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Abstract: LetQ1, Q2 andQ3 be three non-vanishing
meromorphic functions, and α be an entire function.
In this paper, we consider the differential equation
of the form:

f (k)(z)−Q1(z) = (f(z)−Q2(z))Q3(z)e
α(z),

and derive some necessary conditions ( in terms of
Qj (j = 1, 2, 3) and α ) for the existence of an admis-
sible meromorphic solution f of the above equation.
As a consequence of the studies, particularly we are
able to confirm partially the validity of Brück Con-
jecture raised in studying value sharing of an entire
function and its first derivative.
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1. Introduction and Main Results

Let f denote a nonconstant meromorphic func-
tion. We assume that the reader is familiar with the
basic Nevanlinna’s value distribution theory of mero-
morphic functions and its standard notations, such
as N(r, f), m(r, f), T (r, f) and etc.(see, e.g., [7,14]).

A meromorphic function β is called recall a small
function of f, if T (r, β) = S(r, f), where S(r, f) de-
notes any quantity that satisfies S(r, f) = o(1)T (r, f)
as r → ∞, possibly outside a set of r of finite linear
measure.

We say that two meromorphic functions f and g
share a value or some function a CM, if f − a and
g − a have the same zeros, counting multiplicities.

In 1977, Rubel-Yang[13] showed if an entire func-
tion f and its first derivative f ′ share two distinct
finite values CM, then f = f ′.

Later on, Brück [2] studied the relationships be-
tween f and f ′ when they share only one finite value
CM. Meanwhile, the following conjecture was posed
in [2].

Brück Conjecture. Let f be a non-constant
entire function such that the hyper-order σ2(f) of f
is finite and non-integer. If f and f ′ share a finite
value a ( ̸= 0) CM, then

f ′ − a = c(f − a) (1.1)

or

f ′ − cf = a− ca, (1.2)

for some constant c ̸= 0.

If a = 0, the above conjecture was proved by
Brück [2], and he also proved the validity of the con-
jecture when a ̸= 0, provided that f satisfies the
following additional condition:

N(r, 1/f ′) = S(r, f). (1.3)

Moreover, for the case that f is of finite order,
the conjecture had been proved by Gundersen-Yang
[6]. Later on, Chen-Shon [4] confirmed the conjec-
ture when the order of f ρ(f) = ∞ and σ2(f) < 1/2.
Most recently, without any restriction on the order
or growth of f, Li-Gao-Zhang [9] proved the following
result:

Theorem A. Let f be a non-constant entire
function. If f and f (k) (k ≥ 1) share the value 1
CM, and if

N(r,
1

f (k)
) < αT (r, f) (for r ≥ r0), (1.4)

where α ∈ [0, 1/4), then

f (k) − 1 = c(f − 1), (1.5)

for some nonzero constant c.

Note that both conditions (1.3) and (1.4) indicate,
for k ≥ 1,

N(r,
1

f (k)
) < T (r, f) (for r ≥ r0), (1.6)

which implies, for k ≥ 1,

m(r,
1

f (k)
) ̸= S(r, f). (1.7)

In this paper, we shall tackle for entire functions
f, without any restrictions on the order or growth of
f that satisfy the following condition:

m(r,
1

f
) ̸= S(r, f), (1.8)

which is the case ( k = 0 in (1.7)) that, has been
excluded in all the previous studies.
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Our main result can be stated as follows:
Theorem 1.1. Consider the following differen-

tial equation

f (k)(z)−Q1(z) = (f(z)−Q2(z))Q3(z)e
α(z), (1.9)

where α is an entire function, Qj (j = 1, 2, 3) are
non-vanishing meromorphic functions. If equation
(1.9) admits an admissible solution f such that

m(r,
1

f
) ̸= S(r, f), (1.10)

then the following condition must be satisfied:

Q3e
α =

Q1

Q2
. (1.11)

Furthermore, equation (1.9) can then be reduced to
the following simplified form:

f (k) =
Q1

Q2
f. (1.12)

In 2004, Liu-Gu [10] improved the result of Yu
[15] and proved the following theorem:

Theorem B. Let k ≥ 1 and let f be a non-
constant entire function, a be a meromorphic func-
tion with a ̸≡ 0, ∞, and T (r, a) = S(r, f) as r → ∞.
If f − a and f (k) − a share the value 0 CM and
δ(0, f) > 1/2, then f ≡ f (k).

As a consequence of the above theorem, we have
the following result which is an improvement over
Theorem B.

Corollary 1.1. Let f be an entire function with
m(r, 1/f) ̸= S(r, f), a (a ̸≡ 0, ∞) be a small function
of f. If f − a and f (k) − a ( for some k ≥ 1 ) share
the value 0 CM, then f ≡ f (k).

2. Lemma and Proof of Theorem 1.1

The following lemma is crucial to the proof of our
theorem.

Lemma 2.1 ([8, Proposition 9.2.3]). Let f be a
meromorphic solution of an algebraic equation

P (z, f, f ′, · · · , f (n)) = 0, (2.1)

where P is a polynomial in f, f ′, · · · , f (n) with mero-
morphic coefficients small with respect to f. If a com-
plex constant c does not satisfy equation (2.1), then

m(r,
1

f − c
) = S(r, f).

Proof of Theorem 1.1. Let f be an admissible
meromorphic solution of equation (1.9). By taking
the logarithmic derivative on both sides of (1.9), we
would have

f (k+1) −Q′
1

f (k) −Q1
=

Q′
3

Q3
+ α′ +

f ′ −Q′
2

f −Q2
,

thus

f (k+1)f − (
Q′

3

Q3
+ α′)f (k)f − f (k)f ′

= {Q′
1 − (

Q′
3

Q3
+ α′)Q1}f +Q2f

(k+1) +Q1f
′

−{(Q
′
3

Q3
+ α′)Q2 +Q′

2}f (k) + T, (2.2)

where

T := (
Q′

3

Q3
+ α′)Q1Q2 +Q1Q

′
2 −Q′

1Q2, (2.3)

which is a small function of f.
Assume that T ̸≡ 0. Then from equation (2.2), the

fact that α′ is a small function of f, and Lemma 2.1
( where c = 0 is used), we would be able to conclude
m(r, 1

f ) = S(r, f), a contradiction to the assumption

(1.10). Thus T ≡ 0, and hence

Q′
3

Q3
+ α′ =

Q′
1

Q1
− Q′

2

Q2
, (2.4)

which leads to

Q3e
α = c

Q1

Q2
, (2.5)

for some nonzero constant c. It follows from this,
equation (1.9) becomes

f (k) − c
Q1

Q2
f = (1− c)Q1. (2.6)

Again, by applying Lemma 2.1 to equation (2.6),
the constant c must be equal to 1. It follows that
Q3e

α = Q1

Q2
and f (k) = Q1

Q2
f.

This also completes the proof of Theorem 1.1.

Remark. The following examples show that the
condition (1.10) is necessary for the reduction of equa-
tion (1.9) to the form (1.12).

Example 2.1. Let f(z) = e2z + z2, Q1(z) =
2z, Q2(z) = z2, and Q3(z)e

α(z) ≡ 2, then it is im-
mediately yields f ′(z) − 2z = 2(f(z) − z2). We find
m(r, 1/f) = S(r, f), and f ′ ̸≡ (2/z)f.

Example 2.2. Let f(z) = ee
z

+ez +1, it is easy
to see that f is a solution of the following equation

f ′ − ez = ez(f − ez − 1).

By the second fundamental theorem for three small
functions (e.g., see [7,Theorem 2.5]), we would get

m(r, 1/f) = S(r, f). While, f ′ ̸≡ ez

ez+1f.

3. Remarks and a Conjecture

Remark 3.1 . We refer the reader to [12], where
complete different arguments are used to study equa-
tion (1.9), without the condition (1.10) imposed on
f, but f is assumed to be in the form f = Fn, for
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some entire function. In this direction, many results
have been obtained (e.g. see [1,3,11,16,17]). Now by
Theorem 1.1, and using the Tumura-Clunie theorem
([7,Theorem 3.9 or 5, Corollary on p. 115]), we can
get the following conclusion:

Theorem 3.1. Suppose that F is a transcenden-
tal meromorphic function, and that f =

∑n
j=0 ajF

j ,

in which aj (j = 0, 1, · · · , n, an ̸= 0) are constants.
Assume that f ′ and f share Q CM, that m(r, 1/f) ̸=
S(r, f), where Q ̸≡ 0,∞ is a small function of f.
Then

F = c ez/n − an−1

nan
,

where c is a nonzero constant.

Remark 3.2 . What can be said about the
possible relationships between f(z) and f (k), if the
condition (1.10) “m(r, 1/f) ̸= S(r, f)” is replaced by
“m(r, 1/f (k)) = S(r, f)” in Theorem 1.1?

Based on Corollary 1.1, we pose the following more
general conjecture, for all the transcendental entire
functions, without any restrictions on the order or
growth of f.

Conjecture 3.1. Let f be an arbitrary noncon-
stant entire function. If f and f (k) share the value 1
CM and m(r, 1/f (k)) ̸= S(r, f), then f ≡ f (k).
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