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ABSTRACT 7 

 8 

Error control via residue number systems continues to attract researchers’ 
attention as evidenced by recent publications dealing with their applications 
in digital communications and computing. In this paper, we present syndrome 
based decoding algorithms and analyze their algebraic structure for single 
error correction in such systems. The mathematical framework is also 
extended to single error correction and simultaneous multiple error detection. 
We also bring residue number system product codes under the same 
framework. Specifically, all the algorithms are based on the computation of a 
single syndrome value. Computational aspects are also studied along with 
conditions for the validity of the syndrome based algorithmic approach being 
described here. Numerous examples are given to illustrate the structure, 
properties, and decoding procedures associated with the algorithms. 
 9 
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1. INTRODUCTION 14 

 15 

One of the most popular ways to perform error control in a system, be it a 16 

communication or a computing system, is to use an appropriate amount of 17 

redundancy. Thus, if q is the original information, it is encoded into a codeword x 18 

such that certain most commonly occurring errors in c can be corrected. Most 19 

phenomenon that introduce errors are modelled as additive in nature, that is 20 

 21 

y = x + e.     (1) 22 

 23 

Given y, the first step in many syndrome-based error control (SBEC) algorithms is 24 

to compute syndrome that depends only on the error e, 25 

 26 

s = S(y) = S(x + e) = S(x) + S(e) = S(e).   (2) 27 

 28 

The second step, is to estimate e from the syndrome s. This can be done via a 29 

computational algorithm or a table look-up method.  Thus 30 

 31 

       32 

ê  = T(s).      (3) 33 
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 34 

Finally, we assume,  35 

 36 

     y = x
)

 + ê      (4) 37 

 38 

to decode y to  39 

 40 

     x
)

 = y – ê .     (5) 41 

 42 

Equivalence between a computational algorithm and table look-up method to carry 43 

out the task in (3) is well known in classical coding theory. It is possible to use the 44 

method described above to compute more than one possible candidate for ê  in (3) 45 

and hence for x
)

 in (5). Such x
)

 candidates can then be tested for their validity as a 46 

codeword. In our work, we restrict our attention to a single pass where the error ê  as 47 

computed in (3) is unique. Also other methods for decoding, such as ‘error trapping,’ 48 

will also not be studied here. 49 

     50 

The above described methodology has also been applied to error control in 51 

Chinese remainder theorem (CRT) based residue number systems (RNS) [1]. With 52 

redundancy built in for error control, such RNS are termed redundant RNS or 53 

RRNS. RRNS continue to attract researchers’ attention as evidenced by recent 54 

publications dealing with their applications to digital communication and computing 55 

systems. The reader is referred to [2]-[5] for such applications. In addition to RRNS, 56 

RNS product codes (RNS-PC) also present an attractive alternative to RRNS for 57 

error control in RNS. Both RRNS and RNS-PC will be pursued in this work. When 58 

applied to RRNS and RNS-PC, SBEC methods have an additional feature, termed 59 

residual effect, to be taken into consideration. The syndrome s in (2) may not 60 

depend exclusively on e, but also on x. As we will establish in this paper, the impact 61 

of residual effect depends on algebraic structure of the method used for error control.   62 

 63 

In this work, we derive new computational algorithms for single error 64 

correction (SEC) and its extensions to simultaneous multiple error detection (MED) 65 

in RRNS and RNS-PC. A rigorous analysis of the residual effect is also carried out. 66 

Computational aspects are also studied along with conditions for the validity of the 67 

syndrome based algorithmic approach adopted. Numerous examples are given to 68 

illustrate the structure of these algorithms. The key idea of the paper is to use a 69 

single syndrome value to carry out the computations required for the task at 70 

hand.  The approach to use a single syndrome was first described in a recent paper 71 

[6] that the current author finds very interesting.    72 

  73 

The contributions of this work are two folds. First, many of the existing algorithms 74 

for error control in RRNS that utilize multiple syndromes are now reformulated such 75 

that they utilize a single syndrome value in a computationally equivalent manner.  76 

Collectively, such algorithms for SEC and their extensions for simultaneous MED 77 
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are called SEC. Second, a new syndrome is defined that can be computed using a 78 

superfast algorithm (SA) to further simplify the computations involved in error 79 

control in RRNS and RNS-PC. This second class of SA for SEC using a single 80 

syndrome value is termed SEC-SA.  The focus in this work is on SEC and SEC-SA 81 

for RRNS and RNS-PC. 82 

 83 

The organization of this paper is as follows. In section II, the basic 84 

framework for RRNS and RNS-PC for error control is presented. Syndrome is 85 

defined as a single integer value to be used for determining all single error events. 86 

Section III describes residual effect and decoding algorithms for SEC and SEC-MED 87 

RRNS. A superfast approach for the computation of syndrome and the corresponding 88 

SEC-MED algorithm for RRNS is described in section IV. Conclusions are 89 

presented in section V.   90 

 91 

It is worthwhile to mention here that we are driven by computational 92 

complexity considerations all throughout this work. However we refrain from 93 

making statements implying that the computational complexity is the only measure 94 

of the overall performance of an algorithm. Further, the need to process large valued 95 

integers is avoided in the design of error control algorithms. Instances of such 96 

methods that use large valued integers include modulus projection method among 97 

many others. Readers may find the research results reported in [11]-[14] interesting 98 

and relevant. 99 

 100 

 101 

2. ERROR CONTROL IN RRNS & RNS-PC 102 

 103 

RNS.  A RNS is a finite integer ring Z(MK) defined by k relatively co-prime moduli 104 

m1, m2, ..., mk, arranged in ascending order without any loss of generality.  The 105 

range of the RNS is given by [0, MK) where 106 

 107 

     ∏
=

=
k

i

iK mM
1

.      (6)     108 

An integer X ∈ [0, MK) in the given RNS is represented as a length k vector x via the 109 

modulo computations, 110 

 111 

    X ↔ x = (x1 x2 ... xk),      (7) 112 

 113 

where  114 

   xi ≡ X modulo mi, i = 1, 2, ..., k.     (8) 115 

 116 

Modulo will be written as ‘mod’ from here on. Two observations associated with 117 

RNS that will play a key role in the decoding algorithms are as follows. 118 

 119 
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Observation 1.  If all residues are equal, say X ↔ x = (a a ... a), 0 ≤ a < m1, then X = 120 

a. 121 

 122 

Observation 2.   If all residues are equal, say X ↔ x = (–a –a ... –a), 0 < a < m1, then 123 

X = –a.  Negative integers are converted to equivalent positive values via modulo 124 

operation. Thus, X = –a mod m = m – a, 0 < a < m. 125 

 126 

Chinese remainder theorem (CRT).  Given x, computation of X, 0 ≤ X < MK, is 127 

done via the CRT reconstruction, stated as  128 

 129 

   K

k

i i

K

ii M
m

M
txX mod

1

∑
=









⋅⋅≡ ,    (9) 130 

 131 

where ti is computed a-priori by solving the congruence 132 

 133 

   i

i

K

i m
m

M
t mod1≡








⋅ , i = 1, 2, …, k.             (10) 134 

 135 

It is clear from (10) that  136 

 137 

   gcd(ti, mi) = 1, i = 1, 2, …, k.               (11) 138 

 139 

The CRT computation in (9) can be performed in two steps: 140 

 141 

Step 1: Compute the permuted residues 142 

  143 

   iiii mtxx mod⋅≡′ , i = 1, 2, …, k.             (12) 144 

 145 

Step 2: Compute X as 146 

 147 

K

k

i i

K

i M
m

M
xX mod

1

∑
=









⋅′≡ .             (13)148 

  149 

Computation of X from x involves large integers when the dynamic range of RNS is 150 

large. Another way to express CRT reconstruction of X in (9) is as follows: 151 

 152 

   Kx

k

i i

K

ii M
m

M
txX ⋅−








⋅⋅≡∑

=

θ
1

.             (14) 153 

 154 
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The ‘mod MK’ computation in (9) is performed in (14) as a subtraction by a multiple 155 

of MK such that 0 ≤ X < MK. We note that θx is unknown and needs to be determined 156 

from the residues x. 157 

 158 

RRNS.  RRNS is obtained by appending (n – k) additional relatively co-prime 159 

moduli, mk+1, ..., mn, to the RNS defined by moduli (m1 m2 ... mk). We further assume 160 

that the moduli (m1 m2 ... mk mk+1 ... mn) are arranged in an ascending order. The 161 

RRNS is a (n, k) code. The redundancy of the RRNS is given by 162 

 163 

    ∏
+=

=
n

ki

iR mM
1

.               (15) 164 

  165 

An integer X ∈ [0, MK) in the given RNS is represented as a length n codeword x via 166 

the modulo computations, 167 

 168 

   X ↔ x = (x1 x2 ... xk xk+1 ... xn),             (16) 169 

 170 

where  171 

 172 

   xi ≡ X modulo mi, i = 1, 2, ..., n.              (17) 173 

 174 

The k residues (x1 x2 ... xk) constitute the information part and (n – k) residues (xk+1 ... 175 

xn) the parity/redundant part. Let 176 

 177 

    MN = MK ⋅ MR.               (18) 178 

 179 

The RRNS as defined here is a maximum distance separable (MDS) code having 180 

minimum distance 181 

  182 

    d = n – k + 1.                (19) 183 

 184 

Minimum distance is the smallest Hamming distance between two distinct 185 

codewords. It also turns out to be the Hamming weight of a non-zero codeword with 186 

the smallest Hamming weight [1]. In general, a RRNS that can simultaneously 187 

correct α and detect β (β > α) residue errors has d = α + β + 1. A SEC RRNS is 188 

obtained by setting d = 3, α = 1. For SEC-MED (multiple error detecting) RRNS, α 189 

= 1, β = d – 2. For example, a minimum distance 4 RRNS can simultaneously correct 190 

1 and detect 2 residues in error. .      191 

 192 

Example 1.  Consider a (4, 2) RRNS defined by (m1 m2 m3 m4) = (11 13 14 15). The 193 

legitimate range is [0, 143), MR = 210. This is a SEC. Given the integer X = 25 ∈ [0, 194 

143), we have x = (3 12 11 10). If we extend this RRNS with a third redundant 195 

moduli, say m5 = 17, we get a (5, 2) SEC-DED (double error detecting) RRNS.   196 
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An error ei (ei ≠ 0) in the i-th residue leads to the received residue vector y, 197 

 198 

    y = x + e,                (20) 199 

 200 

where, 201 

     202 

yi ≡ (xi + ei) mod mi, i = 1, 2, ..., n.              (21) 203 

 204 

For an error, both its location, i such that ei ≠ 0, and value, ei ≠ 0, are unknown.   205 

 206 

Syndrome.  Given the residues, y = (y1 y2 ... yk yk+1 ... yn), let Y
~

 ∈ [0, MK) and YR ∈ 207 

[0, MR) represent two integers for the information residues (y1 y2 ... yk) and the parity 208 

residues (yk+1 ... yn), respectively. They may be computed using CRT reconstruction 209 

or using some other method such as mixed radix conversion (MRC). For RRNS the 210 

syndrome is an integer δ with value in the range [0, MR). It is defined as, 211 

 212 

    213 

δ ≡ (Y
~

 – YR) mod MR ≡ (Y
~

 mod MR – YR) mod MR.             (22) 214 

 215 

Given the residue vector y, the first step in decoding algorithms for RRNS is 216 

syndrome computation in (22). 217 

 218 

RNS-PC.  For notational consistency, RNS-PC is defined by n moduli (m1 m2 ... mn) 219 

such that all codewords when converted to equivalent integer form are divisible by a 220 

code-generator integer A, where (A, mj) = 1, j = 1, 2, ..., n. 221 

   222 

    ∏
=

=
n

i

iN mM
1

.                (23) 223 

 224 

Thus, all integers X in the legitimate range [0, MN / A) are first multiplied by A and 225 

then converted to a codeword x such that 226 

 227 

    A ⋅ X ↔ x = (x1 x2 ... xn),              (24) 228 

 229 

where  230 

   xi ≡ X modulo mi, i = 1, 2, ..., n.                (25) 231 

 232 

Here, MN / A is the well-known floor function.  233 

Syndrome. Given the received residues, y = (y1 y2 ... yn), let Y
~

 ∈ [0, MN) represent 234 

the integer for the residue vector y. For RNS-PC the syndrome is an integer δ with 235 

value in the range [0, A). It is defined as, 236 

 237 

    δ ≡ Y
~

 mod A.                (26) 238 
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Given the residues, the first step in decoding algorithms for RNS-PC is syndrome 239 

computation in (26).    240 

 241 

It is clear from the above description that if there are no errors, then x = y for 242 

either of RRNS or RNS-PC and δ = 0 in (22) for RRNS and in (26) for RNS-PC. 243 

Further, though the use of a single syndrome for error control is rather new in RRNS 244 

[6], the error control techniques for RNS-PC have always used a single syndrome. 245 

Single syndrome based approach to error control for RNS provides a unified 246 

framework for algorithm design for seemingly different methodologies. We assume 247 

existence of a computational technique to compute Y
~

 and YR as defined and hence δ 248 

in (22) and (26). There exists a significant body of literature on this topic. We refer 249 

the readers to [10] for a base extension (BE) method using MRC. 250 

 251 

 252 

3. SEC ALGORITHMS IN RRNS 253 

 254 

In this section, we deal with SEC RRNS. We begin our analysis with the effect of 255 

information residues on the syndrome manifested via a phenomenon termed ‘residual 256 

effect’. 257 

 258 

Residual effect. We observe that the information and parity residues are treated 259 

differently in RRNS while all residues are treated in an identical manner in RNS-PC. 260 

Based on (21), if there are one or more errors in the information residues, we have 261 

 262 

          Y
~

 ≡ (X + EI) mod MK = X + EI – a ⋅ MK.           (27) 263 

 264 

EI has residues (e1 ... ek). Here either a = 0 if X + EI < MK or a = 1 if X + EI > MK.  265 

Similarly, if there are one or more errors in the parity residues, we have 266 

 267 

     YR ≡ (X + EP) mod MR = X mod MR + EP – b ⋅ MR.             (28) 268 

 269 

EP has residues (ek+1 ... en). Here either b = 0 if X mod MR + EP < MR or b = 1 if X 270 

mod MR + EP > MR. Substituting Y
~

 in (27) and YR in (28) into (22) we get 271 

 272 

( ) ( )[ ] RRPRRKI MMbEMXMMaEXδ modmodmod ⋅−+−⋅−+≡  273 

      ( ) RKPI MMaEE mod⋅−−= .                 (29) 274 

 275 

It is seen from (29) that for the syndrome as calculated in (22) for RRNS, residual 276 

effect of X is present in the syndrome via the unknown value ‘a’. This value gives 277 

rise to its own constraints. We note that RNS-PC has the residual effect only due to 278 

(27).  Thus, 279 

  280 

            ( ) AMaEXAδ N mod⋅−+⋅≡  ≡ (E – a ⋅ MN) mod A                     (30) 281 
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for RNS-PC. Again, residual effect of X is present via the unknown value of ‘a’.  In 282 

the remainder of this section, we describe SEC algorithms for RRNS. 283 

  284 

3.1 MINIMUM DISTANCE 3 RRNS. In this sub-section, we deal with minimum 285 

distance 3 RRNS with n = k + 2. The two known SEC algorithms that we compare in 286 

this work are available in [8] and [6]. We show them to be computationally 287 

equivalent. Hence it is reasoned that the conditions for their validity are also 288 

identical. Further a computational algorithm is described for SEC based on a single 289 

syndrome. 290 

 291 

Algorithm 1 [8]  292 

 293 

Given the residues, y = (y1 y2 ... yk yk+1 yk+2), let Y
~

∈ [0, MK) represent the integer for 294 

the information residues (y1 y2 ... yk). For the SEC decoding algorithm of [8], step 1 295 

is syndrome computation. It computes two values (eqn 7.3.1 [1]), 296 

 297 

              δ1 ≡ (Y
~

 – yk+1) mod mk+1 ≡ (Y
~

 mod mk+1 – yk+1) mod mk+1                  (31) 298 

 299 

              δ2 ≡ (Y
~

 – yk+2) mod mk+2 ≡ (Y
~

 mod mk+2 – yk+2) mod mk+2.            (32) 300 

 301 

In step 2, error correction is performed as a computational procedure. If δ1 = δ2 = 0, 302 

y is error-free. If only one of (δ1 δ2) is 0, the corresponding parity digit is assumed to 303 

be in error and corrected. If both the syndromes are non-zero, then an error is 304 

assumed in i-th information residue and value of error residue is computed if the 305 

assumption is found to be valid, i = 1, 2, ..., k. 306 

 307 

Algorithm 2 [6] 308 

 309 

The step 1 of this algorithm computes the syndrome as defined in (22). It is clear that 310 

(29) also holds. Thus, for the syndrome in (22) or (29), residual effect of X is 311 

present via the unknown value of ‘a’ in (29). In step 2, error correction is performed 312 

via a table look-up. 313 

 314 

Algorithm 1 avoids processing large valued integers by using BE and MRC 315 

techniques for computing δ1 and δ2 in (31) and (32), while Algorithm 2 uses CRT to 316 

first compute Y
~

 and YR before carrying out mod MR operation in (22). We 317 

emphasize that the above described algorithms compute essentially the same 318 

quantities though they follow different computational approaches. In that regard, 319 

they are equivalent. We observe that the phrases ‘computational equivalence’ or 320 

‘algorithm equivalence’ are known in Computer Science [7]. 321 

 322 

Theorem 1.  The first steps of algorithms 1 and 2 are equivalent. 323 
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Proof. With MR as defined in (15), CRT establishes equivalence between residues δ1 324 

and δ2 expressed modulo mk+1 and mk+2 in (31) and (32), respectively, and the residue 325 

δ modulo MR in (22). It is seen that, δ1 ≡ δ mod mk+1 and δ2 ≡ δ mod mk+2. 326 

 327 

Example 2.  For the example in [6], the (5, 3) RRNS is given by moduli (7 9 11 13 328 

17), MR = 221.  Let y = (5 5 9 8 8). As per the computation in [6], Y
~

 = 383, YR = 8 329 

and δ ≡ (Y
~

 – YR) mod MR = (383 – 8) mod 221 = 154. As per Algorithm 1, δ1 ≡ (Y
~

 330 

mod mk+1 – yk+1) mod mk+1 ≡ (6 – 8) mod 13 = 11, δ2 ≡ (Y
~

 mod mk+2 – yk+2) mod mk+2 331 

≡ (9 – 8) mod 17 = 1. The equivalence is seen as δ1 = 11 ≡ δ mod 13 = 154 mod 13 = 332 

11 and δ2 = 1 ≡ δ mod 17 = 154 mod 17 = 1.    333 

 334 

Given the equivalence of step 1 of two algorithms, we now examine 335 

conditions for the validity of their step 2. Step 2 of both algorithms provides the 336 

same output, realized via computations in [8] and table look-up in [6]. Since the 337 

inputs to the step 2 of both algorithms are equivalent, it is imperative that the 338 

conditions for effectively countering residual effect in one algorithm must apply to 339 

the other. Therefore in addition to the redundancy constraint MR = mk+1 ⋅ mk+2, the 340 

necessary and sufficient conditions for algorithms 1 and 2 to provide a correct 341 

solution can be stated as follows. 342 

 343 

Theorem 2. If the information moduli mi and mj are such that there do not exist 344 

integers ni and nj, 0 < ni < mi, 0 < nj < mj that satisfy 345 

 346 

                       ni ⋅ mj + nj ⋅ mi = mk+1 ⋅ mk+2, i, j = 1, 2, …, k;                        (33) 347 

 348 

then solutions in step 2 of algorithms 1 and 2 are correct under the assumption that at 349 

most one error has occurred. 350 

 351 

Note that this is same as Theorem 8.1 in [1, p 191] stated for Algorithm 1. The 352 

condition  353 

                             mk+1 ⋅ mk+2 > 2 ⋅ mi ⋅ mj – mi – mj                                      (34) 354 

 355 

is a sufficient condition to (33) obtained from (33) by replacing integers ni and nj by 356 

their maximum values mi – 1 and mj – 1, respectively. It may also be used to 357 

eliminate those pairs of information moduli mi and mj that need not be tested for (33). 358 

In our work, we have found many cases of RRNS that satisfy (33) as well as those 359 

that don’t. Some of them will be mentioned in the following. We note that the RRNS 360 

in example 2 (taken from [6]) satisfies the sufficient condition in (34). Further, 361 

contrary to what is stated in [6], we reassert that for the step 2 of Algorithm 2 to be 362 

valid, conditions in (33) or (34) must be satisfied.  There is an oversight in the 363 

analysis of case 1 of theorem 2 in [6].  The correct expression that must have been 364 

used is iKii mMaE =  instead of iRKii mMMaE = . 365 

 366 
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Example 3.  Consider the (4, 2) RRNS in example 1.  Here, m1 ⋅ m2 = 143 < m3 ⋅ m4 367 

= 210 < 2 ⋅ m1 ⋅ m2 – m1 – m2 = 262.  Further, 12 ⋅ m1 + 6 ⋅ m2 = 132 + 78 = m3 ⋅ m4 = 368 

210. Thus the condition for a unique association between the syndrome and the error 369 

(location and value) is violated. For the codeword X = 136 ↔ x = (4 6 10 1), let a 370 

single error be (0 11 0 0). Thus, y = (4 4 10 1). The corresponding syndrome is 371 

 372 

 δ ≡ (Y
~

 mod MR – YR) mod MR = (4 mod 210 – 136) mod 210 = 78. 373 

 374 

Similarly, for the codeword X = 16 ↔ x = (5 3 2 1), let a single error be (1 0 0 0).  375 

Thus, y = (6 3 2 1). The corresponding syndrome is 376 

 377 

 δ ≡ (Y
~

 mod MR – YR) mod MR = (94 mod 210 – 16) mod 210 = 78. 378 

 379 

It is not surprising that syndrome δ = 78 is obtained for multiple codewords when 380 

they are corrupted by single error events (1 0 0 0) or (0 11 0 0). Similarly, syndrome 381 

δ = 132 is obtained for multiple codewords when they are corrupted by either the 382 

single error event (10 0 0 0) or (0 2 0 0). In all such cases, there exists no unique 383 

relationship between the syndrome δ and single error events. Hence neither 384 

algorithm 1 nor algorithm 2 can be used for error correction with these moduli. As 385 

per [6], Algorithm 2 can be used for SEC in this case. This is erroneous. 386 

 387 

Example 4.  Consider the (8, 6) RRNS defined by the residues (23 25 27 29 31 32 388 

37 43). Here, m7 ⋅ m8 = 1591. We need to test the condition of Theorem 2 for the 389 

residue pairs (m6 m5) = (32 31), (m6 m4) = (32 29), (m6 m3) = (32 27), (m5 m4) = (31 390 

29), and (m5 m3) = (31 27) as for each of them 2 ⋅ mi ⋅ mj – mi – mj > 1591. These 391 

values are (1921 1795 1669 1738 1616). A quick evaluation of the linear 392 

Diophantine equation in (33) leads to no solution in any of the 5 cases. The obtained 393 

solutions are  10 ⋅ m6 + 9 ⋅ m5 = 599, 18 ⋅ m6 + 3 ⋅ m4 = 663, 5 ⋅ m6 + 21 ⋅ m3 = 727, 394 

25 ⋅ m5 + 26 ⋅ m4 = 1529, and 13 ⋅ m5 + 13 ⋅ m3 = 754. Hence this RRNS can be 395 

decoded using either of the two algorithms. 396 

 397 

Example 5.  Consider the (8, 6) RRNS defined by the residues (23 25 27 29 31 32 398 

41 43). Here, m7 ⋅ m8 = 1763. We need to test the condition (33) of Theorem 2 for the 399 

residue pairs (m6 m5) = (32 31) and (m6 m4) = (32 29) as for each pair 2 ⋅ mi ⋅ mj – mi 400 

– mj > 1763. These values are 1921 and 1795. A quick evaluation of the linear 401 

Diophantine equation in (33) leads to a solution in both cases given by 27 ⋅ m6 + 29 ⋅ 402 

m5 = 864 + 899 = 1763 and 27 ⋅ m6 + 31 ⋅ m4 = 864 + 899 = 1763. Hence, neither of 403 

the two algorithms can be used for decoding this RRNS. There will be several single 404 

error events each with syndrome values of 864 and 899. 405 

 406 

Algorithm 1 uses two syndromes in step 1 and a computational procedure for 407 

determining error location/value in step 2. We now describe a computational 408 

procedure for step 2 of Algorithm 1 that uses a single syndrome as in (29).  409 
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Step 2 of Algorithm 1 (single syndrome based): Error computation 410 

 411 

Input: Syndrome integer δ. 412 

Output: Corrected residue once error (i and ei such that ei ≠ 0) is known. 413 

  414 

A. No Error.  If δ = 0, no error is declared.  STOP. 415 

B. Error in parity residue. Compute  416 

                                                δ1 ≡ δ mod mk+1, 417 

                                                δ2 ≡ δ mod mk+2. 418 

 419 

If only one of δ1 and δ2 = 0, then parity residue with non-zero δ1 or δ2 is in error.  420 

If δ1 ≠ 0 then ek+1 = –δ1.  If δ2 ≠ 0 then ek+2 = –δ2. Go to D. 421 

 422 

C. Error in information residue.  Compute 423 

                                   ∆ ≡ (MK)
–1 ⋅ δ mod MR. 424 

 425 

For j = 1, 2, ..., k, compute 426 

 427 

                                   e1,j ≡ mj ⋅ ∆ mod MR, 428 

                                        e2,j = MR – e1,j. 429 

 430 

If either one of e1,j or e2,j ∈ (0, mi) then j-th residue is declared to be in error,     431 

where 432 

 433 

      ej ≡ (tj)
–1 ⋅ e1,j mod mj ≡ [(MK / mj) mod mj] ⋅ e1,j mod mj, 434 

 435 

if 0 < e1,j < mj, and 436 

  437 

ej ≡ mj – (tj)
–1 ⋅ e2,j mod mj ≡ mj – [(MK / mj) mod mj] ⋅ e2,j mod mj , 438 

  439 

if 0 < e2,j < mj. Next, go to D.   440 

  441 

D. Single residue correction. For i-th residue in error, i ∈ (1 2 … k + 2), error 442 

correction is carried out as 443 

                        xi ≡ (yi – ei) mod mi. 444 

 445 

E. End 446 

Scalars ti, used in CRT reconstruction of Y
~

, are obtained by solving the congruence, 447 

ti ⋅ (MK/mi) ≡ 1 mod mi, i = 1, 2, …, k. Thus, (ti)
–1 

≡ (MK/mi) mod mi. 448 

 449 
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We illustrate this computational step with an example.  450 

 451 

Example 6.  This is a continuation of example 2. The (5, 3) RRNS is given by 452 

moduli (7 9 11 13 17), MK = 693, MR = 221. We need the following one-time pre-453 

computations for steps 1 and 2: (t1 t2 t3) = (1 2 7) to compute Y
~

from residues (y1 y2 454 

y3) and (t4 t5) = (10 4) to compute YR from residues (y4 y5). Also, (t1
–1

 t2
–1

 t3
–1

) = (1 5 455 

8) and (MK)
–1 

mod MR = 140. Let y = (5 4 1 8 8). In this case, Y
~

 = 166, YR = 8, and δ 456 

≡ (Y
~

 – YR) mod MR = (166 – 8) mod 221 = 158. As δ ≠ 0, we proceed as follows: 457 

 458 

Step B. 459 

 460 

                         δ1 ≡ δ mod mk+1 = 158 mod 13 = 2, 461 

                         δ2 ≡ δ mod mk+2 = 158 mod 17 = 5. 462 

 463 

As both δ1 and δ2 are non-zero, we assume single error in an information residue.  464 

 465 

Step C. The various computations are 466 

 467 

             ∆ ≡ (MK)
–1 ⋅ δ mod MR = 140 ⋅ 158 mod 221 = 20. 468 

 469 

i = 1 470 

                e1,1 ≡ m1 ⋅ ∆ mod MR = 7 ⋅ 20 mod 221 = 140, 471 

                        e2,1 = MR – e1,1 = 221 – 140 = 81. 472 

 473 

i = 2 474 

                e1,2 ≡ m2 ⋅ ∆ mod MR = 9 ⋅ 20 mod 221 = 180, 475 

                          e2,2 = MR – e1,2 = 221 – 180 = 41. 476 

 477 

i = 3 478 

              e1,3 ≡ m3 ⋅ ∆ mod MR = 11 ⋅ 20 mod 221 = 220, 479 

                           e2,3 = MR – e1,3 = 221 – 220 = 1. 480 

 481 

Since 0 < e2,3 < m3, an error is declared in 3
rd

 residue, the error value being 482 

 483 

e3 ≡ m3 – (t3)
–1 ⋅ e2,3 mod m3 ≡ m3 – [(MK/m3) mod m3] ⋅ e2,3 mod m3  484 

 = 11 – 8 ⋅ 1 mod 11 = 3. 485 

 486 

Step D. The error correction in 3
rd

 residue is carried out as 487 

 488 

            x3 ≡ (y3 – e3) mod m3 = (1 – 3) mod 11 = 9. 489 

 490 

This completes our analysis of syndrome based minimum distance 3 SEC algorithms 491 

in RRNS. 492 
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3.2 ALGORITHMS FOR SEC-MED IN RRNS. For SEC-MED algorithms, we need 493 

to determine the location and value of single errors and simultaneously carry out 494 

MED. In the following, we describe a SEC-MED algorithm for RRNS. If no errors 495 

are present, then δ = 0. 496 

   497 

If only a single error occurs in the i-th parity residue, i = k + 1, ..., n, then 498 

 499 

                             EP = Ei = [(ei ⋅ si) mod mi] ⋅ (MR / mi),             (35) 500 

 501 

                     EI = 0, a = 0, 
RP MEδ mod−≡ .              (36) 502 

 503 

Integers si are CRT reconstruction integers used in computation of an integer from its 504 

residues defined by moduli (mk+1 ... mn) over [0, MR).  It is clear from (35) that  505 

 506 

                                             ei ≡ –δ mod mi, 507 

                       ej ≡ δ mod mj = 0, j = k + 1, ..., i – 1, i + 1, ... n.            (37) 508 

 509 

An alternative way to express write (37) is 510 

 511 

                                        Ei ≡ δ mod (MR / mi) = 0.                                    (38) 512 

 513 

If only a single error occurs in the i-th information residue, i = 1, 2, ..., k, then 514 

  515 

                        EI = Ei = (ei ⋅ ti) mod mi ⋅ (MK  /mi) = 







⋅′

i

K

i
m

M
e ,                            (39) 516 

                                            EP = 0,                                                               (40) 517 

     ( ) RKi MMaEδ mod⋅−≡  
RK

i

K

i MMa
m

M
e mod










⋅−








⋅′= .                 (41)518 

  519 

Based on (39)-(41), an algorithm for computing the error location and value in 520 

information residues is derived as follows.  Compute: 521 

 522 

                 ∆ ≡ ( ) RiiRK MameMδM modmod 11 −′≡⋅ −− .                                (42) 523 

 524 

For j = 1, 2, ..., k, assume error in j-th residue and compute 525 

 526 

           ∆j ≡ mj ⋅ ∆ mod MR ( ) Rjjii Mmamme mod1 ⋅−⋅′≡ − .                           (43) 527 

 528 

When j = i,  529 

                            ∆i ≡ ( ) Rii Mmae mod⋅−′ .                                                  (44) 530 

 531 
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Two cases arise due to residual effect, a = 0 resulting in 532 

 533 

                                        0,ie′  ≡ ∆i mod MR = ie′                                                        (45) 534 

 535 

or a = 1, resulting in ( ie′  – mi) ≡ ∆i mod MR.  Rearranging, 536 

 537 

           1,ie′ = mi – ie′  ≡ –∆i mod MR = MR – ∆i = MR – 0,ie′                              (46) 538 

 539 

for a = 1.  In all other cases when j ≠ i, (43) holds.  540 

  541 

It is clear that one of the two values in (45) or (46) belongs to the range (0, 542 

mi).  We further note that if 0 ≤ ∆i mod MR < mi or –mi < ∆i mod MR < 0 then ∆i mod 543 

mk+l = ∆i mod MR, l = 1, 2, ..., n – k. This is seen via observations 1 and 2. 544 

Expressions in (44)-(46) become our test for identifying i, location of the error, and 545 

ei, value of the error. We claim that the solutions to (43) for a = 0 or a = 1 do not 546 

satisfy the conditions 0 < 0,je′  < mj or 0 < 1,je′  < mj for j ≠ i. This claim can be proven 547 

in a straightforward manner. The framework for SEC-MED in RRNS is complete. 548 

The algorithm can be described as follows. 549 

 550 

Algorithm for SEC-MED in RRNS (single syndrome based) 551 

 552 

Input: Received residues y = (y1 … yn). 553 

Output: Corrected residues if up to 1 error occurs; Errors detected if up to d – 2 554 

errors occur.   555 

 556 

Step 1.  Compute syndrome value δ in (22). 557 

 558 

Step 2.  Error Computation  559 

 560 

A. No Error.  If δ = 0, then declare “no error occurred.”  STOP. 561 

B1. Error in parity residue: Approach 1. For j = k + 1, ..., n, compute  562 

 563 

                           δj ≡ δ mod mj. 564 

 565 

If exactly one of δj ≠ 0, then declare “1 error in parity residue.”  Say, for j = i, 566 

δi ≠ 0 then i-th parity residue is in error, ei = –δi mod mi. Next, go to E. 567 

  568 

     B2. Error in parity residue: Approach 2. For j = k + 1, ..., n, compute  569 

 570 

                      δj ≡ δ mod (MR / mj). 571 

 572 
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If δj = 0, then declare “1 error in parity residue.” Say, for j = i, δi = 0 then i-th 573 

parity residue is in error, ei = –δ mod mi.  Next, go to E. 574 

 575 

     C.  Error in information residue.  Compute 576 

 577 

                 ∆ ≡ RK MδM mod1 ⋅− . 578 

 579 

For j = 1, 2, ..., k, compute 580 

 581 

                ej,0 ≡ mj ⋅ ∆ mod MR, 582 

                    ej,1 = MR – ej,0. 583 

 584 

If either one of ej,0 or ej,1 ∈ (0, mj) then declare the j-th residue to be in error,  585 

where 586 

 587 

                ej ≡ (tj)
–1 ⋅ ej,0 mod mj, 588 

 589 

if 0 < ej,0 < mj, and  590 

 591 

           ej ≡ mj – (tj)
–1 ⋅ ej,1 mod mj,  592 

 593 

if 0 < ej,1 < mj. Next, go to E.  594 

 595 

      D.  Multiple error detection.  Declare “more than 1 error detected.” STOP.      596 

       597 

E. Single residue correction. For i-th residue in error, i ∈ (1 2 … n), error  598 

     correction is carried out as 599 

 600 

          xi ≡ (yi – ei) mod mi. 601 

 602 

F. End  603 

Two equivalent approaches to carry out the computation in step B ‘Error in parity 604 

residue’ are given.  Either one may be used. 605 

  606 

We note that the above described single syndrome based algorithm for SEC-607 

MED in RRNS is computationally equivalent to the multiple syndrome based 608 

algorithm for SEC-MED in [1]. Hence the conditions for the validity of the above 609 

algorithm are identical to those in [1]. Though the necessary and sufficient 610 

conditions are quite cumbersome, the sufficient condition is not. It is same as the 611 

sufficient condition in (34). 612 

 613 

Example 7.  Consider a (10, 6) RRNS defined by (m1 m2 ... m10) = (23 25 27 29 31 614 

32 67 71 73 79) with d = 5, α = 1, and β = 3.  Clearly m7 ⋅ m8 = 4,757 > 2 ⋅ m6 ⋅ m5 – 615 
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m6 – m5 = 1,921, and therefore the sufficient condition in (34) is satisfied.  616 

∏
=

=
6

1i

iK mM  = 446,623,200 and ∏
=

=
10

7i

iR mM  = 27,433,619.  Let X = 400,000,000, 617 

then x = (8 0 22 13 25 0 17 58 4 11).  Assume that one error takes place in the first 618 

residue, and the received vector is y = (0 0 22 13 25 0 17 58 4 11).  Based on the 619 

information part (0 0 22 13 25 0) and parity part (17 58 4 11),  620 

 621 

Step 1. Syndrome is computed as 622 

 623 

                         δ ≡ (Y
~

 mod MR – YR) mod MR 624 

                   = (225,234,400 mod 27,433,619 – 15,929,334) mod 27,433,619 625 

                       = 17,269,733. 626 

  627 

Step 2. Error computation 628 

 629 

A. δ ≠ 0. At least error has occurred. 630 

B1. Error in parity residue: Approach 1. Compute δj ≡ δ mod mj, j = 7, ..., 10, 631 

 632 

                    δ7 ≡ δ mod m7 = 17,269,733 mod 67 = 14 633 

                   δ8 ≡ δ mod m8 = 17,269,733 mod 71 = 48 634 

                   δ9 ≡ δ mod m9 = 17,269,733 mod 73 = 50 635 

                   δ10 ≡ δ mod m10 = 17,269,733 mod 79 = 17 636 

 637 

        Since more than one of δj, j = 7, ..., 10, is non-zero, we go to next step. 638 

 639 

     B2. Error in parity residue: Approach 2. Compute δj ≡ δ mod (MR / mj), j = 7, 640 

..., 10, 641 

 642 

                    δ7 ≡ 17,269,733 mod 409,457 = 72,539 643 

                    δ8 ≡ 17,269,733 mod 386,389 = 268,617 644 

                    δ9 ≡ 17,269,733 mod 375,803 = 358,598 645 

                    δ10 ≡ 17,269,733 mod 347,261 = 253,944. 646 

 647 

        Since none of δj = 0, we go to next step.  648 

 649 

     C.  Error in information residue.  Compute ∆ ≡ RK MδM mod1 ⋅−   650 

 651 

      ∆ ≡ 5,014,626 ⋅ 17,269,733 mod 27,433,619 = 10,734,894. 652 

 653 

j = 1 654 

e1,0 ≡ m1 ⋅ ∆ mod MR = 23 ⋅ 10,734,894 mod 27,433,619 = 27,433,610. 655 

                              e1,1 = MR – e1,0 = 9. 656 
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Since 0 < e1,1 < m1, an error is declared in 1
st
 information residue with  657 

 658 

 e1 ≡ m1 – (t1)
–1 ⋅ e1,1 mod m1 = 23 – [(MK / m1) mod m1] ⋅ e1,1 mod m1 659 

              = 23 – 6 ⋅ 9 mod 23 = 15. 660 

 661 

Next, go to E. 662 

 663 

     E.  Single residue correction. For the 1
st
 residue in error, error correction is 664 

performed as 665 

 666 

             x1 ≡ (y1 – e1) mod m1 = (0 – 15) mod 23 = 8. 667 

 668 

Now assume that two errors take place in the first and third residue digit and the 669 

received vector is y = (0 0 23 13 25 0 17 58 4 11).  Based on the information part (0 670 

0 23 13 25 0) and the parity part (17 58 4 11) we compute the syndrome as 671 

 672 

                        δ ≡ (Y
~

 mod MR – YR) mod MR 673 

                = (109,443,200 mod 27,433,619 – 15,929,334) mod 27,433,619 674 

                       = 11,213,009.   675 

 676 

Following the decoding algorithm, we check the consistency for j = 1, ..., 6, and find 677 

that there is no consistent solution. Therefore, more than one error is detected. 678 

 679 

 680 

4. SUPERFAST ALGORITHM FOR SEC-MED IN RRNS 681 

 682 

In this section, we deal with SEC-SA, a superfast algorithm for SEC-MED RRNS. 683 

This is a generalization of the minimum distance 3 SEC-SA described in [9]. SEC-684 

SA is based on the CRT reconstruction expression in (14). It is restated again as it is 685 

extensively utilized in this section. 686 

  687 

               Kx

k

i i

K

ii M
m

M
txX ⋅−








⋅⋅≡∑

=

θ
1

, 0 ≤ θx < k.                                   (47) 688 

 689 

There is further uncertainty here due to unknown θx in (47). To counter it, we 690 

introduce an additional redundant moduli mn+1 to create an (n + 1, k) RRNS from the 691 

original (n, k) RRNS such that  692 

 693 

                                             mn+1 > k.                                                            (48) 694 

 695 

The (n + 1, k) RRNS will still be treated as a minimum distance d = n – k + 1 code, 696 

where moduli mn+1 is used exclusively to manage the uncertainty in (47). 697 

 698 
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Consider a residue vector y = (y1 … yk yk+1 … yn yn+1) for a codeword x. 699 

According to y, we may compute Y
~

as 700 

 701 

                   Ky

k

i i

K

ii M
m

M
tyY ⋅−








⋅⋅≡∑

=

θ
1

~
, 0 ≤ θy < k                              (49) 702 

 703 

and proceed as before. The SEC-SA is based on the expression for Ŷ  defined as 704 

follows, 705 

 706 

                                   ∑
=









⋅⋅≡

k

i i

K

ii
m

M
tyY

1

ˆ .                                                    (50) 707 

 708 

It is clear from (49) that 709 

 710 

                                       Ky MYY ⋅+≡ θ
~ˆ .                                                        (51) 711 

 712 

The first step then in the SEC-SA is to compute a quantity D:   713 

 714 

           D ≡ ( Ŷ – YR) mod MR ≡ ( Ŷ mod MR – YR) mod MR.                           (52) 715 

 716 

Here YR is the integer obtained by combining the parity residues yl, l = k + 1, …, n + 717 

1. It was used earlier in (22) also. It is possible to avoid large integer arithmetic by 718 

computing Ŷ mod MR directly rather than computing Ŷ  first and then taking mod 719 

MR. The modified syndrome to be used in SEC-SA is then defined as 720 

 721 

                                   RK MDM mod1⋅≡ −δ .                                                 (53) 722 

 723 

Substituting for Ŷ  from (51), Y
~

 from (27) and D from (52) into (53), we get 724 

 725 

                         ( ) ( )[ ] RyPIK MaEEM mod1 −+−≡ − θδ .                              (54) 726 

 727 

As before, three cases follow. 728 

 729 

Case 1. No error in y. In this case, EI = EP = a = 0 and 730 

 731 

                        yRy M θθδ =≡ mod , 0 ≤ yθ  < k.                                         (55) 732 

 733 

Case 2. An error in information part in y. Let i-th information residue be in error. In 734 

this case, EI is same as in (39), EP = 0, and 735 

 736 
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             ( )[ ] Ryii Mame mod
1 −+⋅′= − θδ , –1 ≤ yθ  – a < k.                            (56) 737 

 738 

Thus, 739 

 740 

             ( )[ ] Ryiii Mamem mod−⋅+′=⋅ θδ , –1 ≤ θy – a < k.                        (57) 741 

 742 

Finally, (57) leads to –mi < mi ⋅ δ < k ⋅ mi. Since we process only positive integers in 743 

modulo arithmetic, we may write, 0 ≤ mi ⋅ δ < k ⋅ mi or MR – mi < mi ⋅ δ < MR. 744 

 745 

Case 3. An error in parity part in y. In this case, EI = a = 0 and 746 

 747 

                 [ ] RyPK MEM mod1 θδ +⋅−≡ − , 0 ≤ yθ  < k.                                 (58) 748 

 749 

Another way to express (58) for an error in the i-th parity residue, i = k + 1, …, n + 750 

1, is 751 

 752 

                         iKyi mMe mod1 δθ ⋅−≡ − ,                                                    (59) 753 

        ej ≡ δ mod mj = θy, j = k + 1, ..., i – 1, i + 1, ... n.                                 (60) 754 

 755 

We may also write (58) as 756 

 757 

                       δi ≡ δ mod (MR / mi) = θy.                                                      (61) 758 

 759 

Based on the above analysis of error events, a complete SEC-SA for RRNS can now 760 

be described as follows: 761 

 762 

Algorithm for SEC-SA for SEC-MED in RRNS (single syndrome based) 763 

 764 

Input: Received residues y = (y1 … yn yn+1). 765 

 766 

Output: Corrected residues if up to 1 error occurs; Errors detected if up to d – 2 767 

errors occur. 768 

 769 

Step 1.  Compute the quantity D in (52) and syndrome value δ in (53). 770 

 771 

Step 2.  Error Computation 772 

 773 

A. No Error.  If 0 ≤ δ < k, then declare “no error occurred.”  STOP. 774 

B. Error in parity residue: Approach 1. For l = k + 1, ..., n + 1, compute 775 

  776 

                        δl ≡ δ mod (M / ml). 777 

 778 
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If exactly one of 0 ≤ δl < k, then declare “1 error in parity residue.”  Say, for l 779 

= i, 0 ≤ δi < k then i-th parity residue is in error, θy = δi and 780 

iKyi mMe mod1 δθ ⋅−≡ − . Next, go to E. 781 

  782 

     C.  Error in information residue.  783 

 784 

For j = 1, 2, ..., k, compute 785 

 786 

                       ej,0 ≡ mj ⋅ δ mod MR, 787 

                            ej,1 = MR – ej,0. 788 

 789 

If either 0 < ej,0 < k ⋅ mj or 0 < ej,1 < mj then declare the j-th residue in error,  790 

where 791 

                       ej ≡ (tj)
–1 ⋅ ej,0 mod mj, 792 

 793 

if 0 < ej,0 < k ⋅ mj, and 794 

  795 

                   ej ≡ mj – (ti)
–1 ⋅ ej,1 mod mj,  796 

 797 

if 0 < ej,1 < mj. Next, go to E. 798 

  799 

      D.  Multiple error detection.  Declare “more than 1 error detected.” STOP.  800 

     801 

      E. Single residue correction. For i-th residue in error, i ∈ (1 2 … n + 1), error  802 

correction is carried out as 803 

 804 

xi ≡ (yi – ei) mod mi. 805 

 806 

      F. END. 807 

 808 

The above SEC-SA has been described for RRNS. A similar SEC-SA can be also 809 

described for RNS-PC. We end this section by stating that the SEC-MED and SEC-810 

SA algorithms described here are computational in nature. It is straightforward to 811 

describe an equivalent implementation that is based on a table look-up once the 812 

syndrome value is computed in step 1 of the decoding algorithms.   813 

 814 

 815 

5. CONCLUSION 816 

 817 

In this work, we have described mathematical construction and algorithms associated 818 

with syndrome based single error correcting codes for RRNS. All such algorithms 819 

are described within the framework of a single syndrome used for error correction as 820 

well as simultaneous error detection. Examples are also provided to illustrate the 821 

various features and procedures associated with the various algorithms. Finally, a 822 
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superfast algorithm is described that simplifies computations at the expense of an 823 

additional moduli. 824 

 825 
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