UNDER PEER REVI EW

Fixed point results for generalized
weakly (- contractive mappings in
Ordered G-partial metric spaces *!

Abstract: We introduced the class of generalized weakly C-contractive mappings
in G-partial metric spaces by combining the characteristics of Hardy and Rogers
maps with weak contraction maps. The existence and uniqueness of fixed point
for those maps in ordered G-partial metric spaces are established. Examples are
given to support the validity of our results. Our results generalize some results in
the literature.
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1 Introduction and Preliminary

Metric fixed point theory has been a rigorous area of research in fixed point theory
and applications. Several authors have worked on the generalization of the notion
of metric space. In particular, Matthew [1] generalized the notion of metric space
by introducing the concept of nonzero self distance. Mustafa and Sims [2] also
extended the concept of metric to G-metric by assigning the real number to every
triplet of an arbitrary set. Recently, Eke and Olaleru [3] introduced the concept
of G-partial metric space by introducing the concept of nonzero self-distance to
the notion of G-metric space. In a decade, the existence of fixed points in ordered
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metric spaces was initiated by Ran and Reurings [4 |. Eke and Olaleru [3] proved
some fixed point results for contraction maps in ordered G-partial metric space.
Furthermore, Olaleru et al.[5 | established the uniqueness of fixed points for some
Ciric-type contractive maps in ordered G-partial metric space. In this work we
proved our results also in ordered G-partial metric space.

The following definitions and motivations are found in [3].

Definition 1.1 : Let X be a nonempty set, and let G, : X x X x X — R be a
function satisfying the following:

(Gpl) Gp(z,y, 2) > Gp(z,z, ) > O for all z,y, z, € X (small self distance),

(Gp2) Gp(x,y,2) = Gp(z,2,y) = Gp(y,y, 2) = Gp(z,2,2) if z = y = 2z, (equality),
(Gp3) Gy, y, 2) = Gy(z,x,y) = Gp(y, z,x) (symmetry in all three variables),
(Gph) Gp(z,y, 2) < Gp(z,a,a) + Gpa,y, 2) — G(a,a,a) (rectangle inequality).
Then the function G, is called a G- partial metric and the pair (X, G,) is called a
G-partial metric space.

Example 1.2 : Let X = RT and a G-partial metric G, : X x X x X — RT can
be defined with G,(z,y, z) = maz{x,y, 2z} then (X, G,) is a G-partial metric space.

We state the following definitions:

Definition 1.3: A sequence {x,} of points in a G-partial metric space (X,G,)
converges to some a € X if

limy, 0 Gp(Tn, Ty @) = UiMy 00 Gp (T, Ty ) = Gp(a, a, a).

Definition 1.4: A sequence {z,} of points in a G-partial metric spaces (X, G,) is
Cauchy if the numbers G (z,,, T, ;) converges to some a € X as n,m,l approach
infinity.

The proof of the following proposition easily follows from definition.
Proposition 1.5: Let {x,} be a sequence in G-partial metric space X and a € X.
If {x,} converges to a € X, then {x,} is a Cauchy sequence.

Definition 1.6: A G-partial metric space (X, G,) is said to be complete if ev-
ery Cauchy sequence in (X, G),) converges to an element in (X,G,). That is,
Gy, z,2) = limy,—00Gp(Tn, T, T) = liMp m—ooGp(Tn, Ty T

Definition 1.7 [4]: Let (X, =) be a partially ordered set. Then two elements
x,y € X are said to be totally ordered or ordered if they are comparable. i.e.
ryory Xz

Definition 1.8: Let X be a nonempty set. Then (X, <, G,) is called an ordered
G-partial metric space if the following conditions hold:

(i) G) is a G-partial metric on X;

(ii) < is a partial order on X.

Lemma 1.9: Let (X,G,) be a G-partial metric space, T': X — X be a given
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mapping. Suppose that T is continuous at xy € X. Then, for each sequence {x,}
in X, x, > x9g=>Tx, = Txg.

Definition 1.10 [6]: The function ¢ : [0,00) — [0,00) is called an altering
distance function, if the following properties are satisfied:

(1) ¢ is continuous and nondecreasing;
(2) ¢(t) =0 if and only if ¢t = 0.

Banach contraction mapping theorem is a well known result in fixed point the-
ory. Though it has its drawback, that is the continunity of the map in the space.
Kannan [7] introduced a class of map in which this condition (continunity of the
map in the space) is not necessarily valid in proving the existence of fixed point for
the map in metric space. Chatterjea [8] also introduced contractive maps different
from that of Kannan [7]. Choudhury[9] named the map introduced by Chatterjea
after him as C-contraction map.

Definition 1.11 [8] (C-contraction): Let T': X — X where(X,d) is a metric
space is called a C-contraction if there exists 0 < k < % such that for all z,y € X
the following inequality holds:

d(Tz,Ty) < kld(z, Ty) +d(y, Tz)]. (1)

Other generalizations of Banach’s contraction mapping included the weak contrac-
tion which was introduced in Hilbert space by Alber and Guerre-Delabriere [10].
The following is the corresponding definition in metric space given by Rhoades[11].
Definition 1.12 [11] (weak - contraction) : A mapping 7' : X — X where
(X, d) is a complete metric space is said to be weakly contractive if

where z,y € X, 9 : [0,00) — [0, 00) is continuous and nondecreasing, 1(z) = 0 if
and only if z = 0 and lim, ¥ (z) = oc.

Choudhury [9] introduced a generalization C-contraction which was termed weak
C-contraction.

Definition 1.13 [9] :A mapping 7' : X — X, where (X, d) is a complete metric
space is said to be weakly C-contractive or weak C-contraction if for all z,y € X,

d(Tz,Ty) < 3ld(z, Ty) +d(y, Tx)] —¢(d(z, Ty), d(y, Tx)). (3)

where v : [0,00)* — [0,00) is a continuous mapping such that ¥(x,y) = 0 if
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and only if x =y = 0.

A more generalized C-contractive mapping is introduced by Hardy and Roagers[7].
Definition 1.14 [12] ) : Let (X, d) be a complete metric space and an operator
T : X — X be a contractive mapping then there exist some numbers a, b, c, e
and f, a + b+ c+ e+ f < 1 such that for each z,y € X,

d(Tz,Ty) < ad(z,y)+bd(x, Tx) +cd(y, Ty) +ed(x, Ty) + fd(y, Tx). (4)

Olaleru [13] proved the existence of unique common fixed point for weakly compati-
ble mappings in a metric space satisfying Hardy and Rogers contractive conditions.
Aage and Salunke[14] proved the existence of a unique fixed point for weak con-
traction mappings in G-metric spaces. Eke [15 | further established the existence
of unique common fixed point for a pair of weakly compatable mappings satisfy-
ing weak contraction condition in G-metric space. Choudhury [9] established that
weak C-contractive mapping actually have unique fixed point in complete metric
spaces. Chen and Zhu [6] proved the existence of a unique fixed point for weakly
C-contractive mappings in ordered partial metric space.

Theorem 1.1 [6] : Let (X, <) be a partially ordered set and suppose that there
exists a partial metric on X such that (X,p) is complete. Let T': X — X be
continuous nondecreasing mapping. Suppose that for comparable z,y € X, we
have

((p(x, Ty) + ply, Tx)

vp(Tz,Ty)) < ¢ 5 ) — é(p(z, Ty), p(y, Tx)) (6)
where ¢ and ¢ are altering distance functions with
U(t) —p(t) 20 (7)

for t > 0, and ¢ : [0,00)? — [0, 00) is a continuous function with ¢(x,y) = 0 if and
only if x = y = 0. If there exists xg € X such that xy < Txg, then T has a fixed
point.

2 Main Results

In this work, we introduced a class of generalized weak C-contractive mapping in
G-partial metric space by replacing the C-contraction map with Hardy and Rogers
contractive map.

Definition 2.1: Let (X,G),) be a G-partial metric space and T : X — X be a
mapping. Then T is said to be generalized weakly C-contractive if for all z,y € X,
the following inequality holds:

Gp(Tz, Ty, Ty) < a1Gp(z,y,y) + aeGp(x, Tz, Tx) + a3Gy(y, Ty, Ty)

4
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+(I4Gp({[‘, Tﬁ% Ty) + a5Gp(y7 TI7 Tl’) - gb(Gp(l', y7 y)a
Gp(z, Tz, Tx),Gpy, Ty, Ty), Gp(x, Ty, Ty),
Gp(y> T:L" TLL‘)) (8)

where ay, ag, as, as, as € [0,1), 2, a; < 1, and ¢ : [0,00)° — [0, 00) is a contin-
uous function with ¢(v,w,z,y,z) =0if and only if v =w=2=y=2=0.
Remarks 2.2: va:w:xzo,al:agzagzo,a4:a5:%and(}—
partial metric space is replaced with metric space then (8) reduces to (3).

We also established the existence of a unique fixed point for a generalized weak
C-contractive mapping in ordered G-partial metric spaces.

Theorem 2.3 : Let (X, =) be a partially ordered set and suppose that there
exists a G-partial metric on X such that (X,G,) is complete. Let T': X — X
be continuous nondecreasing mapping. Suppose that for comparable z,y € X, we
have

Q/J(Gp(TiU, Tya Ty) S @(ale(xa Y, y) + QZGP(xa Tﬂ?, T:C) + a3GP<y7 Tya Ty)
+a4Gp(x7 Ty7 Ty) + a5Gp(y7 TZL', Tl')) - ¢(Gp($ﬂ y7 y)a
Gp(z, Tz, Tx),Gpy, Ty, Ty), Gp(x, Ty, Ty),

Go(y, Tz, Tx)) (9)
where ay, as, as, as, as € [0,1), 22, a; < 1, and 1, ¢ are altering distance func-
tions with
P(t)—p(t) = 0 (10)

fort > 0, and ¢ : [0,00)% — [0, 00) is a continuous function with ¢ (v, w, z,y,2) =0
if and only if v = w =2 =y = z = 0. If there exists zg € X such that z¢y < Tz,
then T has a fixed point.

Proof: Observe that if T" satisfies (9) then it satisfies

V(G(Tz, Ty, Ty)) < @(aGy(z,y,y) +0Gy(x, Tz, Tx) + bGy(y, Ty, Ty)
+cGy(z, Ty, Ty) + cGp(y, Tz, Tx)) — ¢(Gy(z, 9, ),
Gp(x, Tz, Tx),Gy(y, Ty, Ty), Gp(z, Ty, Ty),
Gy, T, Tx)) (11)

where a = ay, 2b = ay + a3, 2c = a4 + a5, a +2b+ 2c < 1 and 2b+ 2¢ < 1. We use
(11) for our argument.
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Let zyp € X be arbitrary choosen. Suppose xqg = Txg then xy is the fixed point
of T. Let xyg =< Txg, xr1 € X can be choosen such that T'zy = x;. Since T is
nondecreasing function, then

To a1 =Trg X290 =T21 X3 =T29.

Continuing the process, a sequence {x,} can be constructed such that =, 1 = Tz,
with

To T X3 =X 2xy X Togreee -

If Gy(zp,Tpi1,2041) = 0 for some n € N then T has a fixed point. Letting
Gp(Tn, Tng1, Tng1) > 0 for all n € N, we claim that

Gp(xnaxn-i-lumn—&-l) < Gp(xn—l’-rn’xn>7n EN (12)

Suppose T, # Tnt1, Gp(Tn, Tnt1, Tnr1) > Gp(Tn_1, Tp, T,) for some ng then
Gp(xnm Tno+1, ZL‘n0+1) > Gp(xnofla Tng, xno>- (13)
From (11) and (13) the proof of the claim is establish as:
¢(Gp(xn07 Lng+1, mno-i—l)) = ¢<Gp(Tan_1, Tmnm Txno))
S @(aGp(:L‘no—h Tng, Ino) + pr(xno—la Tmno—h Tl‘no—l) + pr(xnoa T'rn()a Tl‘no)
+ CGp(xno—lv Txnm T:Bno) + CGp(xnm Txm)—lv Txno—l)) - ¢(Gp($no—1’ Lngs $n0)7
Gp(ajnofla Txnofla Txnofl% Gp<xn07 Tﬂ?no, Txng); Gp<xn0717 T.Tno, Txno)a
Gp(‘rnoa Txm)*l? T$n0,1))

= QD(GGIJ(xno—l? Tng s l‘NO) + bGP(J7TZ0—1’ Lngs xno) + pr(Inm Tng+1s xno-ﬁ-l)

+ CGp(xno—la Tno+1, xno-i—l) + CGp(xnm Tng; ‘Tno))

- QS(Gp(an*l? Tngs xno)? Gp(xn(rl’ Lng s xno)? Gp(xnm Lro+1, $no+l)a
Gp(xnoflv Lno+1, xno+1)7 Gp<xn07 Tngs xno))

< @(aGp(‘rNO—h Ty, Ino) + pr(xno—lv Tngs xno) + pr(xnoa Tno+1, xm-ﬁ-l)

+ CGp(xNO—la Lng s xno) + CGP(xnm Lno+1, xno-i-l) - CG;D(INOa Lng s xno)

+ CGp(xnov Tng s xno)) - ¢(Gp($m)—lv Lng s xno)> Gp(xno—lv Tngs xno)v
Gp(xnm Lno+1, xno+1)7 Gp<xn0*17 Lro+1, xn0+1), Gp(xnm Lng s xno))

QO(aGp(xno—h Ty, an()) + pr(xno—lv Tngs xno) + pr<xnoa Tng+1, xno-l-l)
Gp(xm)—lv Lng s xno) + CGP<$no7 Lno+1, xm-i-l)) - ¢<Gp(xno—17 Tng s xno)7
Gp(xno—lv Lng s xno)? Gp(xnm Tng+1, xno-ﬁ-l)v Gp(xno—b Lno+1, xno+1)7

Gp(Tng, Tng, Tng))

+ IA
Q

< ((CL +2b+ 20)mal‘{Gp(.’En0_1, Tng» xno)a Gp(xno’ Tng+1s xno-ﬁ-l))
- (Gp<xno—17 xnoa xno)a Gp(xn()—la $n0a zn0)7 Gp(xnoa xno—&-ly xno—l—l)a

p(xno—la Tno+1, xno-‘rl)? Gp(zm)v Lngs xno))

S

Do
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S Q0<max{G (xno laxnmxno) Gp(xnoamno-f—hx’no-i-l))
_¢( (xno 17In0;$n0) G (xno—lal'noaxno)7Gp(xnoaxno+1>xng+1)a
Gp(Tng—15 Tng 1, Trg+1), Gp(Tngs Tngs Tng))

< @(Gp(xnov Tng+15 xno-l-l)) - ¢(Gp<$no—17 Tng) xno)v Gp(xno—h Ty, J,’m)),
Gp(l‘no, Lno+1 xno-&-l)’ Gp(xm—lv Tng+15 xno-l-l)v Gp(‘rmn Tng, CUno))' (13)
Using (11), (14) becomes
O(Gp(Tno—1; Tngs Tng )y Gp(Tno—1, Tngs Tng )y Gp(Tngs Tng+1; Tng+1),
Gp(ajn()*la Lng+1, $n0+1), Gp(xnm Lngs xno)) =0. (14)

By property of ¢, (15) yields
G (xno 17xn07xn0) 0, G ($NO 15 Tng; xno) 0, Gp(a:no’ xno-&-lvxno-l—l) =0,
G (xno 1y Tng+1; $n0+1) (xno’ Lngs lﬁo)) =0. (16)
Since
w(Gp(xnm Lro+1, xno+1)) = w<Gp(Txn0*1> Txnov T:En()))
< @(aGy(Tpg—1, Tngs Tng) + 0Gp(Tng—1, Tng—1, TTng—1) + Gp(Tng, TTny, TTp,)
+ CGp(xno—la Tmnm Tmno) + CGp(xnm Txno—la Txno—l)) - Qb(Gp(*rno—l’ Tngs xno)a
Gp(%%o—lv Txno—lv Txno—1)> Gp(xno’ Tﬁnov Txn0)> Gp(zno—lﬁ sz)v Txno)»
Gp(mno’ Tan*b Txn0*1>>
= Qo(aGp(an*h Lng s xno) + bGP(xTLO*lv Tngs xno) + pr(xTLo’ Lno+1, xnoJrl)
+ CGp(xno—h Tng+1; xno-‘rl) + CGP(xno’ Lo, Ino))
- QS(Gp(xno—l? Tng> xm))’ Gp(xno—la Lng > l‘no)7 Gp('rm)’ Tno+1, xno-l-l)v
Gp(Tng—15 Tng+1, Tng+1), Gp(Tng, Tng, Tny))

< (p(aGp(xm)*lv Lng s xno) + pr(xn()*la Lngs xno) + pr<xno7 Lno+1, :L'n0+1)

+ CGP($n0—17 Lo, xno) + CGP<$n07 Tng+1s *Tno-l-l) - CGp(an, Lo, xno)

+ CGp<xno7 Ty, Ino)) - gb(Gp(xno—l? Tng, x%)? G:D(xno—lv Tngs xno)v
Gp(xnov Tno+1, xno+1)7 Gp(xno—l’ xn0+17$n0+1)7 Gp(xnov Tngs xm)))

< Qp(aGp(wn()*b Lng s xno) + pr(ajn()*lv Lrngs xno) + pr<xno7 Tng+1s :L'n0+1)
+ CGp(xn()*h Lng s xno) + CGP("BHW Lno+1, In0+1)>
- ¢(Gp<xno—l) Tng s xno)a Gp(xno—la Tng xno)) Gp('r'noa Tng+1, xno—i—l)a

Gp(mno_l,anH,:En0+1),Gp(mno,xn0,an)). (17)
Putting (16) into (17) yields
V(Gp(Tng, Tng 415 Tng+1)) = 0. (18)

By the property of ¢, (17) implies that G,(Zng, Tng+1; Tno+1) = 0 which contradict
Gp(Tngs Tng+1, Tng+1) > 0 for all n € N, hence (11) holds. Thus,

{Gp(@n, Tpi1, Tng1)} is a decreasing sequence, hence there exists £ > 0 such that
limy oo Gp(Tn, Tpi1, Tnyr) = k.
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Using (11), we obtain
V(Gp(Tny1s Tnta, Tnta)) = Y(Gp(Txn, Txny1, Topya))
< p(a(Gp(Tn, Tnt1, Tnt1) + b(Gp(Tn, Txpn, Txyn) + 0(Gp(@nt1, TTnt1, TTht1)
+ Gy, TTpi1, Trng1) + (Gp(Tns1, Ton, Try)) — (Gp(Tn; Tngr, Tnga),
Gp(n, Ty, Txy), Gp(nir, Tni1, Tni1), Gp(Tn, Tpir, T2pt1),
Gp(xni1, Twy, Txy))

(a(G (xm Tp+1, xn-i-l) + b(Gp(xnv Tnt1, xn-i-l) + b(Gp(xn-&-b Tnt2, xn+2)
Gp(Tns Tnt2, Tny2) + (Gp(Tni1, Tyr, Tny1)) — (Gp(Tn; Tnir, Ty ),
p(Tns Tog1s Tnt1), Gp(Tng1, Tnto, Tnya), Gp(Tn, Tnt2, Tnt2),

p(mn—&-l’ Trg1; Tny1))

+
D Qflﬁ

(aA(Gp(Tn, Tny1; Tngr)) + O(Gp(@ns Tnt1, Tns1)) + 0(Gp(Tnt1, Tnsva, Tniz))
Gp(xn7 Tn+41, ajnJrl)) + C<Gp(xn+17 Tn+2, $n+2>> - CGP(anrl? Tni1, anrl)
Gp<xn+17 Tn+1, xn+1)) - (:b(GP(xna Tni1, anrl)v Gp(xm Tn41, anrl)’
p(xn—&—l, Tn42, xn+2)7 Gp(xna Tn+2, xn+2)7 Gp(xn—i—ly Tn+1, ajn—l—l))

+ 4+ IA
[PPSR

(a(Gp(Tn; Tng1; Tng1)) + O(Gp(Tn; Tng1, Tnyr)) + 0(Gp(Tni1, Tnia, Tnga))
Gp(Tn; Tni1, Tng1)) + (Gp(Tni1, Tngas Tnr2)) — Q(Gp(Tn, Tyt Tnyr),
P('xﬂ7 Tnt1, xn+1) G (anrlv Tn42, xn+2>7 GP(‘TTH Tni2, xn+2)7

(Tnt1, Tnt1, Tntr))

+ IN
D Qﬁ-‘\ﬁ

p

< @((a+2b+ 2c)maz{Gp(Tn, Tnt1, Tnt1), Gp(Tns1, Tnso, Tnia)})
- ¢(G;D(xn7 Tnii, xn+1)7 Gp($n> Tn+1, xn—i—l),
Gp(xn+1, Tn+2, xn+2)7 Gp(xna Tn+2, xn+2)7 Gp (anrla Tp+1, :CnJrl))

¥ max{G (xna Ln+1, xn-{—l) Gp(xn—‘rl) Tn+2, xn+2)}
¢(G (l’n, Tn+1, xn-H) G (l‘n, Tn+1, xn-l—l)a
G (xn—‘rl) Tn+42, xn+2)7 Gp<xna Tn+2, xn+2)7 Gp('rn—i-la Tn41, xn—i—l))

S (P(G («Tn+17 Tni2, xn+2)) - (b(Gp(xna Tnt1, $n+1)7 Gp(xny Tn+1, anrl);

G (In—&-l’ Tnt2;, xn+2) Gp<xm Tn+2, xn+2)7 Gp(xn—I—h Tnt1, xn—i—l))- (19)

ng (10) we have,

¢ G Tny Tnii, xn-{—l) Gp(xna Tn+1, xn—i—l)v Gp(xn—i—la Tni2, an+2),
G (xna Tni2, xn+2) Gp(xn+1> Tnt1, anrl)) = 0.

Taking the limit as n — oo in the above inequality yields

lim ann—mo ((b(GP(xTM Tn+1, $n+1), Gp(xm Tnt1, xn—i-l)u Gp(mn+1’ Tn+2, xn+2)7
Gp(Tn, Trya; Tnt2), Gp(Tnt1, Tny1, Tnt1))) = 0.

By the continunity of ¢ we have
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Qb(llm Z.nfn—woGp(xm Ln+1, In-ﬁ-l)a lim infn—)ooGp(xna Tn+1, xn-l—l)a
lim mfn—>ooGp($n+17 Tpi2, Tnya), lim mfn—moGp(l’m Tpi2, Tni2),
lim infn—)ooGp<xn+la Tni1, xn-{—l)) = 0.

The property of ¢ gives that

lim Z.nfn—mo6;113(1:717 Ln+1, In-‘rl) = 07 lim infn—)ooGp(xn—I—h Tnt2, CCn—i-Q) = 07

lim ann%ooGp(l‘na Ln+2, xn+2) = 07 lim infn—)ooGp(xn—i—l; Tp+1, mn-i—l)) = 0. (20
Taking the inferior limit in (19) and using (20), ¥ (k) = 0, this implies that & = 0.
Therefore lim,—ooGp(Tn, Tni1, Tni1) = 0.

Now we claim that {x,} is a Cauchy sequence. It is sufficient to show that {2, }
is a Cauchy sequence. On the contrary, suppose {z2,} is not a Cauchy sequence
then there exists e > 0 and two subsequences {xs,, } and {xo,, } of {z2,} such that
n(k) > m(k) > k and sequences in (10) tend to € as k — oo. For two comparable
elements y = xo,, +1 and & = y,,, we can get, from (10) that

¢(Gp(x2nk+1v L2my, s x2mk)) = @Z)(GP(T"EQM ) Tm2mk—17 T$2mk—1))
< w(aGy(Tany, Tamy—1, Tamy—1) + 0Gp(@2n,, TT2p,, TTon,)
+ bGp(Tamy—1, Txomy -1, Tom,—1) + ¢Gp(@an, , TTom,—1, TTom,—1)
+ CGP(xQMkflv TxQ”k’ TxQ”k)) - (b(Gp(xanv L2my,—1; ‘r2mk*1>7
Gp(flfgnk > T.%’an, T$2nk), Gp(‘erk—la T$2mk—17 T$2mk—1);
Gp(l'gnk s TZL‘ka_l, T$2mk_1), Gp(Ika—ly T.Z'Qn, T.Z‘an))
< W(aGp(x%kv L2mp—1s mek_1> + pr($2nk’ Long+1; x2nk+1)
+pr(x2mk*1’ Lomy, mek) _'_CGI?(x%M Loamy, mek) +CGP($2mk71a Ton41, x2”«k+l))
—O(Gp(Tanys Tamg—1 Tamy—1)s Gp(Tangs Tang+1, T2n+1)s Gp(T2my—15 Tamy > Tamy, ),
Gp(x2nk7 Tomy, 132mk)7 Gp(x2mk—17 Lon+1, £U2nk+1))- (21)

As k — oo in (21), we get

?/1(6) < 90(6) - ¢(€? €€ ¢ 6)7

this implies that ¢(e, €, €,¢,¢) = 0, hence € = 0, a contradiction. Thus {z,}
is a Cauchy sequence and so is {z,}. Since (X,G,) is complete then the se-
quence {z,} converges to some z € X, that is lim,_ooGp(Tn,2,2) = 0 and
limy oo Gp(2n, 2, 2) = limy, 00 Gp(Tn, T, Tn) = limy oo Gp(Tn, Ty, Ty

= im0 Gp(2, 2, 2) = 0.

Applying the rectangle inequality, we have

Gp(2,T2,Tz) < Gz, Tp, Tn) + Gp(Tn, , T2,T2) — Gp(Tn, Tny Tn) < Gp(2, T, ) +
d(Txy_1,T2,Tz)

taking n — oo in the above inequalities,with the continunity of T and Lemma 1.9
give that G,(2,T2,T2) < G,(Tz,Tz,Tz).

By Gp(1), Gy(2,T2,Tz) > G,(T2,Tz,Tz). This implies that
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Gp(2,T2,Tz) = G,(T2,Tz,Tz) (22)

By combining (11) and (22), we have
V(Gp(z, T2, T2)) = 0(Gp(T2,Tz,Tz))
< p(aGp(z,z,2) + bGy(2,T2,Tz) + bG,(2,T2,Tz) + cGp(z,T2,Tz)
+cGp(2,T2,Tz))
—0(Gp(z,2,2), Gp(2, T2, T2),Gy(2,T2,Tz2), Gp(2,T2,T2),Gy(2,T2,Tz))
= @((2b+2c)Gp(Z> TZ, TZ)) _¢(Gp(za 2 2)7 GP('Za TZ> TZ)? Gp(Z, TZ; TZ)?
Gp(z,T2,Tz2),Gy(2,T2,Tz))
< o(Gp(2,T2z,Tz2)) — p(Gp(z, 2,2), Gp(2, T2, T2), Gy(2,T2,Tz),
Gp(2,T2,T2),G,(2,T2,Tz)),

O(Gpz,2,2), Gp(2,T2,T2),Gy(2,T2,Tz2), Gp(2,T2,T2),Gy(2,T2,Tz))
< p(Gp(2, T2, T2)) —p(Gp(2,Tz,Tz)) = 0.
Thus G,(z,T%,Tz) = 0, hence z = T'z. Therefore z is a fixed point of T.

Remarks 2.4: Theorem 2.1 is more general than Theorem 2.1 of Chen and Zhu
[6] because G-partial metric space generalized partial metric space and the weakly
C-contractive map of Chen and Zhu is included in our map. Also the result gener-
alizes the results of Choudhury [9] in terms of space and maps. Generalized weakly
C-contractive maps is more general than the usual Hardy and Roagers contractive
map and our space also generalized the usual metric space, therefore Theorem 2.1
generalized Theorem 2.1 of Olaleru [15].

Corollary 2.5: Let (X, =) be a partially ordered set and suppose that there
exists a G-partial metric on X such that (X,G,) is complete. Let T': X — X
be continuous nondecreasing mapping. Suppose that for comparable x,y € X, we
have

G Ty, T G Tr. T
V(Gy(Tx, Ty, Ty)) < ¢ p(@: T, y)—g oy, T, x))

_¢(Gp($7TyaTy)7 G;D(y>T:U7Tx)) (23)
where ¥(t) — p(t) >0 (24)

for all t > 0, and ¢ : [0,00)* — [0, 00) is a continuous function with ¢(y,z) = 0 if
and only if y = z = 0. If there exists zo € X such that xqg < T'zy then T has a
fixed point.

Corollary 2.6 : Let (X, <) be a partially ordered set and suppose that there
exists a G-partial metric on X such that (X,G,) is complete. Let T': X — X

10
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be continuous nondecreasing mapping. Suppose that for comparable x,y € X, we

have
V(G(Tz, Ty, Ty)) < o(Gplr,y,9)) — ¢(Gp(w,y,9)) (25)
Y(t)—p(t) >0 (26)

for all ¢ > 0, and ¢ : [0,00) — [0,00) is a continuous function with ¢(z) = 0
if and only if x = 0. If there exists xg € X such that xqg < T'zy then T has a fixed
point.

The proof of the corollary follows from Theorem 2.1.

Remarks 2.7: Corollary 2.5 is an analog result of Chen and Zhu [6] from partial
metric space to ordered G-partial metric space. If we replace ordered G-partial
metric space with G-metric space and ¥ (k) = k, ¢(t) = t in (21) then corollary
2.6 gives Theorem 2.1 of Aage and Saluke [13].

Example 2.8: LetX = [0, 1] be endowed with a G-partial metricG, : X x X x X —
R* defined by G,(z,y,y) = maz{z,y,y}. Clearly, we can show that the G-partial
metric space (X, G) is complete. Also, we define the mapping 7" : X — X by Tx =
3. Let us take ¥, ¢ : [0, +00) — [0, +-00) such that ¥ (t) = % and p(t) = &, respec-
tively, and take ¢ : [0, +00)® — [0, +00) such that ¢(u,v,z,y,2) = %.
If x > y then

G,(Tw, Ty Ty) = max{5,4,4} = 5.

By simple calculation we have,

GP(Tvay7Ty) S %Gp<m7y7y>7 (27)

Gp(Txz, Ty, Ty) < :[Gp(x, Tz, Tx) + Gy(y, Ty, Ty)], (28)

Gp(Tx, Ty, Ty) < 3[Gp(x, Ty, Ty) + Gp(y, T, T)). (29)

Also,

G (x Y, y) + Gy, T, Tx) + Gp(y, Ty, Ty) + Gy(x, Ty, Ty) + Gy, Tz, Tx)
—G(:Byy)—i—G(,§,£)+G(y,3,3)+G(,3,3)+G(y§§)
=maz{z,y,y} + maz{z, 5,5} + Gp(y, %, %) + maz{z, §, 4§} + Gp(y, 5. 5)

—3.T+G (yugaf)—'_G (y7§ 3)
Hence,
2 (SJC +Gp(y7 %7 %)J’_ Gp(y7 %7 %))2
9

=

<

~

ﬁ

~
SRS
~

e =

Il

©|¥

s el | A

11
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= p(a1Gy(z,y,y) + a2Gp(x, Tz, Tx) + asGp(y, Ty, Ty) + asGp(x, Ty, Ty)
+ asGp(y, Tx, Tx)) — ¢(Gp(x,y,y), Gpla, Tx, Tx), Gy(y, Ty, Ty),
Gp(x, Ty, Ty), Gp(y, Tz, Tx)).

If y > x then we have,

Gp(Tx, Ty, Ty) = maz{3, §, 4} = §.

Also,

G (w Y,y) + Gplx, T, Tx) + Gy(y, Ty, Ty) + Gp(x, Ty, Ty) + Gp(y, Tz, Tx)
=G (SC Y, y>+G ( 73?%)—'_ (yvgvf)+Gp(x7%7%)+Gp(y7§a§)
=maz{r,y,y} + Gp(z, 5, 5) + max{y, §, 5} + Gplx, §, 5) +maz{y, 5, 5
_3y+G ( a373>+Gp(x7%7%)'

Therefore,

z z z. ¥ YUY))2

U(G,(Te, Ty, Ty)) = & < 3Gl e . )

< By +Go(z, 3 §)+Gp(m 2.9)° By +Gp(= 77‘§)+Gp(x 4.8)?

= p(a1Gp(z,y,y) + a2Gp(x, Tz, Tx) + asGp(y, Ty, Ty) + asGp(x, Ty, Ty)
+ asGp(y, Tx, Tx)) — (Gp(x,y,y), Gyp(x, Tz, Tx), Gy, Ty, Ty),
Gp(x, Ty, Ty), Gply, Tz, Tx)).

From the above argument, we conclude that (9) holds. Therefore all the con-
ditions of Theorem 2.1 is satisfied. The fixed point of T" is 0.

CONCLUSION: The classes of generalized weakly C-contractive mappings is
introduced to G-partial metric spaces. Some fixed point results for these maps is
proved in ordered G-partial metric spaces. The introduction of these contractive
maps will open up new research area for interested researchers in fixed point the-
ory and applications.
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