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 Abstract 7 

When continuous covariates are present, classical Pearson and deviance goodness-of-fit tests to assess 8 

logistic model fit break down. Many goodness-of-fit (GOF) tests such as Hosmer–Lemeshow tests can be 9 

used in these situations. Meanwhile, it is simple to perform and widely used, it does not have desirable 10 

power in many cases and provides no further information on the source of any detectable lack-of-fit. We 11 

propose a new strategy of grouping based on a very general partitional clustering in the covariate space to 12 

construct two goodness-of-fit test statistics. Many simulation studies are implemented and clinical data 13 

set is analyzed to examine the performance of the proposed strategy of grouping and the developed GOF 14 

test statistics. The results show that the proposed strategy of grouping and GOF test statistics based on it 15 

has a potential for use in practice as a recommended strategy of grouping and as GOF test statistics to 16 

assess the adequacy of the logistic regression model. 17 

Keywords: Continuous covariates; Cluster analysis; Goodness-of-fit test; Logistic regression; Strategy of 18 

grouping.   19 

 20 

1. Introduction 21 

Nowadays, logistic regression model (LRM) is part of the standard empirical research and it 22 

is commonly employed in several disciplines including medical research, health research, and 23 

social research [1]. Overall goodness-of-fit (GOF) test for the LRM is considered as the principal 24 

activity in the modeling process. GOF test reflects whether the predicted values are an accurate 25 

representation of the observed values. GOF refers also to the adequacy of the fitted model. It is 26 

defined as an evaluation of how well model predicted outcomes agree with the observed data [2].  27 

GOF test, on the other hand, widely referred to as lack-of-fit, because it is measuring how far is 28 

the model from the data; more than how much is the model good [3]. Omitted predictors, a 29 

misspecified form of the predictor, or an inappropriate link function can all result in poor fitting. 30 

Assessing GOF for the LRM is widely studied and many strategies of grouping and GOF test 31 

statistics based on them have been proposed in the last three decades. Two strategies of grouping 32 

were proposed by Hosmer and Lemeshow (HL) [4-5], deciles of risk and the fixed cut-off points 33 

respectively, to group the range of the estimated dependent variable. In order to construct GOF 34 

test, the ranked estimated probabilities are grouped into � groups according to either deciles of 35 

risk or prespecified fixed cut-off points. The test statistic is calculated by comparing the 36 

observed frequency ( �� ) to the average predicted frequency ( �� ) in the ���  group, � =37  1, 2, . . . , �, via the familiar form of the statistic: 38 

���� = ∑ ��������
������                                                             (1) 39 

HL’s GOF test statistic is widely used due to its following properties: (a) it is naturally 40 

attractive and easy to compute; (b) it has sound support from simulation studies; (c) it is widely 41 

available in computer packages; and (d) In addition to these properties, lack of a better approach 42 
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also contributes to its popularity. However, it has the following limitations [6-8]: (a) its limiting 43 

distribution has not been carefully derived; (b) it is a conservative test and has low power to 44 

detect specific types of lack-of-fit (such as nonlinearity in an explanatory variable); (c) it is 45 

highly dependent on how the observations are grouped; (d) if too few groups are used to 46 

calculate the statistic (for instance, five or fewer groups), it will almost always indicate that the 47 

model fits the data; and (e) when the HL GOF statistic indicates a lack of fit, it may be difficult 48 

to identify what types of subjects are not modeled well.  49 

Many other researchers proposed different strategies based on HL’s strategies of grouping 50 

such as [9] proposed a strategy of grouping based on assigning a score to the dependent variable 51 

categories. A chi-squared type GOF test was proposed by Zhang [10] for LRM using the fixed 52 

cut-off points strategy of grouping and the case-control data. The deciles of risk strategy of 53 

grouping was used by [11] to construct the GOF test when the correlated or grouped binary data 54 

are analyzed by using the logistic generalized estimating equations (GEE) model. Also, the fixed 55 

cut-off points strategy of grouping was adapted by [12] to propose a data-driven strategy for 56 

grouping data and a new chi-square type GOF test statistic based on case-control data for testing 57 

LRM by adapting the Zhang [10] test. 58 

A different approach is proposed by Tsiatis [13], instead of grouping observations by their 59 

predicted outcomes; he partitions the multidimensional space of covariates into �  distinct 60 

groups. An additive group effect for each group is added to the model to measure grouping lack-61 

of-fit. A score statistic is used to test that all of the �  grouping effects are zero. Tsiatis’ 62 

procedure is as follows: (a) the space of covariates matrix ���, ��, … , � �′ is partitioned into � 63 

distinct groups in P-dimensional space denoted by ��, ��, . . . , �� . The indicator functions !��� 64 �� = 1, 2, . . . , �� are defined by !��� = 1 if ���, ��, … , � �′ ∈ ��  and !��� = 0  otherwise; ($) 65 

the model considered is: 66 

%&�'( �1 − '(�⁄ � = +′,( + .′/(                                               (2) 67 

where +′ = �01, 0�, . . . , 0 � , ,(′  = �1, 2�(, . . . , 2 ( � , /(′  = �!(���  , . . . , !(��� � , and .′  =68  �3�, 3�, . . . , 3��. Note that +′,( models all the original covariates and .′/( models the regional 69 

shifts; (c) a score statistic is then constructed to test that 41: 3� =  3� = · · · =  3� =  0. Tsiatis’s 70 

approach is conceptually elegant, but its lack a general rule for how to partition the covariate 71 

space, especially when continuous covariates are present. How to choose the number of distinct 72 

groups K has also remained largely unstudied. Many researchers proposed other strategies based 73 

on the idea of Tsiatis’s strategy of grouping such as [14] proposed strategy of grouping based on 74 

categories of the covariates and constructed GOF test statistics based on this strategy to assess 75 

the adequacy of the multinomial LRM.  76 

The deficiencies of the above strategies and GOF tests based on them motivated Pulkstenis, 77 

and Robinson [2] to propose a two-stage modification of the HL’s strategy of grouping where in 78 

the first stage all dependents are sorted by model-based estimated probabilities within each 79 

unique covariate pattern, as defined by only the categorical covariates, and then in the second 80 

stage creating two sub categories within each covariate pattern, essentially splitting the category 81 

in two cells based on the median of estimated probabilities '7( within each of the k row. This 82 

additional stratification basically doubles the number of covariate patterns to incorporate 83 

UNDER PEER REVIEW



information related to all continuous covariates in the model. Model-based expected counts ���8 84 

are computed exactly as before, and the proposed test statistics are a Pearson chi-square test 85 

given by: 86 

� 9� = ∑ ∑ ∑ :��;<���;<=�
��;<�8����������                                              (3) 87 

and the deviance which is calculated by comparing the expected and the observed counts in the 88 

resulting contingency table as: 89 

> 9� = 2 ∑ ∑ ∑ ���8%?@ A��;<��;<B�8����������                                        (4) 90 

where k denotes covariate patterns, h denotes the sub stratification due to ordering by fitted 91 

probabilities, and j denotes the categories of the dependent variable. The degrees of freedom for 92 

these statistics are given by 2� − C − 2, where 2� refers to the number of rows in the new 93 

stratification splitting each row of contingency table  and p is the number of categorical variables 94 

in the model. These GOF test statistics may be more powerful than the HL GOF test in some 95 

situations due to the fact that the structure of individual covariate patterns is kept intact rather 96 

than collapsed. The main limitations of these GOF test statistics are not recommended by authors 97 

when only continuous variables are modeled and HL GOF test would be preferable, or when 98 

only categorical variables are modeled and the standard Pearson or deviance chi-square would be 99 

appropriate.  100 

All the reviewed works above based on the subjective grouping to either the space of the 101 

estimated response variable or the space of the covariates. Recently, Xie, et al. [15] proposed to 102 

use hierarchical clustering analysis (specifically Ward’s Method) to group the space of the 103 

covariates into clusters of similarity. This has the advantage of identifying groups in which the 104 

observations are similarly profiled with respect to their covariate values. They assumed that 105 �2(�, 2(�, ⋯ , 2( � be the set of E  covariate values for the F��  observation, F = 1,2, ⋯ , & . They 106 

proposed to use Ward’s method of clustering to partition the space of the covariates into � 107 

groups, denoted by ��, ��, ⋯ �� , and they defined an indicator function for the ���  group by 108 !��� = 1 if �2(�, ⋯ , 2( �′ ∈ �� , and 0 otherwise. Consequently, they proposed two GOF tests to 109 

assess the adequacy of LRM based on this strategy of grouping. The first GOF test is a Pearson 110 

chi-square statistic ( � ∗�  ) similar to the HL GOF test to assess the lack-of-fit of LRM, given by: 111 

� ∗� = ∑ ��� − &�'H������� &�'H��1 − 'H��⁄                                      (5) 112 

where &� is the number of observations in ��, �� is the observed number of events/successes in 113 ��, and 'H� = ∑ IJ'7JJ�J�� &�⁄  is the average estimated probability in ��, which has @� covariate 114 

patterns with IJ observations in the @�� covariate pattern. For abbreviation the second proposed 115 

GOF test is exactly same as Tsiatis’s GOF test which is discussed above. They considered the 116 

distribution of the proposed GOF test closes to chi-square distribution with KL = � − �E 2⁄ � − 1 117 

based on several assumptions about the true distribution of the observations and the parameter 118 

estimators.  119 
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 Xie, et al. [15] pointed out that: (a) both GOF tests for decisions on model fit in their study 120 

are applicable to a wide range of model scenarios (data settings) when continuous covariates are 121 

present. (b) for all the simulation scenarios, the GOF tests show reasonably well-controlled type I 122 

error rate. (c) both GOF tests demonstrate at least equal, if not much higher power in detecting 123 

missing quadratic term or missing interaction term, as compared to currently widely used HL 124 

GOF test. (d) when both continuous and categorical covariates are present, the two GOF tests 125 

along with the HL GOF test outperform the Pulkstenis and Robinson tests in detecting missing 126 

quadratic term. But the Pulkstenis and Robinson tests appear to outperform the two proposed 127 

tests and the HL GOF test in detecting missing interaction term. (e) these comparisons provide 128 

an example in practice that both GOF tests demonstrate better properties. 129 

In spite of these good properties of the strategy of grouping and GOF tests proposed by Xie, 130 

et al. [15] they have some disadvantages such as: (a) hierarchical clustering has a general 131 

disadvantage since it contains no condition for reallocation of elements which may have poorly 132 

classified at an early stage in the analysis [16]. (b) the output of this method of clustering 133 

necessarily represent hierarchical relationship among the elements, thus this method of clustering 134 

does not appropriate to handling large data sets. (c) when both continuous and categorical 135 

covariates are present, the proposed strategy of Xie, et al. [15] treated the dichotomous and 136 

ordinal covariates as interval data. (d) as it was known that the Ward’s method is an automatic 137 

method in clustering the observation started with n clusters and end with one cluster or in reverse 138 

direction, Xie, et al. [15] did not show how are they used the number of clusters K. (e) they 139 

recommended more studies for determining the degrees of freedom for the approximated Pearson 140 

chi-square statistic and for improving the clustering process by choosing another clustering 141 

method better than the method is used. 142 

All these strategies of grouping and GOF test statistics based on them have their limitations. 143 

These limitations of currently available strategies of grouping and GOF test statistics based on 144 

them are motivated us to propose a new strategy of grouping based on partitional clustering and 145 

constructing two GOF test statistics based on the proposed strategy to assess the adequacy of 146 

LRM. Consequently, the main objectives of this study are proposing a new strategy of grouping 147 

based on partitional cluster analysis, constructing two GOF test statistics of chi-square type 148 

(clustering chi-square �M� and clustering chi-square deviance >M�) based on the proposed strategy 149 

of grouping to assess the adequacy of the LRM and evaluating the performance of the proposed 150 

strategy of grouping and the developed GOF tests.  151 

The paper is organized as follows. Proposed strategy of grouping and GOF test statistics are 152 

given in Section 2. Thereafter in Section 3, we present some results of analyzing the simulation 153 

studies to evaluate the performance of the proposed strategy of grouping and the developed GOF 154 

test statistics. An application using real data set from the survival times of patients with prostate 155 

cancer who are randomly allocated to a treatment with an estrogen is presented in Section 4. 156 

Brief conclusions are presented in the last Section. 157 

 158 

2. Proposed strategy of grouping  159 

The proposed strategy of grouping is based on cluster analysis. The term “Cluster Analysis” 160 

consists of two main branches of clustering; Hierarchical and Partitional. Partitional clustering 161 

involves partitioning a given set of quantitative individuals or elements into a number of distinct 162 
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groups, called clusters [17]. Also, [18] defined Partitional clustering as the process of organizing 163 

the quantitative elements in a dataset into clusters or groups so that the elements within the same 164 

cluster have a high degree of similarity, while the elements belonging to different clusters have a 165 

high degree of dissimilarity according to some defined similarity criteria. We construct GOF 166 

statistics based on the strategy of grouping combine the ideas of the partitional clustering to 167 

partition the quantitative covariates spaces in the first stage and to partition the categories of the 168 

observed dependent variable space in the second stage of the proposed strategy of grouping. 169 

However, our approach differs from Xie, et al. [15] in that we utilize partitional clustering to 170 

partition the covariates whereas Xie, et al. [15] use the hierarchical clustering to partition the 171 

covariate spaces. We utilize also the categories of the dependent variable in the second stage to 172 

partition the space of the observed and the estimated dependent variables whereas Xie, et al. [15] 173 

did not use this kind of partitioning. The proposed strategy of grouping combined the ideas of 174 

partitional cluster technique (�-Means) [19] to partition the spaces of the continuous covariates 175 

and the categories of the dependent variable to partition each group into two subgroups. The 176 

proposed strategy of grouping differs from the other existing strategies by using the mixed 177 

partitioning to divide the range of the covariates and the range of the observed and the estimated 178 

dependent variables into clusters of similarity. This enables us to avoid the subjective 179 

partitioning disadvantages, and has the advantage of identifying clusters which have the same 180 

observations with respect to their covariate and dependent variable values.  181 

Hence, suppose X is a matrix of & × E covariates and Y is a vector of binary dependent 182 

variable in the data set with two categories (0 or 1). �8 =  :2�8 , 2�8 , ⋯ , 2O8=′, P = 1, 2, ⋯ , E and 183 F = 1, 2, ⋯ , & is the P�� covariate in the matrix. The proposed strategy of grouping attempts to 184 

partition the elements of the covariates in the matrix X of the covariates into � distinct clusters 185 

denoted by ��, ��, ⋯ , �� as follows: 186 

2.1 Select the number of clusters  187 

The first step is selecting the number of clusters (groups) because the proposed strategy of 188 

clustering is affected by the fundamental and unresolved problem in cluster analysis. This 189 

problem is how many clusters are present in a given data set? The problem of determining the 190 

number of clusters has been widely studied. Several methods are proposed to identify the number 191 

of clusters statistically from a given data set which includes methods such as the gap statistic 192 

[20]; a simulated annealing clustering based method [21]; cluster isolation criterion [22]; cluster 193 

stability [23] and Rand’s statistic [24]. All these methods are based on prior knowledge about the 194 

data without any constraint on this number; this means the number of clusters can be any 195 

number. Thus, there is no completely satisfactory method for determining the number of clusters 196 

for any type of cluster analysis. 197 

The above methods are not suitable to use in the strategy of grouping because (a) choosing 198 

any number of clusters is irrelevant in constructing the GOF tests and (b) there are some 199 

constraints on the number of clusters (groups) when the chi-square type GOF tests are 200 

constructed. For example [25] stated that the smallest number of clusters K must be greater than 201 

or equal to 6 to ensure that 80% of the expected frequencies are greater than 5. Meanwhile [26] 202 

did not specify any number of clusters but instead he stated that “the important point is that K 203 

should be larger when n is large. But it is not recommended that one use a very large value of K, 204 

and a choice in the range 5-15 seems right”. Thus we will compare the results of multiple runs 205 
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with different K number of clusters in the range 5-15 and choose the best one according to the 206 

above criterion. 207 

2.2 Partition the space of covariates  208 

In the second step we partition the space of covariates into � distinct clusters  ��, ��, ⋯ , �� 209 

using the idea of K-means cluster analysis [17-27]. The clustering is done on the basis of 210 

distance measures and according to the following basic requirements of the clustering process 211 

[28]: 212 

QR� �� ≠ ∅,                        � = 1,2, ⋯ �                            U� �� ∩ �W = ∅,                �, % = 1,2, … , � R&K � ≠ %   K� , = ⋃ ��                                                                                              ����
Y                        (6) 213 

 214 

then the association function !�Z(, ��� is defined as follows: 215 

 216 !�Z(, ��� = [1   if  Z( is allocated to ��� cluster 0    otherwise                                       Q                             (7) 217 

 218 

where Z( is the F�� vector of covariates and �� is the ��� cluster. Then, the clustered covariates in 219 

this stage are used to fit the appropriate LRM to estimate the probabilities '7(, for more details of 220 

how to estimate the probabilities see [25 and 29]. 221 

2.3 Cross-classify the observed dependent variable jk and the estimated probabilities lmk 222 

In the last step of the strategy of clustering, a cross-classification table for the observed 223 

dependent variable n( and the estimated probabilities '7(  is created by partitioning each cluster 224 

into two parts based on the categories of the observed dependent variable n( (0 and 1). Each 225 

observation then belongs to one of 2� distinct clusters as in Table 1 .  226 

Three criteria are used to assess the efficiency of the proposed strategy of grouping. The first 227 

criterion is the frequency in each cluster (group) where [25] stated that it must be insure that 80% 228 

of the expected frequencies are greater than 5. The second criterion is the Clustering Criterion 229 

(CC) which is equal to the mean of the squared error or the mean of the distance measurement 230 

between the elements of data set and their cluster centers given by: 231 �� = �� ∑ ∑ !�Z(, ���‖Z( − p�‖�Zq∈r�����                                       (8) 232 

where ‖. ‖ is the Euclidean norm, Z( is the F�� vector of covariates, �� is the ��� cluster, p� is the 233 

centriod of the ���  cluster !�Z(, ��� is as defined in Eq. (7) and �  is the number of clusters 234 

(groups). The small value of the CC means the clustering process was efficient.  The third 235 

criterion is the dissimilarity criterion. The clustering process aims to produce disjoint or 236 

dissimilar clusters. Consequently, the third criterion is used to measure the dissimilarity between 237 

clusters is [20].   238 

s� = �tuu − uu�� tuu⁄                                                     (9) 239 

where tuu = ∑ ∑ :2(8 − v8̅=�(8  is the total sum squares which are resulting from comparing 240 2(8 the individual observations for each variable against  v8̅ = ∑ ṽ�8 �⁄�  the grand mean for the 241 
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P��  variable and uu� = ∑ ∑ ∑ :2(�8 − ṽ�8=�8(∈9��  is the sum squared error resulting from 242 

comparing 2(�8 the F�� element in the P�� variable of the ��� group against the ��� group mean 243 ṽ�8 for the P�� variable. The value of s�  is interpreted as a measurement of dissimilarity between 244 

clusters. Large value of s� suggests that we have a clustering process which gives disjoint or 245 

dissimilar clusters. 246 

 247 

3. Construct the proposed GOF test statistics 248 

The proposed strategy of clustering is an automatic process often yields clusters (groups) 249 

with unequal sizes, where &� ≠ &� ≠ &y ≠ ⋯ ≠ &�; here &� is the number of observations in the 250 ��� cluster. Then, the assumption of the groups with equal size is avoided. Consequently, the 251 

importance of large clusters must be considered by calculate the proportional weight of each 252 

cluster and using this weight to calculate the weighted observed and weighted estimated 253 

frequencies for each cell in Table 1. Therefore, the weighted observed frequency �J�  of 254 @�� category of dependent variable in ��� cluster is calculated as:  255 

�J� = z� ∑ {(J�n(J�O|�(��                                                        (10) 256 

 where n(J�  is the F��  observation of the dependent variable in the @��  category and in ��� 257 

cluster; &J� is the number of the observations into @�� category of dependent variable and  ��� 258 

cluster; {(J� = 1 if n( belong to g~� category in k~�  cluster and 0 otherwise and  z� = &� &⁄  is 259 

the proportional weight of ��� cluster.     260 

 Meanwhile, the weighted expected frequency �J� of @�� category in ��� cluster is calculated 261 

as follows:  262 �J� = z� ∑ {(J�'7(J�O|�(��                                                   (11) 263 

where {(J� = 1  if  π7� belong to @�� category  in ��� cluster  and 0 otherwise, '7(J�  is the F�� 264 

observation of the estimated probability in the @��  category and in ��� cluster, and &J�  is the 265 

number of observations of the estimated probabilities in the @��  category of the dependent 266 

variable and in ���  cluster. After that, a cross-classification table consists of the weighted 267 

observed frequencies �J�  which is calculated as in Eq. (10) and the weighted expected 268 

frequencies �J� which is calculated as in Eq. (11) is created as in Table 1.  269 

 270 

Table 1 Cross-classify the observed and the estimated dependent variables 271 

Clusters 

Categories of Yi 

C1 C2 … CK 

0 

 
�1� �1� 

�1� �1� 

… 

… 
�1� �1� 

1 

 
��� ��� 

��� ��� 

… 

… 
��� ��� 

 272 

The chi-square type GOF test statistics are constructed by comparing the weighted observed 273 

and the weighted expected frequencies in @�� category of dependent variable in ���  cluster. 274 
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Hence, the first proposed GOF test statistic is the clustered chi-square �M� which is calculated as 275 

follows: 276 

�M� = ∑ ∑ :�J� − �J�=� �J���J������                                                       (12) 277 

 and the second proposed GOF test statistic is the clustered deviance  >M� is given: 278 

 >M� = 2 ∑ ∑ �J��J�� %?@:�J� �J�⁄ =����                                                  (13) 279 

The proposed GOF test statistics �M� and >M�  are designed to allow us to assess the GOF of 280 

the LRM. They differ from the existing GOF test statistics in their construction based on efficient 281 

strategy of grouping and weighted observed and expected frequencies for each cluster. Hence, 282 

the criteria discussed above are used to investigate the performance of the proposed strategy of 283 

grouping as in simulation study 1, and the other simulation studies are used to investigate the 284 

performance of the proposed GOF test statistics. Also, clinical dataset is analyzed to investigate 285 

the performance of the proposed GOF tests as shown in the next Sections.  286 

 287 

4. Simulation results and discussion 288 

Extensive simulation studies are conducted to assess the performance of the proposed 289 

strategy of grouping and to investigate the properties of the proposed GOF tests. The objectives 290 

are to assess the adequacy of the proposed strategy of grouping to give disjoint groups, to assess 291 

the power of the GOF test statistics to detect a variety of departures from the LRM and to 292 

compare the performance of the proposed GOF test with some of existing GOF test (when 293 

appropriate). Both of the proposed GOF test statistics are based on the chi-square approach with 294 

additional stratification; it follows that both tests should follow asymptotically chi-square 295 

distribution with 2� − E − 2 degrees of freedom, where � is the number of clusters (groups) 296 

and E is the number of parameters in the model.  297 

In all simulation studies, a given model is assumed for both the true underlying linear 298 

predictor and the joint distribution of the covariates. Random sample of & vectors of uncorrelated 299 

covariates in each replication was generated, and Zk�+ computed for each independent sampling 300 

unit. The response n  was determined by comparing the underlying model 301 '�Z(� = �2C�Zk�+� :1 + �2C�Zk�+�=⁄  to a uniform random variable :�(~��0,1�= , assigning 302 �(  =  1 if �( ≤ '�Z(� and 0 otherwise, F =  1, 2, . . . , &. This process gives a matrix X of & × E 303 

covariates and Y is a vector of binary dependent variable in the data set with two categories (0 or 304 

1). The proposed strategy of grouping attempts to partition the elements of the covariates in the 305 

matrix X into � distinct clusters denoted by ��, ��, ⋯ , ��  in the first stage and in the second 306 

stage the categories of the dependent variable are used to partition the observations of each 307 

cluster into two sub clusters. Therefore, the following simulation studies are implemented under 308 

the null hypothesis that the fitted model is the correct model to provide the above objectives.  309 

4.1 Assess the performance of the proposed strategy of grouping  310 

The idea of this simulation study is taken from [6] with some modification. Two data settings are 311 

considered to examine the performance of the proposed strategy of grouping when the following 312 

fitted LRMs are the correct model: 313 
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Model (1)           %?@F�:'�Z(�= = 01 + 0�2(� + 0�2(�                                       (14)                                 314 

Model (2)           %?@F�:'�Z(�= = 01 + 0�2(� + 0�2(� + 0y2(y                          (15)                        315 

These models represent an increasing in complexity according to the number of covariates 316 

and differ in the distributions. The first model in Eq. (14) consists of only continuous 317 

covariates ��~��−6,6�  and  ��~��0,2�. The second model in Eq. (15) consists of discrete 318 

covariate �y~E?F��?&�6� in addition to the covariates in the first model to evaluate the effect of 319 

the discrete covariate on the strategy of clustering. Therefore, these models represent the 320 

expected cases that may occur in practice.  321 

The distribution of '�Z(� is considered as a transformation of the distribution of Zk. For 322 

example the Uniform distribution � �− 6, 6�  produces a symmetric distribution with mostly 323 

small or large probabilities; while the covariate has a highly skewed right distribution such as the 324 ���4�  distribution results mostly small but a few large probabilities. Other choices for the 325 

distribution produce a more uniform distribution of probabilities [6]. The + values are chosen in 326 

these models according to the following properties [29]: (a) the signs of + determine whether 327 '�Z(� is increasing or decreasing as Z( increases. (b) When + → � the curve of '�Z(� is flatten to 328 

a horizontal straight line. (c) When + = � Y is independent of X. (d) for quantitative X when 329 + > � the curve of '�Z�� have the shape of the cumulative distribution function �vKL� of the 330 

logistic distribution.  331 

According to these considerations we choose the distributions of the covariates. Also, we 332 

choose the beta coefficients of the models according to these characteristics. Consequently, the 333 

beta coefficients are chosen as 01 = 0,  0� = 0.8, 0� = 0.75,  and 0y = 0.60  to give 334 

approximately same importance for the covariates. In this simulation study, the performance of 335 

the proposed strategy of grouping is assessed. Therefore, the first step is generating sample of 336 

size & = 200 values of the covariates according to their properties in both data settings. The 337 

proposed strategy of grouping is used to partition the covariates space into � clusters in the first 338 

step. The results in Table 2 show the values of the criteria (frequency of each cluster, cluster 339 

criterion CC and dissimilarity criterion s�) for � = 5, 10 or 15 in both models.   340 

These criteria will be used to evaluate the performance of the proposed strategy of 341 

clustering. All these criteria show that the value of CC decreases when the number of clusters 342 � increases, on the other hand, the value of  s�  increases when the number of clusters � 343 

increases. These results also show that the number of clusters � = 15 is inappropriate to be used 344 

in construction of GOF test of chi-square type because it gives more than one frequency less than 345 

5 in spite of the low value of CC and a high value of s�. 346 

Table 2 The results of conducting the strategy of clustering on both models and & = 200  347 

Model 1: ���k�:l�Zk�= = +� + +��k� + + �k  

*¡¢= 

K 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 CC s� 

5 42 43 26 35 54           1.08 0.87 

10 21 14 21 11 30 16 18 27 17 25      0.76 0.94 

15 18 8 17 04 14 03 14 22 22 15 10 6 13 23 11 0.59 0.96 

 Model 2:  ���k�:l�Zk�= = +� + +��k� + + �k  + +£�k£  
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5 44 23 35 52 46           1.38 0.75 

10 20 21 21 23 07 24 21 05 24 34      1.12 0.85 

15 14 17 29 12 19 12 15 17 01 19 06 12 12 10 05 0.98 0.89 

*��is the clusters and the number in each cell represent the frequency of each cluster.        348 

 ** K=Number of clusters. 349 

At the same time these results show that the number of clusters � = 10 shows a potential 350 

use where all the three criteria agree that this number is the best to be used in constructing a chi-351 

square type GOF tests. In brief, these results (large frequency in each group, small value of CC 352 

and large value of s�) show that the proposed strategy of clustering has adequate efficiency to 353 

give separate clusters (groups) regardless of the number of clusters or the number of covariates. 354 

4.2 Assess the performance of the proposed GOF tests �,p  ¤¥¦ §p � 355 

The performance of the proposed GOF tests ��M� and >M�� is assessed in the second step. 356 

Extensive simulation studies were conducted to assess the power of the proposed GOF tests 357 ��M� and >M��  to detect the particular types of departure from LRMs under a relatively wide 358 

variety of data settings. The power of a statistical test is the probability that it will correctly lead 359 

to the rejection of a false null hypothesis [30], and also, he defined the statistical power as the 360 

ability of a test to detect an effect, if the effect actually exists. Conventionally a test with a power 361 

greater than 80% is considered statistically powerful [31]. The detection power of the proposed 362 

GOF test statistics are evaluated by simulating data from several LRMs, and then the models are 363 

fitted with purposely exclude terms.  364 

 365 

4.2.1 The detection power of omitting the quadratic term 366 

The idea of the first model is taken from [6] who examined the power of detecting the 367 

omission of a quadratic term in a continuous variable. Five different LRMs are used to evaluate 368 

the detection power when the quadratic term is omitted from the model. The outcome variable is 369 

generated using a logistic model with logit:  370 

 371 @��� = 01 + 0�� + 0���                                                 (16) 372 

 373 

The distribution of the continuous covariate, X, was ��−3, 3� , and the values of the three 374 

coefficients are chosen such that '�−1.5� = 0.05 , '�3� = 0.95  and '�−3� = I  where I =375  0.01, 0.05, 0.1, 0.2 or 0.4. The values of I generated models with the lack of linearity in the 376 

logit function become gradually more distinct. The dependent variable Y is simulated by 377 

comparing an independently simulated covariate �~��0,1� with the true logistic probabilities 378 '�2� = �2C:@���= ª1 + �2C:@���=«�  which is estimated from fitting the LRMs in Eq. (16) 379 

and the rule: n =  1 if � ≤ '�2� and n =  0 otherwise. The performance of the proposed GOF 380 

tests (�M� and  >M�) are compared to the performance of Pearson chi-square,( � �) and HL GOF 381 

test (���� ) using these reduced models. Table 3 shows the percent of time each of the tests 382 

rejected the hypothesis of fit (power of detection) at the ¬ =  0.05 level using sample sizes 383 & = 100 and & = 500 with 500 replications. 384 

 385 

Table 3 Simulated power of detection at the ¬ =  0.05 for the model in Eq.(16)  386 

 387 
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Original model: ���� = +� + +�, + + ,  

Fitted model: ���� = +� + +�, 

m= �. �� �. �­ �. � �.   �. ® 

Statistics/ (n) 100 500 100 500 100 500 100 500 100 500 , ̄  7.2 9.6 35.2 90.0 59.4 98.6 84.5 100 98.2 100 ¡°±² 7.6 6.4 29.1 80.0 52.6 97.0 77.2 100 94.9 100 ,p  18.4 24.3 42.8 92.1 61.5 100 88.2 100 100 100 §p  12.8 22.1 38.4 90.7 65.3 98.2 87.3 100 96.8 100 

 388 

These results indicate that all GOF tests have detection power that increases with both 389 

sample size and the lack of linearity in the model. Also, for this simulation study, the proposed 390 

GOF tests (�M� and >M�) have somewhat higher detection power than the other GOF tests. 391 

 392 

4.2.2 The detection power of omitting the interaction between dichotomous and continuous 393 

variables 394 

The idea of the second model is taken from [2] to investigate the performance of the new 395 

GOF test statistics and the ability to detect the omission of the interaction between dichotomous 396 

and continuous variables. The model is given by: 397 

 398 @��, K� = 01 + 0�� + 0�K + 0y�K                                (17) 399 

 400 

where � ∼ ��−3;  3� and d is Bernoulli with C = 0.5. Parameters were chosen at specified 401 

values  01 = 0.10 , 0� = 0.10 , 0� = 0.20  and 0y = 0.20 + I  where 402 I =  0.10;  0.30;  0.50 or 0.70. These values of I allow a series of models that increase in the 403 

strength of the interaction. The dependent variable Y is simulated by comparing an independently 404 

simulated covariate µ~��0,1�  with the true logistic probabilities 405 '�2, K� = �2C:@��, K�= ª1 + �2C:@��, K�=«�  which is estimated from fitting the LRMs in Eq. 406 

(17) and the rule: n =  1 if µ ≤ '�2, K� and n =  0 otherwise. According to these properties 407 

four LRMs differ in the strength of the interaction are fitted with omitting the interaction term to 408 

investigate the performance of the proposed GOF test statistics �M� and >M�. The performance of 409 

the proposed GOF test statistics is compared to the HL GOF test ���� and Pulkstenis-Robinson 410 

GOF test statistics ( � 9�  and > 9� ) using these reduced models. The data is generated with the 411 

above model and then the model is fitted with omitting only the interaction term. A total of 500 412 

iterations were performed for sample sizes & = 100 and & = 500 subjects and the detection 413 

powers are provided in Table 4. 414 

 415 

Table 4 Simulated powers of detection from fitting model in Eq. (17) with omitting interaction 416 

term �K 417 

Original model: ��,, ¶� = +� + +�, + + ¶ + +£,¶ 

Fitted model: ��,, ¶� = +� + +�, + + ¶ 

Sample size & = 100 & = 500 

Interaction       0y = 0y = 
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coefficients 0.3 0.5 0.7 0.9 0.3 0.5 0.7 0.9 

Statistics         · ̄  5.8 4.9 5.0 3.2 4.8 5.4 4.0 1.8 ¡°±² 4.3 3.9 3.0 5.2 5.8 4.2 6.0 6.8 ·¯¸   6.2 15.4 23.8 40.4 9.0 29.2 65.5 96.2 §¯¸   9.2 16.2 22.8 37.4 9.4 28.6 64.6 95.6 ,¡  18.6 20.4 28.2 30.0 52.6 67.2 72.8 80.4 §p  12.2 23.4 24.6 26.6 49.2 63.4 62.0 65.6 

 418 

These results indicate that all GOF test statistics have detection powers that increase with 419 

both sample size and the strength of the interaction. Also, for this simulation study, the proposed 420 

GOF test statistics �M� and >M�  have somewhat higher detection powers than the other GOF test 421 

statistics. 422 

 423 

4.2.3 The detection power of omitting the Main effect term 424 

In addition to the ability to detect the omission of the interaction term, it is of interest to 425 

evaluate the power to detect the omission of the main effect term. This was done by generating 426 

data from the following model [2] and then the model is fitted after excluding 0���: 427 

%?@F�'�Z(� = 01 + 0��� + 0��� + 0y�y + 0¹{                               (18) 428 

In this model the regression coefficients are chosen as 01 = −0.25, 0� = 0.75, 0� = −2.75, 429 0y = 0.5, 0¹ = 0.25, �(~��−6, 6� and {~��−2, 2�. The dependent variable Y is simulated as 430 

in the above simulation studies. A total of 500 replications were performed for sample sizes of 431 & = 200; & = 400 and & = 800 elements and the detection powers are provided in Table 5. 432 

 433 

Table 5 Powers of detection from fitting the model in Eq. (18) after omitting the main effect ��. 434 

Original model: ���k�l�Zk� = +� + +�,� + + ,  + +£,£ + +®º 

Fitted model: ���k�l�Zk� = +� + +�,� + +£,£ + +®º 

Statistics & = 200 & = 400 & = 800 ¡°±² 4.6% 3.4% 3.4% ,¯¸   4.8% 6.6% 5.6% §¯¸   5.2% 7.0% 5.8% ,p  7.8% 10.2% 15.7% §p  6.2% 9.8% 12.3% 

 435 

The results given in Table 5 indicate that none of these GOF tests are particularly powerful to 436 

detect this kind of misspecification in the model. 437 

4.2.4 The detection power of a misspecification link function 438 

Lastly, we examined the ability to detect a misspecification of the link function by generating 439 

data from the following complimentary log-log model and incorrectly fitting a logit model [2]: 440 
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%?@:−%?@�1 − '�= = 01 + 0��� + 0��� + 0y{                                (19) 441 

where 01 = −1.0, 0� = 0.5 , 0� = −0.5 , 0y = 0.10, �(~��−6,6�  and {~��0,15� . A total of 442 

500 replications were performed for sample sizes of & = 200;  & = 400 and & = 800 elements 443 

and the power of detection from fitting the model in Eq. (19) with a misspecification link 444 

function are provided in Table 6. 445 

 446 

Table 6 Simulated power of detection from fitting the model in Eq. (19) with a misspecification 447 

link function. 448 

Original model: ���:−����� − l�= = +� + +�,� + + ,  + +£º 

Fitted model: ���k��lk� = +� + +�,� + + ,  + +£º 

Statistics & = 200 & = 400 & = 800 ¡°±² 4.6% 3.4% 3.4% ,¯¸   4.8% 6.6% 5.6% §¯¸   5.2% 7.0% 5.8% ,p  7.8% 10.2% 15.7% §p  6.2% 9.8% 12.3% 

 449 

The results given in Table 6 again indicate a fairly low power to detect this type of lack-of-fit 450 

in the model. 451 

5. Clinical data set  452 

As an example in real situation, the survival times of 501 patients with prostate cancer who 453 

are randomly allocated to a treatment with an estrogen are considered. This data set was 454 

considered by several authors such as [32-33] and more recently by [34]. In this data set, the 455 

value of the outcome variable status classifies the cause of death as 1 = cancer (the event of 456 

interest) and 0 = other. The patients are considered treated if they received at least 1 mg of 457 

estrogen daily and the other covariates as described in Table 7. This data set will be used to 458 

assess the performance of the proposed strategy of grouping based on partitional clustering in the 459 

first step and in the second step the performance of the developed GOF tests is assessed as in the 460 

following subsections. 461 

Table 7 Description of the risk factors in the clinical data set  462 

Variable name Description Code 

Pat-ID Patient number  

Status (Y) The cause of death 1= cancer 

0= others 

Treat (X1) treatment  estrogen (mg) 0.0 (Placebo) 

0.2 

1.0 

5.0 

UNDER PEER REVIEW



Ftime (X2) follow-up time (month)  

Age (X3) age ( year)  

Wtind (X4)  weight index=wt(kg)-ht(cm)+200  

SBP (X5) Systolic Blood Pressure/10  

Shem (X6) Serum Hemoglobin (g/100ml)  

Size (X7) Size of Primary Tumor (cm^2)  

SPAP (X8) Serum Prostatic Acid Phosphates  

HCD (X9) History of Cardiovascular Disease 0= has not 

1=has 

 463 

5.1 Assess the performance of the proposed strategy of clustering 464 

We used the proposed strategy of grouping to partition the space of the continuous covariates 465 

in this data set for different number of clusters � =  5, 10 or 15  and assess the performance of 466 

this strategy based on the criteria discussed above. The results in Table 8 present the estimated 467 

values of these criteria.  468 

Table 8 The criteria of assessing the performance of the proposed strategy of clustering in 469 

clinical data set  470 

¡¢    
K 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 CC ¸  

5 58 169 27 129 118           0.79 0.33 

10 7 72 85 90 73 61 44 16 43 10      0.71 0.50 

15 35 30 35 5 17 24 7 87 1 37 44 86 1 37 55 0.64 0.56 

 471 

The results in Table 8 show the values of the criteria which are used to assess the 472 

performance of the proposed strategy of grouping in this data set. All these results show that the 473 

values of CC decreased and the values of s� increased when the number of clusters K increased. 474 

Also all these results show that the number of clusters � = 15  is not suitable to be used in 475 

constructing GOF tests of chi-square type because it gives more than one frequency less than 5 in 476 

spite of it gives a smaller value of CC and higher value of s�. At the same time these results 477 

show that the number of clusters � = 10 shows a potential use where all these criteria agree that 478 

this number is the best to be used in constructing GOF tests of chi-square type. In brief these 479 

results show that the proposed strategy of clustering has adequate efficiency to give separate 480 

clusters (groups) with a moderate number of clusters. 481 

5.2 Assess the performance of the proposed GOF tests 482 

The performance of the proposed GOF tests ��M� and >M�� is assessed in the second step. In 483 

order to do this, the outcome variable status ��� classified the cause of death as 1 = cancer (the 484 

event of interest) and 0 = others.  The objective of this study is to model this outcome as a 485 

function of various covariates. Thus, two LRMs are candidates to associate this outcome variable 486 

with the different covariates in this clinical data set as follows:  487 

Model 1    %?@F�:'�Z(�= = 01 + 0�2(� + 0�2(y + 0y2(¹ + 0¹2(» + 0»2(¼ + 0¼2(½ + 0½2(¾     (20)                        488 
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Model 2    %?@F�:'�Z(�= = 01 + 0�2(� + 0�2(y + 0y2(¹ + 0¹2(» + 0»2(¼ + 0¼2(½ +  0½2(¾ +489                                                   0¾2(¿  + 0¿2(�                                                                                  (21)   490 

where '�Z(� = EÀ��( = 1|Z(� and the covariates X are described as in Table 8. Model 1 491 

represents the relationship between outcome variable and the continuous covariates in the data 492 

set. Model 2 represents the relationship between the outcome variable and the combined 493 

covariates (continuous and categorical).  Since Model 1 is nested in Model 2, the likelihood ratio 494 

test was used to compare the two models and the result showed that Model 1 is a significant 495 

departure from Model 2 ( C − ÂR%�� = 0.0223 ). Table 9 represents the decisions of the 496 

proposed GOF tests along with the HL GOF test to assess these two models. 497 

Table 9 Decisions of the three GOF tests on the three LRMs at ¬ = 0.05 in the clinical 498 

data set  499 

GOF tests Decisions on different models 

Model 1 Model 2 ,p  Reject Not Reject §p  Reject Not Reject ¡°±² Not Reject Not Reject 

 500 

The results in Table 9 show that while the HLGOF test accepts the two models, both of the 501 

proposed GOF tests reject Model 1, but none of these GOF tests finds evidence to reject Model 502 

2. These decisions to reject Model 1 are also supported by the likelihood ratio test, which 503 

indicates that Model 1 is nested in Model 2.  Also, these results show, based on clinical 504 

considerations and the original analysis of this data set, that Model 2 with all the covariates is an 505 

adequate model to associate the outcome variable status with the covariates in this clinical data 506 

set.  507 

6. Conclusions 508 

The results from implementing the simulation studies and analyzing the clinical data set 509 

assist to conclude that the proposed strategy of grouping has adequate efficiency in giving 510 

separate clusters. It is more flexible in determining the number of clusters. It is appropriate to 511 

construct the GOF test statistics of chi-square type. It helps to avoid the problems with the 512 

similarity measurements in the categorical data and it does not need to convert the continuous 513 

covariates, so that the information is not lost.   514 

On the other hand, two GOF test statistics �M� and >M�  are constructed based on the proposed 515 

strategy of grouping. The results from conducting the simulation studies and analyzing the 516 

clinical data set assist to conclude that the proposed GOF test statistics have a wide range of 517 

detection to detect any departure in the fitting model from the true model. They have adequate 518 

power of detection higher than the existing GOF test statistics for different factors such as 519 

sample size and the departure from the true model. They have a high power of detection when 520 

the simple LRM (with one covariate) or multiple LRM (with more than one covariate) are used 521 

to fit the data set and they have adequate performance when the sample size is large. 522 
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In this paper, the problems of partitioning the space of the covariates and developing GOF 523 

tests are studied for the binary LRM. Thus, for improvement and future works the strategy of 524 

clustering and the GOF test statistics based on it can be adapted to apply to the other logistic 525 

regression models, such as ordinal or multinomial LRMs. Also, another area of research is 526 

adapting this strategy of grouping and the GOF test statistics for use in the other GLMs such as 527 

Poisson regression model and log-linear model. The proposed strategy is based on partitioning 528 

the range of continuous covariates using �-means and multiple comparisons to determine the 529 

appropriate number of clusters  � . Further study may result in a better or optimal rule in 530 

determining K and choice of clustering method. Another future study, a partitional clustering 531 

process may be developed to cluster the combined data set (continuous and categorical) 532 

covariates at the same time, when both continuous and categorical covariates are present. 533 

Adapting the strategy of clustering to partition the data set with categorical covariates only is 534 

also, another area of future work. 535 
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