155))

1
577 (307(n) = 6nos(n) + o ()}

Im,175(n)
Inga(n) = 55 {or(n) — oa(n)}

L1 (n) = Tign{rm() (12n — T) o5 (n)} ,

(d) (See ([5], Theorem 3.8 (a), (b), Theorem 3.7, Theorem 3.5))

Ima7(n) = 7200 {337109 n) —50n°o7(n) — 15n01(n) + 327(71)} ,
1

In35(n) = 12600 {11noge(n) + 25n03(n) — 367(n)},

Im53(n) 8400 {11lnog(n) — 35nos(n) + 247(n)},

Imz71(n) = @ {383ncy(n) — 25n (4n — 3) o7(n) — 87(n)} .

Next we can see the following proposition :
Proposition 1.2. Letn € N. Then we have
(a) (See ([12], p. 155))
2 1 2 2 1 3
Inaa(n) = gn o3(n) + (—n ) )Ul(n),
(b) (See ([12], p. 155~ 156))
I 15(n) = —=n’os(n) — —=
172,1,3,1(71) = in os(n) + (inQ — i713> o3(n),
(c) (See ([6], Theorem 1.1 (a), (b))

I,i’lj(n) {1071 or(n ) — 9n305(n) + 61201 (n) — 7T(n)} ,

3024

Ifn7373(n) {5n or(n) — 9n203(n) + 47‘(71)} .

2160
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Similarly, for e, f,m,n € Nand k € NU {0} we set

m<%
Tm,e,f(n) = rln,e,f(n) = Z ch(m)Uf(n — 2m), (1 15)
m<g
Tep(n) =Ty e s(n) = Z ae(m)og(n — 2m).
7n<%

In 1997, Melfi considered especially the convolution sums 74 1(n), Th,3(n), T5,1(n), and for odd
n, Melfi proved that

Tll(n)—l—gog(n)qt(1;4?)”)01(71), if n=1 (mod2),
Tld(n)—£05(n)+(2;83n)03(n), if n=1 (mod?2),
T5,1(n) ﬂlo 5( )—ﬁal(n), if n=1 (mod 2).

In 2002 Huard, Ou, Spearman and Williams [4] evaluated 11,1 (n), T1,3(n), and T5,1(n) forn € N,
that is,

Tia(n) = s5os(n) + 2os(0) + L2300 ) 4 L2005, (2
Tia(n) = % 5(n) + %05(3) + . ;g3n)”3( glool(%),

_ 1 1 n (1-3n) ,n 1
Ts,1(n) = %05(71) + 505(5) + 03(5) - %al(n)

For the other T¢ ;(n) we refer to ([3], p. 45-54) :
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Tua() = 557 + g5 o7(3) - ﬁas(n) - ﬁag(ﬁ) + %b(n)
- g B 8ty

1 2
+ 4766( n) + ?Tld(n)’

1 1 n 1 n
Toa(n) = 355579 + 16570(3) ~ 53075(3) + 50772(W)
1 2
- @C(”) - ﬁd(n),
1 N | 1 n
Toalm) = g7+ 1g5370(5) ~ 3307 + 5a 7 (3)
1 4
+ ﬁgc(") + ?Tld(n)’
17 n (4—3n) 1 n
Tir(n) = 5gm600(n) + 465”9( )+ g5 o7 — 5571 (3)
1 16
- @C(”) - ?Tld( n),
1 31 n (5—-6n) n 1
Toalm) = G l) +agrgrn(3) g () ¥ g ()
_ 228
5528 VY T 3455 ')
1 17 n 1 n 1
T - oy (B
73(n) = 33768071 (M + 55730711(5) ~ 55077(3) ~ 1z (™)
+ 23 7(n) + o1 T(E)
11056 13827\ 2"
16 n. 1 1
Ts.5(n) = {71327 (W) + 3331 () + 5080 + 55505(3)
o u r(n) — ﬁT(ﬁ)
5528 691 \27
8 n 1 1 n
Ts:7(n) = 33765071 + 10365 711(3) ~ 33077 ~ 15572(3)
+ gl + Sor(),
22112 691
31 256 n (5—13n) n
Tio(n) = goga011 (M) + 55853o11(3) + 5~ oo (W) + 55701(5)
1 2688 (n)
6910 691
Also we can find
_ Ly Lo . mn 11 5\
Tmyl,l(n)f48na5(n) 48n al(n)+12n03(2)+(48n 1271 )01(2) (1.16)

n ([1], Theorem 4.1) and

Proposition 1.3. (See [7]) Letn € N. Then we have
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Ts(n) = [n {50—5(n) T 1605(3) — 9nos(n) — 301(3)} n 4b(n)] ,

[ {rs(m) + 2005(5) — (86n — 15) 05(5) } — b(m)]

1440

1
Tm,3,1 (n) = %

Tmas(n) = {217107(71) + 64n07(g) — 51n’05(n) + 17n01( ) 4+ 1632d(n)

L
17136
+51c(n) — 21nb(n)},

1 n

Tn3(n) = 1o {2n07(n) +82n07(%) — 34nas( 2) — 544d(n) — 17¢(n)
+15nb(n)},

Tosa(n) = soe {4n07(n) + 336n07( 2) — 816n%0s5( 2) + 476n075( 2) + 544d(n)

+17¢(n) — 21nb(n)},

1
Tr7(n) = oo {255m79 (n) + 768n09(g) — 775n%07(n) — 465n01(g)

+12407(n) + 1904647(%) — 23040nd(n) — 720nc(n)} :

n
Tpns.5(n) = m {21n09 n) + 320n09( ) + 775n03(2 ) — 6517 (n) — 595207(%)
+20160nd( ) + 630nc(n)},
n
Tm5,3(n) = 520800 {5nag(n) + 336n09(= ) — 1085n05(—= ) + 3107(n) + 138887‘(5)
—10080nd(n) — 315nc(n)},
n n
Tm77’1(n) 111600 {3710’9 ) —+ 1020n09( ) — 3100n 0’7(7) =+ 2325TLO'7( 2)

2
~937(n) — 24807—(5) +2880nd(n) + 90nc(n)}

In this paper we desire to expand Proposition 1.3 into Tm .,¢(n) and so we obtain the following
theorem :

Theorem 1.1. Letn € N. Then we have

(a)

zﬁ [nz {603( ) + 2403(5) — 5no1(n) — 10 (3n — 1) o1 ( )}_b( )]
(b)
m13 Zmal Yoz(n — 2m)
6720 {5n os(n) + 16n 05(7;) _ 77130'3(71) _ 77120'1(%) — 160d(n)

—5¢(n) + Tnb(n)},
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Trsi(n)= > m’os(m)oi(n— 2m)

1
~ 8064
+3c(n) — Tnb(n)},

{4n205( ) + 80n> 05(2) —168n° 03(2) + 84n 03(2) + 96d(n)

2
Tona,5( E m? o1(m)os(n — 2m)

m< "
. 1
"~ 2056320

+58752nd(n) + 1836nc(n) — 420n°b(n) — 10717(n) — 1218567(%)} ,

{42011207( ) + 12800 07(2) —765n°05(n) + 1020n201(g)

T,ir;;; Zmag Joz(n — 2m)

rr:,<ﬂ
m {10n%01(n) + 160n%0+(%) = 306n%03(5) — 4896nd(n)

—153nc(n) + 75n2b(n) + 687(n) + 43527(2)} ,

m7571 g m2os(m Joi(n — 2m)

m<"
= m {20n207(n) + 1680n207(g) —1530n° (3n — 2) 05( ) + 4896nd(n)

+153ne(n) — 105n2b(n) — 687(n) — 24487-(%)} .

In addition, using Theorem 1.1 we can easily obtain some identities induced from 7}, , ;(n),
which are introduced in the following theorem :

Theorem 1.2. Forq € C with|q| < 1, we have

(a)

L*(q)L(q%)
2016 . 12288 & n - n
=1+ < 07(n)q + T 07(n)q2 — 1244 Z nos(n)q
n=1 n=1 n=1

> n o 18144 & n o 82944 & n
_46082n05(n)q2 +T n®o3(n)q —i—TZnQJg(n)qQ

n=1 n=1
G 3 n G 3 2n 288 G n
— 2592 Z n’o1(n)q" — 13824 Z n’o1(n)g™" — =5 Z b(n)q",
= n=1 n=1
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L*(¢*)M (q)
@ i (n) 2n _ @ inQJs( )" — @ inQUs(n)q%
—_ el n=1
+ 4325217130 (n)q" + % nf:ld( )"+ % nf:lC(HJfJ"
+ ? g nb(n)q",
()
L*(g)M(q”)
=1— 5301420'9( N 72?0:01 o(n)g”" + @ f:lna?(ﬂ)q
69120 3 nor(n)a’ - o i os(n)g" — T §n205(n>q2"
-+ o768 nzl s (m)g" 1722187 0 nil d(n)g" — % nil e(n)q"
A Lo
(d)
L(q)L*(¢*)N(q)
=1 G Bt St 1?@@4 > ot
B 161558588 °°1 o(n)g®" + 8112 Z . . % > 207(n)g?"
— 648 ,i n*os(n)q" — % 2 nd(n)q" — % :_Ol ne(n)q”
B 4(;% :"1 2b(n)g" — 336495854 T(n) s % :olT(n) e
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L*(¢*)M(q)M(q?)
240 n 65280 = o 144 & n
=14+= D9°0U _ 144
+ 6o n:1011(n)q + o1 ;011(71%1 31 n:1n09(n)q
96768 on 240 = o n o 15360 <= - on
T 155 a nag(n)q + T’?;n 07(n)q + Tnzln 07(n)q
76032 — n 2376 w1800 S 5 n
+ 5 ;nd(n)q +5 n;nc(mq + 2.n b(n)q
32028 & n 2857728 on
* 601 ;T(")q * 3455 ;T(")q ’
]
L(q)L*(¢*)N(q%)
48 & 65472 o 144
— 1 P I
591 ;”“( RETEP S ;””9(")‘]
196128 = e o 81408 =, on
155 nz::ln Zn or(n G n:1n o7(n)g
o 3 2 31104 w972 S .
_ 5184271 os5(n)g”" — Wn 1ncl(n)q — ﬁ;nc(n)q
252 5 n 16824 n 65472 on
b e )
i 1n (n)e" = See ;T(n)q g1 2T
Finally, we can deduce Theorem 1.3 :
Theorem 1.3. Letn € N. Then we have
(a)
n—1m-—1
Z aoq 1(CL 2)0’51 b 2 0'1 ka’l 1 k 2)0’3 1(m k 2)01(n7m)
(a,b,c)EN3 m=1 k=1
a+b+c=n

n

4032 —17n(12n — — 816n (12n — 7) a5( 2

685440{ 83n07(n) + 4032n0+(5) — 17n (12n — 7) 05 (n) — 816n (12n — 7) 05(3)
+2499n04(n) — 6664n03 () — 8331 (4n — 1) 1 (n) + 1666n (4n — 1) o1 (5)

2
—8704d(n) — 272¢(n) + 56 (21n — 17) b(n)},

> aoi,1(a;2)03,0(b;2)01 ()
(a,b,c)GNs
a+btc=n

1 n n
= ¥14080 {1267107(71) — 3696n07(§) —34n (12n — 7) o5(n) + 748n (12n — 7) 05(5)

— 2142n05(n) + 5712710’3(%) + 714n (4n — 1) 01 (n) — 1428n (4n — 1) o1 (=)
+1632d(n) + 51c(n) — 7 (69n — 68) b(n)},
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> aoi0(a;2)0s0(b;2)01(c)

(a,,b,c)EN3

a+b+c=n

1 n 2 n

= T {7na7(n) +588n07 (%) — 1705 (n) — 17n (1040 — 49) o5(5)
—119n03(n) + 119n (6n2 —3n—4) 03(%) +119n%01(n)

+119n (4n — 1) al( ) + 544d(n) + 17¢(n) — 7nb(n)} :

Z ao1,0(a;2)os,1(b;2)o1(c)

(a,b,c)eN?
a+b+c n

= 03760 {273ner(n) — 12768007 () — 170 (99n — 35) 7s(n)

+ 136n (288n — 133) 05( ) + 357n (6n* — 3n +7) o3(n)

—1428n (12n” — 6n — 7) 03(5 ) — 2499n%01 (n) — 2499n (4n — 1) al(g)

)
2
—3264d(n) — 102¢(n) — 14 (45n — 34) b(n)} .

Remark 1.1. Theorem 1. 1 and Theorem 1.2 help us to approach easily to another convolution sums,

for example, T}3, . ;(n), Tp, ..;(n), etc., and we expect that this work allows us to find some relations
between divisor functions and the infinite product sums.

2 The various convolution sums multiplying m?
We introduce Proposition 2.1 to obtain some various convolution sum formulae.

Proposition 2.1. (See ([1], Theorem 1.1)) For q € C with |q| < 1, we have
(a)

L(g)M(¢*) =1 —24 Z os(n)q" + 1440 Z nos(n)g®™ — 480 Z os(n)g”",
n=1 n=

n=1

L(g*)M(q) = 14360 Y _nos(n)g" —120 Y os5(n)q" — 384> o5(n)g™",
n=1 n=1

n=1

L(q)L*(¢? _1—144Zn o1(n)q +144Zn03 q" =24 os(n)g
n=1

n=1 n=1

— 2304 Z n’o1(n)g®™ + 2592 Z nos(n)g®™ — 480 i o5(n)¢*",
n=1

n=1
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L*(¢)L(¢° —1—576211 o1(n)q" +6482n03 —120205(n)q
n=1

n=1

— 2304 Z n’o1(n)g™™ + 2304 Z nos(n)g™ — 384 o5(n)q”

n=1

Proof of Theorem 1.1. (a) By (1.5) and (1.9), we have

L*(q)L(¢*) = L*(q) - L(q”)

= (1 — 1728 Z n’o1(n)q" + 2160 Z nos(n)q" — 504 Z 05(n)q">

n=1 n=1 n=1

(o)

14 Z { 1728 N201(N) + 2160N o3 (N) — 50405 (N) — 2401%)
=1

+1728-24 > (N —2m)? o1 (N — 2m)o1(m)

m<%

—2160-24 Y (N —2m)o3(N — 2m)o1(m) 2.1)

m<%

+504 - 24 Z os(N —2m)o1(m) p ¢~

m<%
=1+> {—1728N201(N) +2160No3(N) — 50405 (N) — 2401(%)

+1728 - 24N? . Ty 5(N) — 1728 - 24 - AN - Ty, 1 1(N)
+1728-24-4 > mo1(m)or (N — 2m) — 2160 - 24N - Ty 3(N)

m<%

42160 - 24 - 2 - Trn,1,3(N) + 504 - 24 - Ty 5(N) } g7

Also, by (1.5) and Proposition 2.1 (d), we note that
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_<1—24§:01(n ><1—5762m o1(m)q™ +6482m03 m)q™
n=1

m=1

—120 Z os(m)q™ — 2304 Z m’o1(m)g®™ + 2304 Z mos(m)g”™

m=1 m=1
—384 Z o5 (m)q2m>

m=1
» N
=1+ Z { 576N?01(N) + 648No3(N) — 12005(N) — 576N o1 (%)
N N—-1
) = 38405(~) — 2401 (N) + 24 - 576 > o1(N = m) - mPoi(m)

m=1

+ 1152N0’3(

k=

N-1 N-1
—24~648201(N—m)-m03( )+24- 120201 (N —m)os(m)
m=1

m=1

(2.2)
+ 24 - 2304 Z o1(N —2m) - m*o1(m)

m<%

—24-2304 Z o1(N —2m) - moz(m) + 24 - 384 Z o1 (N —2m)os(m) » ¢~

N N
m< 5 m<-3

=1+ Z { —576N?01(N) + 648 No3(N) — 12005(N) — 576N201(g)
+ 1152N¢73(§) _ 38405(%) 2oy (N) + 24576 - 1%, 1 (N)
—24-648 - I 31 (N) 4 24-120 - I, 5(N)

+24-2304 Y mPoi(m)or(N — 2m) — 242304 - Ty 31 (N)

m<%

+24-384-T51(N)} ¢

Therefore, equating (2.1) with (2.2) and using Proposition 1.1 (b), Proposition 1.2 (a), (1.16),
and Proposition 1.3 (a), we obtain the proof.

() By (1.6) and (1.9), we have
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— <1 + 240 i Ug(n)q">

n=1

X (1 — 1728 Z m?o1(m)g®™ + 2160 Z mos(m)g>™ — 504 Z 05(m)q2m>
m=1

m=1 n=1

Bl N N
—432N? 1080N03(=) — 50405 (=) + 24003(N
+Z{ 32N%01() +1080N0s(5;) — 50405(; ) + 24003(N)

—240-1728 Y o3(N — 2m) - m’o1(m)

m<%

+240-2160 Y o3(N — 2m) - mos(m) (2.3)

m<%

—240 - 504 Z o3(N — 2m)os(m) qN

m<ﬂ
N N N
1+ Z { —432N%0, ( (%) + 1080N o5 (%) — 50405( ) + 24005 (N)
—240-1728 Y m’o1(m)os(N — 2m) + 240 - 2160 - T 3,3(N)

m<%

—240 - 504 - Ts 3(N)} ¢" .

And by (1.8) and Proposition 2.1 (b), we obtain
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n=1

(1 — 288 Z mo(m)g®™ + 240 Z oz(m 2m>

m=1

= (1 + 360 Z nos(n)q" — 120 Z os(n)g™ — 384 Z o5 (n)q2n>

N N
1+ Z { 144N a1 () +24003(=) + 360N o5 (N)

—360-288 Y (N —2m)os(N — 2m) - mo1(m)

m<%

+360-240 > (N —2m)o3(N — 2m)os(m) — 12005(N)
m<%

+ 120 - 288 Z o5(N —2m) - mo1(m) — 120 - 240 Z o5(N — 2m)osz(m)
m<% m<f

N (2.4)
—38405( o) 384288 > os( 5 —m) - mai(m)

m<N

—384 - 240 Z 05(% —m)os(m) p ¢~

m<ﬂ
N N
1+ Z { 144N o1 (%) +24005( ) + 360Nos(N) — 360 - 288N - T 1,5(N)

+360-288-2 > m’o1(m)os(N — 2m) + 360 - 240N - Ts 3(N)

m<%

—360-240 - 2 Ty 3.5(N) — 12005(N) 4 120 - 288 - Th1 5(N)

N N
—120-240~T3}5(N)—3840’5( )+384 288 - [m15(2)

N
—384 - 240 - 13,5(5)} q".

So we equate (2.3) with (2.4) and refer to Proposition 1.1 (c), Proposition 1.3 (a) and (b).

(¢) From (1.6) and (1.9) we note that
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L¥(q)M(q*) = L*(q) - M(q°)

= (1 — 1728 Z n’o1(n)q" + 2160 Z nos(n)q” — 504 Z 05(n)q">
n=1

n=1 n=1

x <1 + 240 i Jg(m)q2m>

m=1

=1+ Y {—1728N201(N) +2160No3(N) — 50405(N) + 24003%)
N=1
—1728-240 > (N —2m)? o1 (N — 2m)os(m)
m<%

+2160-240 Y (N —2m) o3(N — 2m)os(m)

m<%

(2.5)
—504 - 240 Z o5(N = 2m)as(m) p ¢~
m<
2
=1+ {71728N201(N) + 2160No3(N) — 50405(N) + 24003(%)
N=1

— 1728 - 240N? - T 1 (N) + 1728 - 240 - 4N - Ty 3.1 (N)
—1728-240-4 Y mPo3(m)oi(N — 2m) + 2160 - 240N - Ty 3(N)

m<%

—2160 - 240 - 2 - Ty 3.3(N) — 504 - 240 - T3 5(N)} ¢

Similarly, by (1.8) and Proposition 2.1 (a), we have
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n=1

<1 i m)q™ + 1440 Z mas(m)g>™ — 480 i s (m)q2m>
m=1 m=1

:<1—2882n01 n)q +240203 >

m=1

— 14 { —2405(N) + 720N¢73(%) _ 48005%) 288N (N)
N=1
N—-1
+288-24 > (N —m)o1(N —m)os(m)

m=1
—288-1440 Y (N —2m) o1 (N — 2m) - mos(m)
m<Z
+288-480 > (N —2m) o1 (N — 2m)os(m) + 24003(N)
m<y (2.6)
n—1

—240-24 ) " o3(N —m)os(m) + 240 - 1440 > o3(N — 2m) - mos(m)

m=1 m<%

—240-480 Y o3(N —2m)os(m) p q"

m<ﬂ
N N
=1+ Z { —2405(N) + 720N0s( ) — 48005( ) — 288N01 (N) + 24003(N)

+288-24N - I, 5(N) — 288 -24 - I, 5.1 (N) — 288 - 1440N - T}, 3.1(N)
+288-1440-2 > m’o3(m)o1 (N — 2m) + 288 - 480N - T5 1 (N)

m<%
—288-480 -2 Trm5,1(N) — 240 - 24 - I3 5(N) + 240 - 1440 - Tr 3,3(N)
—240 - 480 - Ts 3(N)} ¢~

Therefore, equating (2.5) with (2.6) and appealing to Proposition 1.1 (c), Proposition 1.3 (a)
and (b), we obtain the proof.

(d) By (1.8) and (1.12), we obtain
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L(q)L*(¢°)N(q) = L(q)N(q) - L*(q°)

(1100827105 q+480207 ">

n=1 n=1

<1 — 288 Z moy(m)g®™ + 240 Z os(m 2m>

m=1
o0

=1+ Z { 144N oy ];7) + 24003(%) — 1008Nas(N)

+1008-288 Y (N —2m) o5(N — 2m) - mo1(m)

m<%
—1008-240 Y (N —2m) o5(N — 2m)os(m) + 48007(N)
m<y 2.7)
—480-288 Y o7(N —2m) - moi(m)
m<%

+480 - 240 Z o7(N —2m)os(m) p ¢~

m<ﬁ

I
-

N N
+ Z { 144N o1 (%) + 24005( ) — 008N 05 (N) + 1008 - 288N - Ton,1,5(N)
—1008-288-2 Y m’o1(m)os(N — 2m) — 1008 - 240N - Ts 5(N)
m<%
41008 - 240 - 2 - Trn.5.5(N) + 48007 (N) — 480 - 288 - Tpn 1.7(N)
+480 - 240 - T5,7(N)} g™

Also by (1.7) and Proposition 2.1 (c), we observe that
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L(q)L*(¢*)N(q) = N(q) - L(q)L*(¢%)

_<1—504§:0’5( ) <1—144Zm o1(m)q —|—144Zma'3 m)q™
n=1

m=1

— 243" o5(m)g™ — 2304 Z mo1(m)g®™ + 2592 Z mos(m)g®™
= m=1
—480 Z 05(m)q2m>
2 2 N
=1+ Z { 144N*01(N) + 144N 03 (N) — 2405(N) — 576N 01 ()

+ 1296N03(%) 48005%) — 50405(N)

N-1
+504-144 > o5(N — m) - m*o1(m)

m=1

N-1 N-1
—504-144 ) " 05(N = m) - mos(m) + 504 - 24 Y " o5(N — m)os(m) 2.8)

m=1 m=1
+504-2304 Y o5(N — 2m) - m’o1(m)

m<%

—504-2592 > o5(N — 2m) - mos(m)

m<%

+504-480 > o5(N — 2m)as(m) p ¢"

m<%

—14+ Z { 144N261(N) + 144No3(N) — 52805(N) — 576N201(g)

+ 1296N03(g) - 48005(%) +504-144 - 12 1 5(N) — 504 - 144 - I,5, 3.5(N)

+504-24 - I55(N) 4504 - 2304 > m’o1(m)os(N — 2m)

m<%

—504 - 2592 - Ty 3.5(N) 4 504 - 480 - T 5(N)} ¢

Thus we equate (2.7) with (2.8) and use Proposition 1.1 (d), Proposition 1.2 (c), Proposition
1.3 (b) and (c).

(e) From (1.6) and (1.11) we have
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L*(¢*)M(q)M(q*) = M(q) - L*(¢°)M(q")

= <1 + 240 i ag(n)q">

n=1

X (1 + 1728 Z m?o3(m)g®™ — 2016 Z mas(m)g>™ + 480 Z 07(m)q2m)
m=1

m=1 m=1

- 2 N N N
=1+ szjl {432N 03(%) = 1008Nos (<) + 48007(~) + 24005 (N)
+240-1728 > o3(N — 2m) - m’o3(m)

m< %

—240-2016 Y o3(N — 2m) - mos(m) (2.9)

m<%

+240-480 > o3(N —2m)or(m) 3 ¢

m<%

1+ > {4321\7203(%) - 1008Na5(%) + 48007%) + 24005(N)

N=1

+240-1728 Y mPos(m)os(N — 2m) — 240 - 2016 - T 5,3(N)

m<%

4240 - 480 - Tr 3(N)} ™.

Similarly, by (1.10) and Proposition 2.1 (b), we obtain
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L*(¢*)M(q)M(¢*) = L(¢*)M(q) - L(¢*) M (q”)

|

=14+> {360N03(g) - 50405(%) + 360No3(N)

1+ 360 Z nos(n)q" — 120 Z os(n)q" — 384 Z Js(n)q%)
n=1 n=1

n=1

X (1 + 720 Z mos(m)g>™ — 504 Z 05(m)q2m)
m=1

m=1

N=1
+360-720 Y (N —2m)os(N — 2m) - mos(m)
m<f
—360-504 Y (N —2m)os(N — 2m)os(m) — 12005(N)
m<%
—120-720 Y o5(N —2m) - mos(m)
m< (2.10)

N
+ 120 - 504 Z o5(N —2m)os(m) — 3840'5(5)

m<%

N N
—384-720 ) 05(%5 —m) - mos(m) + 384 504 > 05(%5 —m)os(m) q"

N N
m< -5 m< o

=1+ {360Nag(g) - 88805(%) +360Na3(N) — 12005(N)
N=1

+ 360 - 720N - T 3,5(N) — 360720 -2 Y~ m’o3(m)os(N — 2m)
m<%

— 360 - 504N - Ts 5(N) + 360 - 504 - 2 - Ty, 5 5(N) — 120 - 720 - T, 5.5(N)

N N
+120 - 504 - T 5 (N) — 384 - 720 - Ipn 55(%5) + 384 - 504 - 15,5(5)} 7.

So equating (2.9) with (2.10) and using Proposition 1.1 (d), Proposition 1.3 (b) and (c), we can
complete the proof.

(f) By (1.5) and (1.13), we note that
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L(q)L*(¢°)N(q”) = L(q) - L*(¢*)N(¢*)

= (1 —24)° Ul(n)q">

X (1 — 1728 Z m?o5(m)g®™ + 1440 Z moz(m)g>™ — 264 Z Ug(m)q2m>
m=1

m=1 m=1

_ 205( Y Ny _ Ny _
= +Z{ —432N"05(;) + 720N o7 (%) — 26409 (%) — 2401 (N)

+24-1728 Z o1(N — 2m) - m?os(m) — 24 - 1440 Z o1(N —2m) - moz(m)

N N
m< 5 m< 5

+24 - 264 Z o1 (N —2m)og(m) p ¢~

m<%
— 2 N Ny Ny
=1+ Z{ —432N°05(%) + T20Nor(5) — 26400( ) — 2401 (N)
+24-1728 Y mPos(m)or(N — 2m) — 24 - 1440 - Ty 71 (N)
m<%

+24-264 - Ty 1 (N)} ¢
(2.11)

And by (1.7) and Proposition 2.1 (c), we obtain
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L(q)L*(¢*)N(q") = L(¢)L*(¢*) - N(q°)

:(1—14427101 n)q +144Zn03 n)q" —24205

n=1

—2304 Z n’o1(n)g®™ + 2592 Z nos(n)g®™ — 480 Z o5 (n)q2">
n=1 n=1
X <1 — 504 Z 05(m)q2m>
N

=1+ Z { 144N°01(N) 4+ 144No3(N) — 2405(N) — 576N201(§)

N N N
+1206No3(7) — 48005( ) — 50405(

)
+144-504 > (N —2m)? o1 (N — 2m)os(m)

m<%

—144-504 Y~ (N —2m)o3(N — 2m)os(m)

m<%

(2.12)

+24-504 > o5(N — 2m)os(m) + 2304504 > nzal(n)%(ﬁ

5 ™

m<% n<%

—2592-504 » nag(n)a5(% —n) 4480504 05(% —m)os(m) p ¢~

n<ﬂ m<%

=1+ Z { 144N201(N) + 144N o3(N) — 2405(N) — 576N201(%)

+1296Na3(];[ )— 98405(N )+ 144 - 504N - Ty 4 (N)

— 144504 - AN - T 51 (N) + 144504 -4 Y~ m’o5(m)or (N — 2m)

m<%

— 144 - 504N - Ts 3(N) + 144 - 504 - 2 - Ty 5 3(N) + 24 - 504 - T 5(N)

N N N
+2304~5O4-131,1,5(2) 2592 - 504 - Im,s.5(%) + 480 - 504 - ]55(2)}qN.

Therefore we equate (2.11) with (2.12) and refer to Proposition 1.1 (d), Proposition 1.2 (c),
Proposition 1.3 (b) and (c).
O

3 The induced identities from > _ 5 m 2gc.(m)os(n — 2m)

In Theorem 1.2 we obtain some identities induced from Theorem 1.1 :

Proof of Theorem 1.2. (a) Insert Theorem 1.1 (a) into (2.1).
(b) Insert Theorem 1.1 (b) into (2.3).
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() (
(d) (
(e) Insert Theorem 1.1 (e) into (2.9).
(f) (

Insert Theorem 1.1 (c) into (2.5).

Insert Theorem 1.1 (d) into (2.7).

Insert Theorem 1.1 (f) into (2.11).
O

Now let us consider the convolution sums composing with three divisor functions. In advance,
we can see the following proposition in ([5], Theorem 3.11) by the definition of o, (n;m) in (1.1) :

Proposition 3.1. Letn € N. Then we have

(@)

ni_ll mo,1(m; 2)os,1(n —m;2)
= 2310 [ {os(m) + 4805(3) + Tor(n) — 141 (5) } - 8b(m)] ,
(b)
nle mo,1(m; 2)os.0(n —m;2)
- % [n {Us(n) - 2205(3) — 301(n) + 601(3)} n gb(n)] 7
(©)
Zilm“”(m;””“(” —mi2) = en {Tou(5) ~3nos(5) ~or(3) )
(d)
nle mo0(m; 2)os1(n —m;2)
1

— n n
= 360 [” {5”5(”) = 15205(5) — 9nos1(n;2) + 2101(5)} - 4b(n)] .
Moreover we note that

i o1(m)b(n —m) = % {32d(n) + ¢(n) — (3n — 2) b(n)} (3.1)

in ([7], Lemma 3.1 (a)) . We construct the convolutions sums by multiplying o1 (n) into the given
convolution sums in Proposition 3.1 and obtain Theorem 1.3.

Proof of Theorem 1.3. (a) By Proposition 3.1 (a), we can expand
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(]

ao1,1(a;2)os,1(b;2)o1(c)

(a,b,c)ENS
a+b+tc=n

n—1m-—1

I
M

ko1,1(k;2)os,1(m — k;2)o1(n —m)

-y 2310 {m (o5(m) + 14805(5) + Tor(m )—1401(%))—8b(m)}] o1(n —m)
{Z mos(m)oi(n —m) + 48 Z 2mos(m)oi(n — 2m)
+7Zm01 (n—m —14Z2m01 Yoi(n —2m)

n—1
-8 Z b(m)o1(n — m)}
m=1
1
= % {Im,5,1(n) +48-2. Tm’5’1(n) +7- Im,l,l(n) —14.92. Tm,1,1(n)

n—1
-8 Z b(m)o1(n — m)} .
m=1
So we use Proposition 1.1 (a), (c), (1.16), Proposition 1.3 (b), and (3.1).
(b) By Proposition 3.1 (b), we have

> ao1,1(a;2)03,0(b;2)01(c)
(a,b,c)€N3
a+b+c=n

n—1m-—1

Z koi1,1(k;2)o3.0(m — k;2)o1(n —m)

k=

I
(]

3
S
-

3
L=

©
o

=

m=

{m(as(m)—ZQJs(%)—?)al( )+ 601 (2 ))+2b( )}] o1(n —m)

1 | &
=5 { Z mos(m)oi(n — — 22 Z 2mos(m)oi(n — 2m)
m=1

m<"
n—1
—Sme( Joi(n —m +622m01 m)o1(n — 2m)
m=1 m<n

n—1
+2 Z b(m)o1(n — m)}
m=1
1
= % {]m,571(’n) —22-2- Tm,571(n) -3 Im71,1(n) +6-2- Tm,lyl(n)

+2 i: b(m)o1(n — m)} .
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Thus we use Proposition 1.1 (a), (c), (1.16), Proposition 1.3 (b), and (3.1).

(c) By Proposition 3.1 (c), we obtain

= % {7 Z 2mos(m)or(n —2m) — 3 Z (2m)? 05 (m)os (n — 2m)

n n
m< 5 m< 5

m<g

— Z 2mo1(m)oi(n — Qm)}

1
=1 {7-2 - Tsi(n)—3-4-T23:(n) —2-Tm11(n)}.

Thus we refer to (1.16), Proposition 1.3 (b), and Theorem 1.1 (c).

(d) By Proposition 3.1 (d), we have

Z ao1,0(a;2)os,1(b;2)o1(c)
(a,b,c)EN?
a+b+c=n

n—1m-—1

= Z koi,0(k;2)o31(m —k;2)o1(n —m)

=Y g [ {Bosm) — 15205 (5) — 9mosa (mi2) + 2100 () } + abem)] B2)

where we used the property of (1.3) and (1.4) for 03,1 (m;2). So (3.2) can be written as
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> ao10(a;2)03,1(b;2)01(c)

(a,b,c)€N3
a+b+c=n

= % {L'sz_:1 mos(m)o1(n —m) — 152 Z 2mos(m)or(n — 2m)

m<%

-9 i m?oz(m)or(n —m)+9-8 Z (2m)°o3(m)o1(n — 2m)

m=1 m<%

+21 > 2moi(m)oi(n — 2m) +4 2 b(m)oi(n — m)}

m<g m=1
-1
360

+21-2-Tima1(n)+4 ”2_: b(m)o1(n — m)} .

{5 Insa(n) —152-2-Tpn51(n) —9- I 51(n) +9-8-4-Th 5,(n)

Thus we use Proposition 1.1 (c), Proposition 1.2 (b), (1.16), Proposition 1.3 (b), Theorem 1.1
(c), and (3.1).
O

4 Conclusions

In this paper we obtain the various convolution sum formulae of

for n(e N) and an odd positive integer e and f. Furthermore we have some identities induced from
Ty, . (1).
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5 Appendix

The first twenty values of 7(n) are given in the Table 1,

n | 7(n) n 7(n) n 7(n) n 7(n)

1 1 6 —6048 11 534612 16 987136
2 —24 7 —16744 12 | —=370944 || 17 | —6905934
3 252 8 84480 13 | 577738 || 18 | 2727432
4 | —1472 9 | —113643 || 14 401856 19 | 10661420
5 4830 10 | —115920 || 15 | 1217160 20 | —7109760

TABLE 1. 7(n) for n (1 < n < 20)

similarly the first twenty values of b(n), ¢(n) and d(n) are listed in the following tables.

n | b(n) n b(n) n b(n) n b(n)
1 1 6 —-96 11 1092 16 4096
2 -8 7 1016 12 768 17 14706
3 12 8 —512 13 1382 18 16344
4 64 9 | —2043 || 14 | —8128 || 19 | —39940
5 | —210 || 10 1680 15 | —2520 || 20 | —13440

TABLE 2. b(n) for n (1 < n < 20)
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n | c(n) n c(n) n c(n) n c(n)
1 1 6 2496 11 | —38996 16 | —65536
2| —16 7 —4536 12 39936 17 | 311442
3 100 8 —4096 13 37806 18 | —74448
4 | —256 9 23085 14 15232 19 128244
5 | —154 || 10 | —13920 || 15 | —146472 || 20 | —222720
TABLE 3. ¢(n) for n (1 < n < 20)

n|dmn) | n | dn) n d(n) n d(n)

1 0 6 | —156 || 11 | —536 16 4096

2 1 7 112 12 | —2496 || 17 | —17472

3 -8 8 256 13 | 4384 18 4653

4 16 9 | =576 || 14 | —952 19 5848

5 32 10 870 15 336 20 13920

TABLE 4. d(n) for n (1 < n < 20)
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